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2 A theoretical particle physicists’ toolbox
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2.3.2 QCD Lagrangian
2.3.3 QCD Feynman rules

3 Example: top quark production

4 Higher orders in perturbation theory

4.1 Running coupling and scale dependence

In this section we would like to explain how it arises that theoretical pre-
dictions depend in general on at least one unphysical scale, the so-called
renormalisation scale p. In the case of hadronic initial state particles, there
is also a factorisation scale iy involved. There can be even more unphysical
scales, like fragmentation scales in the modelling of the fragmentation of fi-
nal state particles into hadrons, parton shower matching scales, resummation
scales, etc.

Let us first motivate how the dependence on a renormalisation scale arises.
We mentioned already that the strong coupling, defined as a, = ¢2/(4n),
is not really a constant. To leading order in the perturbative expansion, it

obeys the relation
1

bolog (Q?/Ayep)
where Agep is an energy scale below which non-perturbative effects start to
dominate (the scale of bound states formation (hadrons)), and Q? is a larger

energy scale, for example the centre-of-mass energy s of a scattering process.
The coefficient by is given by

1 /11 4
b= — (—=Cy—=TpN; ) . 9
0 47r(3CA 3Rf) (2)

as(Q?)

(1)
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Note that b() > 0 for Nf < 11/2CA

Where does the running of the coupling come from? It is closely linked to
renormalisation, which introduces the renormalisation scale .

Before we enter into the technicalities, let us look at a physical observable,
for example the R-ratio which we encountered already,

o(ete” — hadrons)
olete = ptu)

R(s) = (3)
We assume that the energy s exchanged in the scattering process is much
larger than Agep.

At leading order in perturbation theory, we have to calculate tree-level dia-
grams for ete™ — ff, which however only represent a crude approximation.
To get a more precise result, we should include quantum corrections, for
example diagrams where virtual gluons are exchanged, such as the ones in
Figs. [Ia] and where Fig. [Ia] shows corrections of order a; and Fig.
shows example diagrams for O(a?) corrections. The perturbative expansion
for R can be written as

R(s) = Kgep(s) Ry, Ry = NCZ Q7 0(s —4m3)

La() ()

n>2

Kqcep(s) =

The higher the order in oy the harder is the calculation. Meanwhile we know
the C,, up to order o [1}2].

e f o]

(a) 1-loop diagram contributing to (b) 2-loop diagram example contributing
ete™ — ff. toe+e — ff.

However, if we try to calculate the loop diagrams, we will realize that some
of the integrals over the loop momentum £ are ill-defined. They diverge for
k — oo. This is called an ultraviolet divergence. How to deal with them will
be explained shortly. For the moment we just introduce an arbitrary cutoff



scale Ay for the upper integration boundary. If we carried through the
calculation, we would see that the dependence on the cutoff in diagram
cancels, which is a consequence of the Ward Identity in QED. However, if we
go one order higher in «g, calculating diagrams like the one in Fig. [IB] the
cutoff-dependence does not cancel anymore. We obtain

s\ 2 2

) &+%M%A?}+a@y (5)

g
Kgep(s) =1+ — + <

™ ™

It looks like our result is infinite, as we should take the limit Ayy — oo.
However, we did not claim that «g is the coupling we measure. In fact, it
is the “bare” coupling, also denoted as a2, which appears in Eq. , and
we can absorb the infinity in the bare coupling to arrive at the renormalised
coupling, which is the one we measure.

In our case, this looks as follows. Define

A2
i) = ol + tolo “Baz ©
then replace a® by a,(u) and drop consistently all terms of order a2. This
leads to

2

Kl (). 2 5) = 14 20 (O‘S(”f et log | 0t (7

/0

K§¢p 1s finite, but now it depends on the scale p, both explicitly and through
as(p). However, the hadronic R-ratio is a physical quantity and therefore
cannot depend on the arbitrary scale p. The dependence of Kgep on p is
an artefact of the truncation of the perturbative series after the order o?.

Renormalisation group and asymptotic freedom

Since the hadronic R-ratio ™" = Ry K{¢p cannot depend i, we know

d 0 OJas 0
2 ren 2 2y — 2 2 S ren 2 2
i 42 R (as(p), p=/Q%) = 0 (u R + 1 o (90@) R™™(as(p), p=/Q7) .

(8)
Equation is called renormalisation group equation (RGE). Introducing
the abbreviations

Q* Doy
t:m?, 5@pw%m, (9)




the RGE becomes p 5

This first order partial differential equation can be solved by implicitly defin-
ing a function a,(Q?), the running coupling, by

QS(Q2) dz
t= / ——, with o, =y /f . 11
B ) (11)
Differentiating Eq. with respect to the variable ¢ leads to
1 Do (Q?) o N Das(Q?)
1= hich 1 s = .
Bo0) ot which implies (s (Q7)) 57

The derivative of Eq. with respect to a, gives

_ 1 dm(@) 1 day | 00n(@) _ B(x(Q)
O_ﬁ(as(@)) das  Blay) das . Das  Blas) (12)

It is now easy to prove that the value of R for u* = Q% R(1, a,(Q?)), solves

Eq. :

0 2\ _ OR 0o (Q%) ) OR
~5ifL @) = —g s = = B @ gy (13)
and
ﬁmﬂiLR@a«fnzﬁma&ﬁf)aiga:ﬁ@ﬂf»a%%%'
(14)

This means that the scale dependence in R enters only through ay(Q?),
and that we can predict the scale dependence of R by solving Eq. (L1f), or
equivalently,

Do (Q°
% =p (Oés (Q2)) . (15>
We can solve Eq. perturbatively using an expansion of the g-function
Blag) = —boa? |1+ b, o/;] , (16)
n=1
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where by = 50 and byb; =

47r)2, etc. Explicitly, up to NNLO:

) o lﬁo (S 1 g, (%) 4, (%Y o<a3>] .

The first five coefficients are known [3], where the fifth one has been calcu-
lated only recently [4-8]. The first 3 coefficients (MS-scheme) are

11Cy — 4TgNp

60 6 )
17C% —10C,TgNp — 6CrTrNp

61 = 6 )

By = 5 —(2857C% + 108C3TrNp — 1230CrCaTrNF — 2830C5 Tr Ny
+264CrTaNp + 316CATANE) (17)

Introducing A as integration constant with L = log(u?/A?) yields the follow-
ing solution up to order NNLO:

A7 By log L 1 (512 9 52))
as(p) =—=—=1(1-— + — (log®L —log L — 1
0=z (-5 e (¢ >
(18)
Truncating the series Eq. at leading order leads to the simple solution

Eq. (1)), or, without introducing A,

8048_8048__ 9 B 1 1 L
Q28Q2 = 7' = b’ = (0 +&s(u2) = —bot
a, (1?)
= o,(Q%) = Tobta () bt () (19)

Eq. implies that

2) Q:OO 1 Q:OO

— . 2
bt 0 (20)

as(Q
This behaviour is called asymptotic freedom: the larger Q?, the smaller the
coupling, so at very high energies (small distances), the quarks and gluons
can be treated as if they were free particles. The behaviour of o, as a function
of @Q? is illustrated in Fig. [2| including recent measurements. Note that the

9
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Figure 2: The running coupling o, (Q?). Figure from arXiv:1609.05331.

sign of by is positive for QCD, while it is negative for QED. It can be proven
that, in 4 space-time dimensions, only non-Abelian gauge theories can be
asymptotically free. For the discovery of asymptotic freedom in QCD [9,/10],
Gross, Politzer and Wilczek got the Nobel Prize in 2004.

Note that in the derivation of the RGE above, we have assumed that the
observable R does not depend on other mass scales like quark masses. How-
ever, the renormalisation group equations can be easily extended to include
mass renormalisation, which will lead to running quark masses:

0 0 Q? m
2
) s) o s a R sy T~ = 0 ) 21
(1 50+ Bl g = e ) R (G 5 (21)
where 7, is called the mass anomalous dimension and the minus sign before
Ym 18 a convention. In a perturbative expansion we can write the mass
anomalous dimension as v, (as) = coas(1+), c,af) . The coefficients
are known up to ¢, [11-14].

Scale uncertainties

From the perturbative solution of the RGE we can derive how a physical
quantity O™ (), expanded in ay as OWN () = S o Cn(p)a*(1?) and
truncated at order N in perturbation theory (k is the power of «; at leading

10



L L S S B B S B B

I'H—oge)/I,

100 200 300 W/ GeV

Figure 3: Example H — gg for the reduction of the scale dependence at
higher orders. Figure from Ref. [2], see also [§].

order), changes with the renormalisation scale u:

d N 2\N+1
WO( Y1) ~ O (as(u)N) (22)

Therefore it is clear that, the more higher order coefficients ¢, we can cal-
culate, the less our result will depend on the unphysical scale p2. Therefore
the dependence of the scale is used to estimate the uncertainty of a result
calculated to a certain order in perturbation theory. Usually the scale is
varied by a factor of two up and down. An example for the reduction of the
scale dependence at higher orders is shown in Fig. [3

An expansion up to NNLO of an observable O normalised to the LO cross
section oy can be written as

+0(ad).  (23)

s

wo - B o @) B 6w
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In terms of the running coupling a,(p), the NNLO expression becomes

as(p)\ dCy as()\? (dCy  dCy w
< 2m )d0+< 2m dO+dOBOIOgs

as(p)\’ (dC; | dCy pr dCy [ o p? (1
29025 10g B 4 S0 (52102 7 | g 1o 1
+< 27r> (dO+ 0 01087+ g | Mo logm = A By log 7

+0(a?) . (24)

As an example we consider an observable called thrust, shown in Fig. [
Thrust is an example of so-called event-shape observables, which describes
how “pencil-like” an event looks like. Events shapes can be defined based on
hadronic tracks in the detector, avoiding jet definitions, and are particularly

useful in ete™ annihilation, where the total energy of the partonic event is
known. Thrust T is defined by

T:maX Z?il |ﬁ; . ﬁ|

DY Y2

where 77 is a three-vector (the direction of the thrust axis) such that 7' is
maximal. The particle three-momenta p; are defined in the ete™ centre-of-
mass frame.

Fig. [4] shows several features: 1. the scale dependence is reduced as the
perturbative order increases, 2. the NNLO curve is closest to the data, 3.
the data are still not well described by NNLO. The reasons for the latter
are well understood: The perturbative prediction for the thrust distribution
becomes singular as 7" — 1, there is also a logarithmic divergence ~ In(1—-T").
The latter is characteristic for events shape distributions. In perturbation
theory at nth order logarithms of the form o In™(1/(1 — T')) with m < 2n
appear. These spoil the convergence of the perturbative series and should
be “resummed” if we want to make reliable prediction near the phase space
region where T" — 1. Furthermore, the so-called power corrections, the terms

p
of O (%) in Eq. (77?), play a role for this observable.
In hadronic collisions there is another scale, the factorisation scale p ¢, which

needs to be taken into account when assessing the uncertainty of the theoreti-
cal prediction. Varying both p, and iy simultaneously in the same directions

(25)
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Figure 4: One minus thrust distribution at different orders in perturbation
theory, including scale uncertainty bands. Figure from Ref. .
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can lead to accidental cancellations and hence underestimation of the per-
turbative uncertainties. Therefore, in the presence of both p, and py, often
so-called 7-point scale variations are performed, which means p, r = ¢, fpo,
where ¢,,c; € {2,1,0.5} and where the extreme variations (¢, cf) = (2,0.5)
and (¢, cy) = (0.5,2) have been omitted.

Still, the question remains what to choose for the central scale py. A con-
venient choice is a scale where the higher order corrections are small, i.e. a
scale showing good “perturbative stability”. In Fig. 3} a good choice would
be g ~ 150 GeV.

Let us now see a few examples where such scale variations do not capture
the true uncertainties. First some prelimiary remarks, along the lines of
Ref. |16]. If there is only one scale p, involved, the the scale dependence
of an observable is given through ay(u,), and we can use the beta-function,
resp. Eq. , to move from a result at a scale yy to a result at a different
scale. For an observable O, known to order oY

s )

N
0= Culpr)ad™(1);,

n=0

where k is the power of «; at leading order, we therefore have (this time not
normalised to the LO cross section)

2
O = Coal(u,) + (01 +byCoIn (%)) () + O(ah?) . (26)

Ko

Variations of y, will change the Cy-part of the O(a**?) term, however the
magnitude of C'; can only be known by direct calculation.

To illustrate the improvement in scale uncertainty that may occur at NNLO,
let us consider the corrections up to (N)NLO for an observable as for example
a jet cross section as a function of transverse energy, where k& = 2. The
renormalisation scale dependence is entirely predictable,

do

_ = 2
dET O[S (lu‘T')CO

+ (i) (C1 + 26y LCo)
+ ai(pr) (Co + 3bgLCh + (3b3L* + 201 L)Cy) (27)

with L = In(u,/Er). Cy and C) are the known LO and NLO coefficients.
Now assume that C5 is an unknown NNLO term (note however that C is

14



known meanwhile [17,/18]). Fig.|5|shows that the scale dependence is system-
atically reduced by increasing the number of terms in the perturbative exp
nsion. At NLO, there is always a turning point where the prediction is insen-
sitive to small changes in pu,. If this occurs at a scale far from the typically
chosen values of ., the NLO K-factor (defined as K = 1 + a,(u,)C1/Ch)
will be large. At NNLO the scale dependence is clearly significantly reduced.
However, a more quantitative statement requires knowledge of Cs.

1 . . ; ; :

do /dE_T at E_T= 100 GeV

uwR/ET

Figure 5: Single jet inclusive distribution at E7 = 100 GeV and 0.1 < |n| <
0.7 at 4/s = 1800 GeV at LO (green), NLO (blue) and NNLO (red). The solid
and dashed red lines show the NNLO prediction if Cy = 0, Cy = +C?/Cy
respectively. Figure from Ref. [16].

For some processes, C; (and C3) turned out to be pretty large, and the
scale uncertainty bands obtained form 7-point scale variations do not (fully)
overlap between the different orders. One such example is Higgs production
in gluon fusion, known to order N3LO. Fig. |§| shows a very nice stabilisation
of the scale dependence, however the higher order corrections are very large.
The standard scale uncertainty bands are shown in Fig.[7] Among the reasons
for the large K-factors, in particular the NLO K-factor, are large colour
factors and new partonic channels opening up.

In Fig. [8/the puy and p, dependence is shown separately. Usually one can see

15
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Figure 6: Higgs production in gluon fusion, stabilisation of the scale depen-
dence. Figure from Ref. |19].

that the perturbative series stabilises at latest between NNLO and N3LO.
However, for charged current Drell-Yan production and a central scale of
Q = 100 GeV, shown in Fig. [9] the NNLO and N3LO uncertainty bands do
not overlap.

Looking at the py dependence separately, one can see that the NNLO band
is accidentally small, see Fig. [10]

Furthermore, the behaviour of the scale uncertainty bands can depend sensi-
tively on the definition of the central scale, see Fig. [I1 The different central
scale choices are

e the individual jet transverse momentum pp. This however can lead to
the scale being set to values that are not representative of the scale of
the underlying hard scattering process.

e The leading-jet transverse momentum pr;, This scale uses the trans-
verse momentum of the hardest jet in the event, which is a better proxy
for the scale of the hard interaction compared to the y = pr choice.

e The scalar sum of the transverse momenta of all reconstructed jets Hp,
Hr = Ziejets Pri-

16
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Figure 7: Scale uncertainty bands for Higgs production in gluon fusion. Fig-

ure from Ref. .

