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Motivation

Open questions concerning:

1. Smallness of ν-masses∑
j

mνj . (0.1− 1.3) eV (indirect)

2. Mild hierarchy in ν-mass
spectrum:

∆m2
21

|∆m2
3l|
∼ 10−2,

∆m2
cu

∆m2
tu

∼ 10−5

3. Peculiar features of lepton
mixing matrix

4. Majorana nature of neutrinos
Source: [St13]

⇒ An abundance of models tries to explain these features
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Motivation: renormalizable mass models

I Instructive example: µ-τ -symmetry provokes maximal
atmospheric mixing [GL03]

I Implemented in renormalizable 3HDM with Majorana ν’s

STMν,light S =
(
Mν,light

)∗
S =


ν1 ν2 ν3

νe 1 0 0
νµ 0 0 1
ντ 0 1 0



UT Mν,light U = diag(mν,1,mν,2,mν,3)

⇒ |Uµi| = |Uτi| ∀i or θ23 = 45◦, δ = ±π
2
.

Source: [St13]

I Can also have "predictions" of the kind: mµ/mτ � 1
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Overview of past works

How do such predictions behave under radiative corrections?

1. Introductory studies: Revisiting on-shell renormalization
conditions in theories with flavour mixing

2. Toy model study: Renormalization and radiative corrections to
masses in a general Yukawa model

3. Main work: Renormalization of the multi-Higgs-doublet Standard
Model and one-loop lepton mass corrections
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Model setup



Model setup

Study a general model, later apply specific parameter
choices/symmetries/seesaw mechanism

L = LYM + LKin + LS + LYuk + LMaj + LGF + LFP.

I SU(2)L × U(1)Y with nH scalar doublets

LS = (DµΦk)
†
DµΦk − µ2

ijΦ
†
iΦj − λijkl

(
Φ†iΦj

)(
Φ†kΦl

)

I Mass generation via Yukawa interaction and Majorana mass term

LYuk + LMaj = −eRΦ†kΓk

(
νL
eL

)
− νRΦ̃†k∆k

(
νL
eL

)
− 1

2
νRMRν

c
R + H.c.

Γk ∈ C(nL×nL), ∆k ∈ C(nR×nL), k = 1, . . . , nH

I Gauge fixing with Rξ-gauge (avoids scalar-vector boson mixing @ tree-level)
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Model setup
Charged lepton masses

I Masses are generated via spontaneous symmetry breaking:

Φk =

(
ϕ+
k

ϕ0
k

)
=

(
ϕ+
k

1√
2

(
vk + ϕ0′

k

))
I vk: solutions to the nH equations (µ2

ij + λijklv
∗
kvl)vj = 0 with

v =
√
vkv∗k = 246 GeV

I Charged lepton masses:

Lmass,` = −eR
v∗k√

2
ΓK︸ ︷︷ ︸

≡Ml

eL + H.c.

I M`: general complex 3× 3 matrix. Bi-diagonalisation with
eR = WRγR` and eL = WLγL`:

m̂` = W †RM`WL = diag(me,mµ,mτ )
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Model setup
Neutrino masses

I Neutrino masses: can combine Dirac and Majorana terms

Lmass,ν = −νR
vk√

2
∆k︸ ︷︷ ︸

MD

νL −
1

2
νRMRν

c
R + H.c.

=
1

2

(
νTL (νcR)T

)
C−1

(
0 MD

T

MD MR

)
︸ ︷︷ ︸

MD+R

(
νL
νcR

)
+ H.c.

I MD+R is symmetric⇒ UT MD+R U = diag(mν,1, . . . ,mν,nL+nR)

with U =

(
UL
U∗R

)
and νR = URγR χ, νL = ULγLχ

I Can assume typical mass scales mD � mR for invoking seesaw
mechanism upon diagonalisation:

Mν,light = −MT
DM

−1
R MD +O(m2

D/m
2
R)

(νcR)TC−1 = (CγT0 ν
∗
R)TC−1 = −νR
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One-loop corrections and
renormalization



One-loop calculation

Main goal: one-loop masses
I Potentially far more parameters than process-independent

physical observables
⇒ MS-scheme somewhat unavoidable

I MS-Renormalization of scalar sector: {δµ2
ij , δλ̃ijkl, δvk}

I MS-Renormalization of leptonic sector: {δ∆k, δΓk, δMR}
I Gauge-dependence discussion: How to show

gauge-parameter independence of one-loop masses?
I Treatment of tadpole contributions in terms of finite VEV-shifts
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Renormalization of scalar sector
Quartic coupling

I Determine δλ̃ijkl from 〈Ω|Tϕ0
iϕ

0∗
j ϕ

0
kϕ

0∗
l |Ω〉 in unbroken phase

to simply save some computational effort
I Using dimensional regularisation in d = 4− 2ε, this is:

2i δλ̃ijkl ≡


ϕ0∗
j

ϕ0
i

ϕ0∗
l

ϕ0
k


c∞

, c∞ =
1

ε
− γE + ln(4π)

I Serves as input for mass counterterm in broken phase:

S0
b S0

b′ = − i

2

[
δµ2

ij + δλ̃ijklv
∗
kvl

]
(V ∗ibVjb′ + V ∗ib′Vjb)

− i

4
δλ̃ijkl [v

∗
i v
∗
kVjbVlb′ + vjvlV

∗
ibV
∗
kb′ ] + . . .

Sufficient for our purposes: δλ̃ijkl = δλijkl + δλilkj
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Renormalization of scalar sector
δµ2 and δv

I Knowing δλ̃ijkl, find δµ2
ij and δvk by demanding finite scalar

self-energy: (
+ ︸ ︷︷ ︸
δλ̃ijkl, δµ2

ij , δvk

)
p2=0

c∞= 0

I Need independent δvk for ξV 6= 0 [SSV13]. (Ansatz: δvk = αV ξV vk)

⇒ δvk =
c∞

16π2

(
g2ξW

2
+
g2ξZ
4c2W

)
vk

I Uniquely determines δµ2
ij

I Check finiteness of scalar one-point function:

+
c∞= 0 X

Simultaneous finiteness of one- and two-point fct.: δvk 6= 0
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Renormalization of leptonic sector
Yukawa couplings

I Determine Yukawa counterterms δΓk and δ∆k from divergencies
in vertex corrections, again in unbroken phase:

I Find remarkably simple result for neutral leptons

δ∆k = − c∞
16π2

[(
g2ξW

2
+
g2ξZ
4c2W

)
∆k + ∆jΓ

†
kΓj

]
,
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Finiteness of leptonic two-point fct.

I Inserting Yukawa- and VEV-counterterms in the lepton
mass-counterterms gives finite self-energies

I For charged leptons: δM` = 1√
2

(δv∗kΓk + v∗kδΓk)

⇒ No freedom left in the choice of δM`

(
+ ︸ ︷︷ ︸

δM`

+ +︸ ︷︷ ︸
c∞= 0, via δλijkl,δµij ,δvk

)
/p=0

c∞= 0 X

I δvk and δΓk suffice for finiteness!
I Choice of δvk is unique in our setup
I Similarly for neutrinos: δMD = 1√

2
(δvk∆k + vkδ∆k)

I Note: δMR = 0 at one-loop!

Maximilian Löschner | Karlsruhe Institute of Technology 12 / 24



Finiteness of leptonic two-point fct.

I Inserting Yukawa- and VEV-counterterms in the lepton
mass-counterterms gives finite self-energies

I For charged leptons: δM` = 1√
2

(δv∗kΓk + v∗kδΓk)

⇒ No freedom left in the choice of δM`

(
+ ︸ ︷︷ ︸

δM`

+ +︸ ︷︷ ︸
c∞= 0, via δλijkl,δµij ,δvk

)
/p=0

c∞= 0 X

I δvk and δΓk suffice for finiteness!
I Choice of δvk is unique in our setup

I Similarly for neutrinos: δMD = 1√
2

(δvk∆k + vkδ∆k)

I Note: δMR = 0 at one-loop!

Maximilian Löschner | Karlsruhe Institute of Technology 12 / 24



Finiteness of leptonic two-point fct.

I Inserting Yukawa- and VEV-counterterms in the lepton
mass-counterterms gives finite self-energies

I For charged leptons: δM` = 1√
2

(δv∗kΓk + v∗kδΓk)

⇒ No freedom left in the choice of δM`

(
+ ︸ ︷︷ ︸

δM`

+ +︸ ︷︷ ︸
c∞= 0, via δλijkl,δµij ,δvk

)
/p=0

c∞= 0 X

I δvk and δΓk suffice for finiteness!
I Choice of δvk is unique in our setup
I Similarly for neutrinos: δMD = 1√

2
(δvk∆k + vkδ∆k)

I Note: δMR = 0 at one-loop!

Maximilian Löschner | Karlsruhe Institute of Technology 12 / 24



Gauge dependencies



Gauge dependencies I

I All relevant correlation functions made finite
I Consistency check: gauge-parameter independence of

one-loop masses

I Can analytically show this for on-shell lepton self-energies,
i.e. here: when /p→ m̂ν [Wei73]

Z

+

cZ

+

Z

+

G0

+

G0
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d

dξZ


Z

+

cZ  = 0.

d

dξZ


Z

+

G0

+

G0 
on-shell

= 0
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Gauge dependencies II
Z and ghost tadpole

Vector boson and ghost propagators:

∆Z
µν(k, ξZ) =

−gµν + kµkν/k
2

k2 −M2
Z

− kµkν
k2

ξZ
k2 − ξZM2

Z

∆cZ (k, ξZ) =
1

k2 − ξZM2
Z

(
= ∆(G0)(k, ξZ)

)

Ghosts exactly cancel ξZ-dependence in Z-tadpole:
Z, ξ

+

cZ

∝
∫

d4k

(2π)4

[
(∆Z,ξ)µµ(k, ξZ) + ξZ∆cZ (k, ξZ)

]
= 0
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Gauge dependencies III

Residual ξZ-dependent contributions to self-energy

p− k

Z

⊃
∫

d4k

(2π)4
FRL /k

1

/p− /k − m̂ν︸ ︷︷ ︸
∆(ν)(p−k)

/k FLR
1

k2 − ξZM2
Z

∑
a

S0
a

G0

∝
∫

d4k

(2π)4

1

2

[
m̂νF

2
LR + F 2

RLm̂ν

] 1

k2 − ξZM2
Z︸ ︷︷ ︸

∆(G0)(k,ξZ)

G0

∝
∫

d4k

(2π)4
[m̂νFLR − FRLm̂ν ] ∆(ν)(p− k) [FRLm̂ν − m̂νFLR] ∆(G0)(k, ξZ)

FLR ≡ U†LULγL − U
T
LU
∗
LγR
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Gauge dependencies IV
Weinbergs Trick

Can relate the three contributions via appropriately shifting the loop
momentum:

/k∆(ν)(p− k)/k = −
(
/p− /k − m̂ν

)︸ ︷︷ ︸
(∆(ν)(p−k))−1

∆(ν)(p− k)/k +
(
/p− m̂ν

)
∆(ν)(p− k)/k

= −/k︸︷︷︸
→0 under

∫
d4k

(2π)4

+
(
/p− m̂ν

)
∆(ν)(p− k)/k

= −
(
/p− m̂ν

)
+
(
/p− m̂ν

)
∆(ν)(p− k)

(
/p− m̂ν

)
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Gauge dependencies IV
Weinbergs Trick

Can relate the three contributions via appropriately shifting the loop
momentum:

/k∆(ν)(p− k)/k = −
(
/p− /k − m̂ν

)︸ ︷︷ ︸
(∆(ν)(p−k))−1

∆(ν)(p− k)/k +
(
/p− m̂ν

)
∆(ν)(p− k)/k

= −/k︸︷︷︸
→0 under

∫
d4k

(2π)4

+
(
/p− m̂ν

)
∆(ν)(p− k)/k

= −
(
/p− m̂ν

)
+
(
/p− m̂ν

)
∆(ν)(p− k)

(
/p− m̂ν

)
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Gauge dependencies V

Full ξZ-dependence of self energies contained in:

( Z )
ξZ

+

G0

+

G0

∝
∫

ddk

(2π)d

{
−1

2

[
(/p− m̂ν)F 2

LR + F 2
RL(/p− m̂ν)

]
+ (/p− m̂ν)FLR∆(ν)(p− k)FRL(/p− m̂ν)

+ (/p− m̂ν)FLR∆(ν)(p− k)(FRLm̂ν − m̂νFLR)

+(m̂νFLR − FRLm̂ν)∆(ν)(p− k)FRL(/p− m̂ν)

}
∆(G0)(k, ξZ)

FLR ≡ U†LULγL − U
T
LU
∗
LγR
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Gauge dependencies V

Full ξZ-dependence of self energies contained in:

( Z )
ξZ

+

G0

+

G0

∝
∫

ddk

(2π)d

{
−1

2

[
(/p− m̂ν)F 2

LR + F 2
RL(/p− m̂ν)

]
← Goldstone tadpole

+ (/p− m̂ν)FLR∆(ν)(p− k)FRL(/p− m̂ν)

+ (/p− m̂ν)FLR∆(ν)(p− k)(FRLm̂ν − m̂νFLR)

+(m̂νFLR − FRLm̂ν)∆(ν)(p− k)FRL(/p− m̂ν)

}
∆(G0)(k, ξZ)

Terms of these types do not contribute to mass corrections, only
shifts of the propagator residues→ field strength renormalization

⇒ Gauge-parameter independent one-loop masses
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VEV-shifts



Finite tadpole contributions I

I We have seen: need (finite) tadpole contributions for
gauge-parameter independence of one-loop masses

I Can introduce finite VEV shifts ∆vk to absorb these⇒
vanishing one-point function

+

δλ, δµ2,
δv

c∞= 0 −→ +

δλ, δµ2,
δv

+

∆v

= 0

I Equivalence of inserting all tadpole contributions for a given
observable versus shifting vk → vk + ∆vk in Lagrangian

+ + = +

∆vk
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Finite tadpole contributions II
Charged leptons

I Insertion of finite VEV-shifts yields:

=
−i√

2

2nH∑
b=2

[
GbγL +G†bγR

]
× i

−M2
b

× i

2
M2
b (∆v∗i Vib + V ∗ib∆vi)

⇓ Gb =
(
W †RΓkWL

)
V ∗kb

= − i√
2

(
W †R Γk∆v∗k︸ ︷︷ ︸

∆Ml

WLγL +W †LΓ†k∆vkWRγR

)
I compare with:

Lmass,` = −eRM` eL + H.c. = − 1√
2
`W †Rv

∗
kΓkWLγL `+ H.c.

I VEV-shifts induce finite mass-shifts
Maximilian Löschner | Karlsruhe Institute of Technology 19 / 24



Final results

I Eventually calculate finite mass shifts (for neutrinos) via
Σ(p) = /p

(
Σ

(A)
L (p2)γL + Σ

(A)
R (p2)γR

)
+ Σ

(B)
L (p2)γL + Σ

(B)
R (p2)γR.

