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Exercise 1: Gamma matrix representations (P) (2+2+1+2+2+1 = 10 points )

We consider the Dirac matrices v* (u =0, ...,3) in the Weyl representation

. 0 loxo 0 &
V= A
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as well as in the Dirac representation

po_ loxo 0 0 &
7D 0 —ly/)'\=& 0))"

where 1945 is the 2 X 2 unit matrix and & = (01, 09, 03) with o; (i = 1,2, 3) represent the
Pauli matrices.

(a) Show that both representations obey the Clifford algebra {y*,~7"} = 2¢"* by inser-
ting the explicit representations separately into the anti-commutation relations.

(b) The Weyl and Dirac representations are connected by a unitary transformation U
such that
v =UMpU

holds. Up to an arbitrary phase, determine the unitary 4 x 4 matrix U explicitly.

(c) A fifth Dirac matrix, 7°, can be defined by s := i7°y'92~3. Show that the explicit
forms of ~9, and ”yi for both the Dirac and the Weyl representation, respectively,

are given by
5 — 0 12><2 5 — _12><2 0
™D lowe O ’ Tx 0 loxo )

(d) Show that {7°,7*} = 0 holds for both the Dirac and Weyl representation separately
by inserting the Dirac matrices explicitly in these representations.



(e) We now define chirality projectors wx by
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Wi T

where w_ is the left-chiral projector and w, is the right-chiral projector. By using
the explicit representation of 7° in the Weyl basis only, show that the w- obey the
following projector properties:

2 _ _ _
WL = wx , W wy =wiw_=0.

(f) We now define a bispinor ¥ := (¢1,, 1g) in the Weyl basis, where 1/, and ¢ are left-
and right-chiral spinors, respectively. Calculate the following bispinors by inserting
the explicit representation of +® in the Weyl basis:

\I’L =w_Vv 5 \I’R Z:UJ.,_\I’ .
Interpret the result and explain why the Weyl basis is often called chiral basis.

Exercise 2: Dirac algebra in 4 dimensions (P) (4+6 = 10 points)

Independent of any representation, the Dirac matrices v* and ° in 4 space-time dimensions
obey the Clifford algebra {v*,7"} = 2¢"” as well as {7°,7*} = 0. The v* can always be
chosen to be unitary so that (y#)" = (v#)~! holds.

(a) Prove the following Dirac algebra relations by using the unitarity and anti-commutation
relations of the Dirac matrices, only (i.e. do not use the explicit representations of
the Dirac matrices from Exercise 1):
(YT =424,
7575 = lyxa ,
’)@’Y“ =4 1404,
YWYV ==
Wt = 497
(b) Prove the following trace identities by using the anti-commutation relations of the
Dirac matrices and the general properties of a matrix trace, only:



