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Exercise 1: Causality of the Green’s function ’2—|—5 = 7 points ‘

The solution of the differential equation (O, + m?)G(z — y) = —id™(x — y), i.e. the Green’s
function of the Klein-Gordon-equation, can be written in the form
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(a) Performing the integration over ky the integrand has a pole at kg = +V k2 + m2. There
are four potential integration paths in the complex ky plane. The choice of the four
options can be made explicit by infinitesimal shifts of the poles by +ie (with € > 0).
Which paths correspond to the following Green’s functions?
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Hint: Determine the poles in terms of w, = V k2 + m?2 and € and draw the four poles in
the complex kg plane.

(b) Show that the four functions can be expressed through the real (quantized) fields ¢ and
the vacuum state |0) as follows

ret( —y) = 0(x0 — y0){0l[¢(2), #(y)]]0)
Aav(z —y) = —0(yo — 20){0l[¢(2), #(y)][0)
Ap(z —y) = (0[T¢(x)¢(y)|0)
Ap(z —y) = =0(z0 — 30){0]¢(y)(2)[0) — O(yo — x0)(0]p(x)(y)[0)

using the time-ordering operator 1" given by

o(z)p(y), if xo > yo
To(z)d(y) = {¢(y)¢(i), if 29 < ‘ZO '

It moreover yields §(t) = 1 for t > 0, otherwise 0. What are the consequences for causality
for the four Green’s functions?

Hint: Perform the integrals over ky. Split the integrals into xy > yy and 2y < y9 and
close the contours at negative and positive imaginary parts of kg, respectively, such that
e~ Ho(ro—%0) 5 () as soon as ko has an imaginary component. Use Cauchy’s theorem.
Lastly be reminded that (0|¢(x)¢(y)|0) = [ dke ™=,
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Exercise 2: Charge conjugation 2424242 = 8 points ‘

The defining property of the charge conjugation matrix C' is
CMC = —(y")" (1)

for any representation of the Dirac matrices.

(a) Verify explicitly that in the Weyl representation, the matrix C' = iy°y? obeys Eq. ().
Show that in this representation, the charge conjugation operator obeys Ct = CT =

Ct=-C.
(b) Show that for any arbitrary representation, i.e. only by using Eq. (I]), that the following
equations hold:
C™y°C=(1")",
O—IO_MVO _ _(OMV)T ’
CTH ()0 = ()"

Hint: Use the following definition for 7°: 75 = in0yly243.

(¢) The charge conjugation operator acting directly on the fermionic fields is given by C.

From its definition via Ct(z)CT = C@T(:E), it is connected with the charge conjugation
matrix C. By using this definition as well as (7°)7 = (v°)T = +°, show that

Ch()Ct =~y (@)C !

(d) Use the results of the previous parts to show that the fermionic bilinear covariants
transform in the following way under charge conjugation,

WP(z)(a):C" = P(x)(x): = S(),
( N(x): CT = = (x)y" () = =V (2),
C w( )o i (x):C = —p(z)o" 2 (x): = =T (x),
C w( V" (@):C E(ﬂf)v“vf’w(fc)i = A(x),
W(2)y°U(2):CT = W(x)y"Y(2): = Pla)

where the normal ordering, denoted by :0:, is only stated here to indicate that the
fermionic fields inside the bilinear covariants are quantized.

Hint: You can save some time if you first evaluate the generic bilinear transformation
C )(2)T4(x):CT by generalizing your results from the previous parts to any matrix

I'e {14><47 7“7 O-MV7 7”757 75}
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