∆mi = mi

(
Σ

(A)
νL

)
ii

(m2
i ) + Re

(
Σ

(B)
νL

)
ii

(m2
i ) (i = 1, . . . , nL + nR)

I Having shown gauge-parameter independence, can use specific
gauge for simpler calculation

I Presentation of full analytic results for leptonic self-energies
in Feynman gauge (including tadpoles)
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VEV-shifts of heavy Majoranas



Finite VEV-shifts of heavy Majoranas

I Majorana tadpole contributions:(
S0
b

)
fin

= ∆t
(χ)
b = −

√
2

16π2
Tr

[
m̂3
ν

(
1− ln

m̂2
ν

M2

)(
Fb + F †b

)]

I m̂ν '
(
O(m2

D/mR) 0
0 O(mR)

)
, e.g. mD ∼ v, mR ∼ 1014 GeV

I Lead to VEV-shifts ∆v
(χ)
l =

∑2nH
b=2

∆t
(χ)
b

M2
b
Vlb

I No sufficient suppression: Contributions very large for high mR

I Crude estimate: ∆v(χ) . 10 GeV⇒ mR . 103 TeV

Yukawa couplings: Fb = 1
2

(
U†R∆kUL + UTL∆T

k U
∗
R

)
Vkb
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Finite VEV-shifts of heavy Majoranas

Just a feature of our tadpole scheme?
I VEV-shifts as a matter of bookkeeping:

Finite tadpole contr. in ∆vk:

+

δΓ,δv︸ ︷︷ ︸
finite

+

∆v

︸ ︷︷ ︸
gauge-indep. masses

+ +

δλ, δµ2,δv

+

∆v︸ ︷︷ ︸
=0

X

I ∆vk = 0:

+

δΓ,δv︸ ︷︷ ︸
finite

+ +

δλ, δµ2,δv︸ ︷︷ ︸
finite︸ ︷︷ ︸

gauge-indep. masses

X
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Finite VEV-shifts of heavy Majoranas

Gauge-parameter independence of one-loop masses shows that
tadpoles must be taken into account
I If tadpoles are “renormalized away”, gauge-dependence in

masses might be introduced, e.g. in mass renormalization via

 +

δmOS︸ ︷︷ ︸
finite, but gauge dependent

+ +

δt

+

∆t︸ ︷︷ ︸
=0

 

I In General: Potential source for confusion
Bookkeeping is important!

I Potentially problematic behavior of Majorana tadpoles in MS
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Conclusions

I An abundance of renormalizable neutrino mass models
available, often with many new scalars

I Want to check perturbative stability of mass and mixing
predictions in generally applicable way
⇒ multi-Higgs doublet SM

I MS-renormalization of scalar and leptonic sector in broken
phase via renorm. of parameters of unbroken theory

I Analytic results for full one-loop lepton masses
I VEV counterterm necessary when ξW,Z 6= 0 to achieve finite

scalar one- & two-point functions
I Finite tadpole contributions obligatory for gauge-parameter

independent one-loop masses
I Can absorb these contributions in finite VEV-shifts
I First numerical results imply problematic contributions from

heavy Majoranas in MS-scheme

Thank
you!
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Backup slides



Relevance of radiative corrections?

I Lepton mass and mixing corrections
not systematically studied so far

I Precision era of ν-physics in reach
I Almost maximal mixing in UPMNS vs.

almost diagonal VCKM

I Large threshold corrections in BSM
models

I Our hope: perturbative stability of
masses and mixings might give a
measure for usefulness of underlying
models

Ohlsson, Zhou Nat. Com. 5 (2014) 5153



Possible extensions of the thesis

I Finite field strength renormalization using on-shell conditions
I Translation to renormalized mixing angles
I Subsequent discussion of gauge-parameter dependence



Estimate: Finite VEV-shifts of heavy Majoranas

I yD : Yukawa coupling of Dirac neutrino mass terms; largest
contribution to VEV-shift via lightest scalar