e The scalar sum of the transverse momenta of all partons Hp: the trans-
verse momentum sum is not based on the reconstructed jets, but instead
obtained as the transverse momentum sum of all partons in the event:
Hp = Z’iEpartoHS pr,;. This scale choice also has the advantage of being
insensitive to the jet reconstruction applied in the analysis and is an
infrared-safe event shape variable.
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Figure 8: Higgs production in bottom quark fusion. Figure from Ref. .
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Figure 9: Charged current Drell-Yan production, pp — W~. Figure from

Ref. .
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Figure 10: Charged current Drell-Yan production, ps-dependence. Figure

from Ref. .
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NLO (blue) and NNLO (red) normalised to the NLO prediction as a function
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4.2 Loops and divergences
4.2.1 Dimensional regularisation

Tree level results in QCD are mostly not accurate enough to match the cur-
rent experimental precision and suffer from large scale uncertainties. When
calculating higher orders, we encounter singularities: ultraviolet (UV) sin-
gularities, and infrared (IR) singularities due to soft or collinear massless
particles. Therefore the introduction of a regulator is necessary.

Let us first have a look at UV singularities: The expression for the one-loop
two-point function shown below naively would be

— k

p— — P

k+p—

Figure 12: One-loop two-point function (“bubble”).

> d'k 1
I = /_OO (2m)* [k2 — m? +4d][(k +p)2 — m2+id] (28)

If we are only interested in the behaviour of the integral for |k| — oo we can
neglect the masses, transform to polar coordinates and obtain

|k [°
I~ [ A9 d\k\|k|4. (29)

This integral is clearly not well-defined. If we introduce an upper cutoff A
(and a lower limit ||, because we neglected the masses and p?, which would
serve as an IR regulator), it is regulated:

A A
I N/ dlk log( ) (30)
i |k | ‘|k| | % | min

‘mln

The integral has a logarithmic UV divergence for A — oo. The problem
with cut-off regularisation with a regulator A is that it is neither a Lorentz
invariant nor a gauge invariant way to regulate integrals over loop momenta.

20



A regularisation method which preserves the symmetries is dimensional reg-
ularisation.

Dimensional regularisation has been introduced in 1972 by ‘t Hooft and Velt-
man [24] (and by Bollini and Giambiagi [25]) as a method to regularise UV
divergences in a gauge invariant way, thus completing the proof of renormal-
isability.

The idea is to work in D = 4 — 2¢ space-time dimensions. Divergences for
D — 4 will appear as poles in 1/e. This means that the Lorentz algebra ob-
jects (momenta, polarisation vectors, metric tensor) live in a D-dimensional
space. The ~-algebra also has to be extended to D dimensions. How to
treat internal and external Lorentz vectors and the y-algebra is not unique.
There are several reqularisation schemes within dimensional regularisation.
For example, when doing a calculation in supersymmetry, you may not want
to use a scheme where massless bosons have D — 2 polarisation states while
massless fermions have 2 polarisation states. Of course the different schemes
must lead to the same result for physical quantities.

An important feature of dimensional regularisation is that it regulates IR
singularities, i.e. divergences occurring when massless particles become soft
and/or collinear, as well. Ultraviolet divergences occur for loop momenta
k — oo, so in general the UV behaviour becomes better for ¢ > 0, while the
IR behaviour becomes better for € < 0. Certainly we cannot have D < 4 and
D > 4 at the same time. What is formally done is to first assume the IR
divergences are regulated in some other way, e.g. by assuming all external
legs are off-shell or by introducing a small mass for all massless particles.
In this case all poles in 1/¢ will be of UV nature and renormalisation can
be performed. Then we can analytically continue to the whole complex
D-plane, in particular to Re(D) > 4. If we now remove the auxiliary IR
regulator, the IR divergences will show up as 1/€ poles. (This is however not
done in practice, where all poles just show up as 1/e poles, and after UV
renormalisation, the remaining poles must be of IR nature.)

Naive degree of divergence

The naive degree of UV divergence w of an integral can be determined by
power counting: if we work in D dimensions at L loops, and consider an
integral with P propagators and n; factors of the loop momentum belonging
toloopl € {1,..., L} in the numerator, we have w = D L—2P+2) ", |n;/2],
where |n;/2] is the nearest integer less or equal to n;/2. We have logarith-
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mic, linear, quadratic,...overall divergences for w = 0,1,2,... and no UV
divergence for w < 0. This means that in 4 dimensions at one loop, we have
UV divergences in all two-point functions, three-point functions with rank
> 2 and four-point functions with rank > 4.

These considerations do not take into account UV subdivergences of multi-
loop integrals, or a reduction of the degree of divergence due to gauge can-
cellations. Therefore w is called naive or superficial degree of divergence.

In dimensional regularisation, the only change to the Feynman rules to be

made is to multiply the couplings in the Lagrangian by a factor u*: g — gu¢,

where p is an arbitrary mass scale. This ensures that each term in the

Lagrangian gas the correct mass dimension. The momentum integration
dPk

involves [ tamp for each loop.