∆t(χ) ∼ −
√

2

32π2
m3
R yD

mD

mR

⇒ ∆v(χ) ∼ ∆t(χ)

M2
H

∼ −
√

2

32π2

m2
RmD

M2
H

yD

I Seesaw mechanism: yD ∼ mD/v =
√
mνmR/v

⇒ |m3
R| ∼

32π2

√
2
|∆v|vM

2
H

mν

I mν = 10−10 GeV, M2
H = 125 GeV, ∆v ∼ 10 GeV

⇒ mR ∼ 4× 103 TeV



Scalar mass two-point counterterm

The counterterm pertaining to the scalar self-energy −iΠbb′(p
2) is

given by

S0
b S0

b′ = − i

2

[
δµ2

ij + δλ̃ijklv
∗
kvl

]
(V ∗ibVjb′ + V ∗ib′Vjb)

− i

4
δλ̃ijkl [v

∗
i v
∗
kVjbVlb′ + vjvlV

∗
ibV
∗
kb′ ]

− i

2
λ̃ijkl (δv

∗
kvl + v∗kδvl) (V ∗ibVjb′ + V ∗ib′Vjb)

− i

4
λ̃ijkl [(δv

∗
i v
∗
k + v∗i δv

∗
k)VjbVlb′ + (δvjvl + vjδvl)V

∗
ibV
∗
kb′ ]



Gauge dependencies
Z-contribution

Using propagator-shift trick yields

p− k

Z

⊃
∫

d4k

(2π)4
FRL/k∆(ν)(p− k)/kFLR∆(G0)(k, ξZ)

=

∫
d4k

(2π)4

[
−FRL

(
/p− m̂ν

)
FLR

+ FRL
(
/p− m̂ν

)
∆(ν)(p− k)

(
/p− m̂ν

)
FLR

]
∆(G0)(k, ξZ)
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Gauge dependencies
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Z

⊃
∫

d4k

(2π)4
FRL/k∆(ν)(p− k)/kFLR∆(G0)(k, ξZ)

=

∫
d4k

(2π)4

[
−FRL

(
/p− m̂ν

)
FLR

+ FRL
(
/p− m̂ν

)
∆(ν)(p− k)

(
/p− m̂ν

)
FLR

]
∆(G0)(k, ξZ)

FRL ≡ U†LULγR − U
T
LU
∗
LγL,

FLR ≡ U†LULγL − U
T
LU
∗
LγR,(

UL U∗R
)( 0 MT

D

MD MR

)(
UL
U∗R

)
≡ m̂ν ⇒ U∗Lm̂νU

†
L = 0



Gauge dependencies
Z-contribution

Using propagator-shift trick yields

p− k

Z

⊃
∫

d4k

(2π)4
FRL/k∆(ν)(p− k)/kFLR∆(G0)(k, ξZ)

=

∫
d4k

(2π)4

[
−FRL

(
/p− m̂ν

)
FLR

+ FRL
(
/p− m̂ν

)
∆(ν)(p− k)

(
/p− m̂ν

)
FLR

]
∆(G0)(k, ξZ)

=

∫
d4k

(2π)4

[
−1

2

(
/pF

2
LR + F 2

RL/p
)

+
(
/pFLR − FRLm̂ν

)
∆(ν)(p− k)

(
FRL/p− m̂νFLR

) ]
∆(G0)(k, ξZ)



Vector boson propagators

Various useful ways of writing vector boson propagators:

∆V
µν(k) =

−gµν + kµkν/k
2

k2 −M2
V

− kµkν
k2

ξV
k2 − ξVM2

V

=
−gµν + kµkν/k

2

k2 −M2
V

− kµkν
M2
V

1

k2 − ξVM2
V



Mixing angle renormalization
General idea (preliminary)

I Possible definition for one-loop mixing:

U1−loop ≡ δU†UtreeδU = Utree + δθ†Utree + Utreeδθ, δU = 1+ δθ

I Unitary demands anti-hermitian correction, i.e. δθ† = −δθ:

U†1−loopU1−loop = 1+ δθ† + δθ + U†tree

(
δθ† + δθ

)
Utree

!
= 1

I Mixing physically observable in

Lcc = gBlBW
µ
BγµUPMNSνB

= gBlW
µ
Bγµ(Z

1/2
l )†UPMNSZ

1/2
ν ν

νi

W

lα

∝ Uαi

I Then with Z1/2
l/ν = 1+ 1

2δl/ν :

U1−loop ≡ UPMNS +
1

2

[
(δAHl )†UPMNS + UPMNSδ

AH
ν

]
I Looks like a natural choice!
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Mixing angle renormalization
Gauge dependence (preliminary)

I Problem: on-shell field strength renormalization is gauge
dependent

1

2
(δL)ij =

−1

m2
i −m2

j

[
m2
jΣ

AL
ij +mimjΣ

AR
ij +mjΣ

BR
ij +miΣ

BL
ij

]
p2=m2

j

I Same goes for anti-hermitian part (AH):

(δAHL )ij =

−1

m2
i −m2

j

[
m2
iΣ

AL
ij (m2

i ) +m2
jΣ

AL
ij (m2

j ) +mimj

(
ΣARij (m2

i ) + ΣARij (m2
j )
)

+ mj

(
ΣBRij (m2

i ) + ΣBRij (m2
j )
)

+mi

(
ΣBLij (m2

i ) + ΣBLij (m2
j )
)]

I All ξ-dependent terms should cancel, but at least for finite
corrections: cancellations not obvious! (Note the different
arguments in the self-energies)



Mixing angle renormalization

I Various renormalization methods available in the literature for
quark mixing, e.g. using symmetric point p2 = 0:

V CKM
R = V CKM

0 +
1

2

(
(δZAHu,L )†V CKM

0 + (V CKM
0 )†δZAHd,L

)
(δZAH)ij =

m2
i +m2

j

m2
i −m2

j

(
ΣLij(0) + 2ΣSij(0)

)
I Alternatively (bluntly speaking): brute force calculation of

self-energies, then use only terms that do not depend on ξ [?]
I ...the question persists:

I What is the canonical method for mixing angle
renormalization?



Mixing angle renormalization
Pinch-technique

Explicitly gauge-independent Σ(p2) for defining renormalized mixing
angles: (scalars) Krause et al., JHEP 1609 (2016) 143

Σ(p2) = Σtad
∣∣
ξV =1

(p2) + Σadd(p2),

Σtad: full self-energy w. tadpoles, Σadd: additional explicitly
gauge-independent part from toy two-to-two scattering (intermediate
scalars Hi):

ΓHiXX
i

p2 −m2
Hi

iΣPTHiHj (p
2)

i

p2 −m2
Hj

ΓHjY Y .

Γ: vertex function, ΣPT : self-energy-like fct. Major insight:

ΣHiHj (p
2) = Σtad

HiHj (p
2) + ΣPT

HiHj (p
2) = Σtad

HiHj

∣∣∣
ξV =1

(p2) + Σadd
HiHj (p

2),

⇒ Σ gauge-independent. Downside: trades gauge dependencies for
prescription in the definition of Σ.
p∗-scheme: use symmetric point p2 6= 0 at which self-energies are
evaluated: (p∗)

2
= (M2

Hi
+M2

Hj
)/2.



Renormalization

Radiative corrections in perturbation theory often diverge:

Tadpole-example: ∝
∫

d4l

(2π)4

1

l2 −M2

→ µε
∫

d4−εl

(2π)4−ε
1

l2 −M2
=

i

16π2
M2

(
2

ε
− γE + ln 4π︸ ︷︷ ︸
≡c∞

+1− ln
M2

µ2

)

I Regularization to make divergencies treatable
I Renormalization to absorb them

gb = g + δg
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