D-dimensional treatment of ~;

Extending the Clifford algebra to D dimensions implies
(¥, 4"} =2¢" with ¢ =D, (31)

leading for example to ,py* = (2 — D)p. However, it is not obvious how to
continue the Dirac matrix 75 to D dimensions. In 4 dimensions it is defined
as

Y5 = 170717273 (32)

which is an intrinsically 4-dimensional definition. In 4 dimensions, 75 has
the algebraic properties 72 = 1, {7,715} = 0, Tr (V%Y V0Y5) = 44€0mp0-
However, in D dimensions, the latter two conditions cannot be maintained
simultaneously unless we give up cyclicity of the trace whenever an odd
number of 5 matrices is present in the trace (see Ezercise 7). Remember
€upoe = 1 if (uvpo) is an even permutation of (0123), —1 if (puvpo) is an odd
permutation of (0123) and 0 otherwise.
Therefore we need a prescription how to deal with 5 in D dimensions. The
most commonly used prescription [24,26-28] for 75 is to define

V5 = %%1#2#3#47”17”27“37”4 3 (33)
where the Lorentz indices of the “ordinary” y-matrices will be contracted in
D dimensions. Doing so, Ward identities relying on {vs,7,} = 0 break down
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due to an extra (D —4)-dimensional contribution. These need to be repaired
by so-called “finite renormalisation” terms [27]. For practical calculations it
can be convenient to split the other Dirac matrices into a 4-dimensional and
a (D — 4)-dimensional part, v, = 7, + ¥,, where 7, is 4-dimensional and 7,
is (D — 4)-dimensional. The definition implies

0 wed{0,1,2,3}
29#~s  otherwise.

{5} = {

The second line above can also be read as [vys,5*] = 0, which can be inter-
preted as 75 acting trivially in the non—{physical dimensions. There are other
prescriptions for ~ys, which maintain {WD), v5} = 0, but then have to give up

the cyclicity of the trace [29)].
4.2.2 Omne-loop integrals

Integration in D dimensions

We first consider a scalar one-loop diagram with N external legs and N
propagators, as gien in (34). The case with loop momenta in the numerator
(“tensor integrals”) will be treated later. If k is the loop momentum, the
momenta of the propagators are ¢, = k+r,, where r, = Y% | p;. If we define

all momenta as incoming, momentum conservation implies > ;" p; = 0 and
hence ry = 0.

D2

PN-1 PN

Figure 13: Generic one-loop integral
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oo gD
o / d”k 1 (34)
oo i H (@2 —m2+1i0)

We use the integration measure d”k/ in? = dk to avoid ubiquitous factors
of i% which will arise upon momentum integration.

Feynman parameters

To combine products of denominators of the type d;* = [(k+71;)? —m? +id]™
into one single denominator, we can use the identity

(S X0 SARY) / Hdz - 61— 3501 %)
didy? . N Hl L I(ny) Py - Z1d1+Z2d2+ A 2ydy )T
(35)
The integration parameters z; are called Feynman parameters. For generic
one-loop diagrams we have n; = 1 Vi. Propagator powers n; different from
one become important when we derive relations between integrals.

Schwinger parametrisation

An alternative to Feynman parametrisation is the so-called “Schwinger parametri-
sation”, based on

1 1

i = m/o daa"texp(—ad;), Re(d;) >0, (36)

which can be derived from the definition of the I'-function
['(t) = / dr 2" 'exp(—xz), Re(t)>0. (37)
0

The Gaussian integration formula

D
2

/_00 dPrgexp(—ari) = (g) ,a>0 (38)

[e.e]

can be used to integrate over the momenta (after Wick rotation) in the
Schwinger parametrisation.
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Simple example: one-loop two-point function

For N =2, (2-point integral), the Feynman parametrisation is given by

L = / T4 !
2 = "R —m2 1 i0)[(k + p)2 — m2 + 4]
= F(Z)/ ledZQ/ dr )
0 —

o [z (k2 =m2)+ 2 ((k+ p)? — m?) +id]?

1 oo 1
= d d 39
/0 a:/_oo H[k2+2xk-p+xp2—m2+i5]2’ (39)

where we have substituted z; = (1 — z)u, 22 = z before the last line. As
the momentum integral is shift invariant, we can substitute | = k + xp to
eliminate the term linear in the loop momentum, to arrive at

L= / dx/ a7 ! (40)
2 00171'2 12+p .T(l_.r) m2+2(5]2

For integrals with more external legs the linear term can be eliminated by
an analogous shift of the loop momentum. Therefore, the generic form of a
one-loop integral after Feynman parametrisation and after having performed
the shift to achieve a quadratic form in the loop momentum is given by

I}V):F(N)/O Hdzl ; / 47l s PR+ (1)

00271'2

where for N = 2 and both propagators massive we have just derived
R = —p*z(1 —x) +m?
For the general case, one finds

N
1
i,j=1
N
S,j:(m—rj)z—mf—mi, ZZZ:]. (43)

i=1
The matrix §;;, sometimes also called Cayley matriz, is the quantity encod-
ing all the kinematic dependence of the integral. It plays a major role in
the algebraic reduction of tensor integrals or integrals with higher N to sim-
pler objects, as well as in the analysis of the kinematic singularities of the
integrand.
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I £,

A\
y

Figure 14: Integration contour after Wick rotation.

Momentum integration for scalar one-loop N-point integrals

Now we perform the momentum integration for an integral of the form
Eq. . Remember that we are in Minkowski space, where [? = [3 — l_é,
so temporal and spatial components are not on equal footing. The poles
of the denominator in Eq. are located at 12 = R4+ 12— i6 = IF ~

+V/ R2 + [2 F 4. Thus the i term shifts the poles away from the real axis
in the [p-plane.

For the integration over the loop momentum, we better work in Euclidean
space where 3, = Zil 2. Hence we make the transformation ly — ily,
such that 2 — —I2 = (2 + [2, which implies that the integration contour in
the complex [p-plane is rotated by 90° such that the contour in the complex
l4-plane looks as shown below. This is called Wick rotation. We see that the
10 prescription is exactly such that the contour does not enclose any poles.
Therefore the integral over the closed contour is zero, and we can use the

identity

(e o] o0

/ dlof(lp) =1 / dlyf(ly) (44)

— 00 —0o0

Our integral now reads

Hdz,-é(l—z,zl)/oo dD# (12 + R? — i8] ™" (45)

i=1 =1 —oo T2

1R = (-0 |

o0
0
Now we can introduce polar coordinates in D dimensions to evaluate the
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momentum integral.

. - 4 >
/ leE' = / dr TDil / dQD*l y T = l%‘ = (Z l22> (46>
—00 0

i=1

JE V<D>=13?2) (47)

where V(D) is the volume of a unit sphere in D dimensions, which we encoun-
tered already in the context of D-dimensional phase space integrals. Thus
we have

= 2<—1>N£<<J2V§/o [T =320 [ der™ o

Substituting r? = x:

o° 1 1 [ 1
d D-1 _ d D/2—1 4
/0 TR =g 2/0 e ey )

Now the substitution z = zR? can be done to arrive at

1 [ee) 1 1 . D_nN o]

L doe 2P/21 _ 2 _ 512 / d» 2P/2-171 -N

2/0 rx PEw T [R*>—id] i 22 1+ 2]
(49)

Note that we still carry along the —zd term because it can be useful to indicate
the direction of the analytic continuation when performing the integrals over
the Feynman parameters. As it only indicates an infinitesimal shift, we can
always rescale d by a positive quantity. The z-integral can be identified as
the Euler Beta-function B(a,b), defined as

Bla.b) = [ di i = [0 =5 60

to finally arrive at

P = (—1)NP(N—§)/O [[dz00-)" =) [R?-iaﬁ‘N . (51)

=1 =1

The integration over the Feynman parameters remains to be done, but for
one-loop applications, the integrals we need to know explicitly have maxi-
mally N = 4 external legs. Integrals with N > 4 can be expressed in terms
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of boxes, triangles, bubbles and tadpoles (in the case of massive propaga-
tors). The analytic expressions for these “master integrals” are well-known.
The most complicated analytic functions which can appear at one loop are
dilogarithms.

The generic form of the derivation above makes clear that we do not have to
go through the procedure of Wick rotation explicitly each time. All we need
(for scalar integrals) is to use the following general formula for D-dimensional
momentum integration (in Minkowski space, and after having performed the
shift to have a quadratic form in the denominator):

e S BN 7= 8) s yewis

ir% (2 — R2+ 0]V T(2)T(N)
(52)
Example one-loop two-point function
Applying the above procedure to our two-point function, we obtain
D ' 2 2 1P
I, = F(2—§) dr[-p°xz(l—x)+m”—id]2 " . (53)
0
For m? = 0, the result can be expressed in terms of I'-functions:
D __
L= (-p?)*°T(2-D/2) B(D/2—-1,D/2 1), (54)

where the B(a,b) is defined in Eq. (50). The two-point function has an UV
pole which is contained in

L@~ D/2)=T0) = 75+ 0(6) (55)

where g is “Euler’s constant”, yp = lim | > % —In n) = 0.5772156649.. . ..

Including the factor ¢?4?¢ which usually comes with the loop, and multiplying
D

by % for the normalisation conventions, we obtain

3 _ c. g _.27,2\7¢ el —«
gu(QW)DIQ—(ZLW)%(M)QF(E)(p/u) B(l—-¢l—¢.  (56)

Remarks:
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e As the combination A = % — g + In(47) always occurs in combina-
tion with a pole, in the so-called MS subtraction scheme (“modified
Minimal Subtraction”), the whole combination A is subtracted in the
renormalisation procedure.

e Scaleless integrals (i.e. integrals containing no dimensionful scale like
masses or external momenta) are zero in dimensional regularisation, we

use . de

Tensor integrals

If we have loop momenta in the numerator, the integration procedure is essen-
tially the same, except for combinatorics and additional Feynman parameters
in the numerator. The substitution k£ = [ — () introduces terms of the form
(I—Q)"...(I — Q)" into the numerator of eq. (41). As the denominator
is symmetric under [ — —I, only the terms with even numbers of [* in the
numerator will give a non-vanishing contribution upon [-integration. We can
use a form factor representation of a tensor integral, where the Lorentz struc-
ture has been extracted, each Lorentz tensor multiplying a scalar quantity,
the form factor.

Historically, tensor integrals occurring in one-loop amplitudes were reduced
to scalar integrals using so-called Passarino-Veltman reduction [30]. It is
based on the fact that at one loop, scalar products of loop momenta with
external momenta can always be expressed as combinations of propagators.
The problem with Passarino-Veltman reduction is that it introduces powers
of inverse Gram determinants 1/(det G)" for the reduction of a rank r tensor
integral. This can lead to numerical instabilities upon phase space integration
in kinematic regions where det G — 0.

Example for Passarino-Veltman reduction:
Consider the form factor representation of a rank one three-point integral

ID7N = / d :A M+A M
’ I T [ [ [ R E A I

T = p1,Te=p1+Dp2.
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Contracting with r; and ry and using the identities

i

1
k-r, = 5[(k+ri)2—k2—r2} ,i€{1,2}

we obtain, after cancellation of numerators

27"1'7’1 27”1'7“2 A1 _ Rl
(27’2'7”1 27’2'T2)(A2)_<R2> (58>
Ry = 1P (ry) — IP (ro — 1) — r215(r1,79)
R2 = I2D(’I“1) — ]2D(7‘2 — 7”1) — T§I3(T1,T2) .

Solving for the form factors A; and A, we see that the solution involves the
inverse of the Gram matrix G;; = 2r; - ;.

Libraries where the scalar integrals and tensor one-loop form factors can be
obtained numerically:

e LoopTools [31}32]
e OneLoop [33]
e golem95 [34-30]
e Collier [37]
e Package-X [3§]
Scalar integrals only: QCDLoop [39./40].

The calculation of one-loop amplitudes with many external legs is most ef-
ficiently done using “unitarity-cut-inspired” methods, for a review see e.g.
Ref. [41]. One of the advantages is that it allows (numerical) reduction at in-
tegrand level (rather than integral level), which helps to avoid the generation
of spurious terms which can blow up intermediate expressions.

4.3 Cancellation of infrared singularities
4.3.1 Structure of NLO calculations

Next-to-leading order calculations consist of several parts, which can be clas-
sified as virtual corrections (containing usually one loop), real corrections
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(radiation of extra particles relative to the leading order) and subtraction
terms to deal with singularities. In the following we will assume that the
virtual corrections already include UV renormalisation, such that the sub-
traction terms only concern the subtraction of the infrared (IR) singularities.
IR singularities occur when a massless particle becomes soft (low energy) or
when two massless particles become collinear to each other.

We will consider “NLO” as next-to-leading order in an expansion in the
strong coupling constant «s. The general structure is very similar for elec-
troweak corrections. The real and virtual contributions to the simple example

v* — qq are shown in Fig. [15]
N W\A\ + N\/‘%; virtual

NV + /\/\/\/\@ rend

Figure 15: The real and virtual NLO contributions to v* — ¢qg.

If My is the leading order (LO) amplitude (also called Born amplitude) and
Mirt, Mieal are the virtual and real NLO amplitudes as shown in Fig. [15]
the corresponding cross section is given by

oNLO — /d¢2 ’Mo\2+/ d¢s ‘Mrea1’2+/ dpy 2Re (MyireMg) - (59)
L /R v

5LO

The sum of the integrals [ r and fv above is finite. However, this is not true
for the individual contributions. The real part contains divergences due to
soft and collinear radiation of massless particles. While M, itself is a tree
level amplitude and thus finite, the divergences show up upon integration
over the phase space d®3. In fv, the phase space is the same as for the Born
amplitude, but the loop integrals in My contain IR singularities.
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Let us anticipate the answer, which we will (partly) calculate later. We find:
— H — | — — -
OR o (6) OF2 (52 + + T y (60)

s 2 3
oy = o2 H (e) C’Fa— (—— ———8+ 7r2) )

s e €

where H(e) = 1+ O(e), and the exact form is irrelevant here, because the
poles in € all cancel! This must be the case according to the KLIN theorem
(Kinoshita-Lee-Nauenberg) [42,43]. It says that

IR singularities must cancel when summing the transition rate over all de-
generate (initial and final) states.

In our example, we do not have initial state singularities. However, in the
final state we can have a massless quark accompanied by a soft gluon, or a
collinear quark-gluon pair. Such a state cannot be distinguished from just
a quark state, and therefore is “degenerate”. Only when summing over all
the final state multiplicities contributing to the cross section at a given order
in ag, the divergences cancel. Another way of stating this is by looking
at the squared amplitude at order ay and considering all cuts, see Fig.
(contributions which are zero for massless quarks are not shown). The KLN
theorem states that the sum of all cuts leading to physical final states is free
of IR poles.

Figure 16: The sum over cuts of the amplitude squared shown above is finite
according to the KLN theorem.

The cancellations between [ r and fv in Eq. are non-trivial, because the
phase space integrals contain a different number of particles in the final state.
Methods trying to exploit the KLN-cancellations at integrand level, mostly
based on loop-tree-duality [44,/45], also exist. They rely on numerical integrals
over 4-dimensional momenta, arranging the loop momentum integration such
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that it can be combined with the phase space integration over the real radi-
ation, in a way that enforces the cancellations of the IR singularities locally.
However these methods are numerically very challenging.

Infrared safety

If we want to calculate a prediction for a certain observable, based on an
n-particle final state, we need to multiply the amplitude by a measurement
function J(p1 ...py). The measurement function can contain for example a
jet definition, or the definition of thrust, or it defines the transverse momen-
tum distribution of a final state particle. Schematically, the structure of the
NLO cross section then is the following. In the real radiation part, we have
n + 1 particles in the final state. Therefore the measurement function in the
real radiation part must depend on n + 1 particles. Let us consider the case
where we have an IR pole if the variable x, denoting for example the energy
of an extra gluon with momentum p,,; in the real radiation part, goes to
zero. If we define

B, = / Ao | Mo? = / A B,
v,
v, = / A, 2Re (M M) = / 16,

R, = / ddni1 [Mieal]” = / A, /0 Cdrai R, (z) (61)

and a measurement function J(p; ...py,, Pry1) we have

v, '
O'NLO = /d¢n { <Bn + ?> J(pl « e Pn, O) + / dx x_l_e Rn(x) J(pl . -pn-H)

0
(62)
In the inclusive case (calculation of the total cross section) we have J = 1.

The integration over x leads to the explicit 1/e poles which must cancel with
the virtual part:

/ o Ro@) = =22 / Cdpg-efnl@) = Fal0) (63)

0 € x
The cancellation of the poles between % and R”T(O) in the non-inclusive case
will only work if

lim J(p1...Pn,Pns1) =J(P1---Pn,0) . (64)

Pn+1—0
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This is a non-trivial condition for the definition of an observable, for exam-
ple a jet algorithm, and is called infrared safety. The formulation above is
taylored to the soft limit where all components of p,, .1 go to zero, however
an analogous condition must hold if two momenta become collinear.

As mentioned above, the measurement function is also important if we define
differential cross sections do/dX (also called distributions), for example the
transverse momentum distribution do/dpr of one of the final state particles.
In this case we have J(p;...p,) = 0(X — xn(pi)), where x,(p;) is the defi-
nition of the observable, based on n partons. Again, infrared safety requires
Xnt+1(Pi) = Xn if one of the p; becomes soft or two of the momenta become
collinear to each other.

4.3.2 Soft gluon emission

Soft gluon emission is very important in QCD. In contrast to the collinear
case, soft gluons are insensitive to the spin of the partons. The only feature
they are sensitive to is the colour charge.

To see this, consider the amplitude for the second line in Fig. [15] with mo-
mentum k and colour index a for the gluon, and momenta and colour indices
p,t (p,j) for the quark (antiquark). The amplitude for massless quarks is
given by

D+ ppyomy _ga o yen(ope 2T F ol
mr v(p) — t; gs pu(p)l ke £(k)v(p) .

(65)

MG =18 gs pu(p) £(k)

where I'* describes a general interaction vertex with the photon, in our case
['* = v*. Now we take the soft limit, which means that all components of k
are much smaller than p and p, thus neglecting factors of £ in the numerator
and k? in the denominator. Using the Dirac equation leads to

. . o (2ck)-p 2e(k) D
Mifsope = gs 15155 u(p) T v (p) ( 2p-k  2p-k

= gs i Ji7" (K)ey (k) Mg Born = U(p)T"0(p) - (66)

i Born > Born

We see that the amplitude factorises completely into the product of the Born
amplitude and the soft gluon current

a,v . Ta r
TR =3 T (67)

T:p7ﬁ
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In our example Tf; = t; for r = p and TZ = —tj; for r = p. This type of
factorisation actually holds for an arbitrary number of soft gluon emissions,
and can be obtained using the “soft Feynman rules” shown in Fig. [I7

a, [ a, ju

. . cv b,p
D) Dyt - rabe vp
pJ §§ S @m‘@%im@ = oo

Figure 17: The Feynman rules for gluon emission in the soft limit.

Following the standards set by Refs. [46,/47], the soft gluon current is more
conveniently expressed in terms of colour charge operators T;, where ¢ now
labels the parton i emitting a gluon (not its colour index). The action of T';
onto the colour space is defined by

(ar, .. @iy a|Tlby, .o biy oo b)) = Oagpy o Ty a5 (68)

a;

where T} = t¢, (SU(3) generator in the fundamental representation) if the
emitting particle ¢ is a quark. In the case of an emitting antiquark 7}; =
te, = —tf . If the emitting particle i is a gluon, T = —i fup. (SU(3) generator
in the adjoint representation).

Then we can write down the universal behaviour of the matrix element
M(k,p1,...,pm) in the limit where the momentum k of the gluon becomes
soft. Denoting by a and £*(k) the colour and the polarisation vector of the
soft gluon, the matrix element fulfils the following factorisation formula:

Ma<k7p17 s 7pm) =~ gs Mﬁgﬂ(k) J;j(k) M(ph s 7pm> ) (69>

where M%(p1,...,pm) is obtained from the original matrix element by re-
moving the soft gluon k. The factor J, (k) is the soft-gluon current

m H
ﬂ®=2ﬂfﬁ, (70)
i=1 ¢

which depends on the momenta and colour charges of the hard partons in the
matrix element on the right-hand side of Eq. (69). The symbol ‘~’ means
that on the right-hand side we have neglected contributions that are less
singular than 1/|k| in the soft limit & — 0.
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Squaring Eq. and summing over the gluon polarisations leads to the
universal soft-gluon factorisation formula at O(as) for the squared ampli-
tude [406]

m

(M(E,prs o pm)|? = =g 12 ) Si(k) Mgy (o oom)” 5 (71)
ij=1
where the factor
Sii(ps) = D P =2 (72)

2 (pl : ps) (pj : ps) Sis Sjs

is called FEikonal factor. It can be generalised to the emission of n soft gluons
and plays an important role in resummation.

The colour correlations produced by the emission of a soft gluon are taken
into account by the square of the colour-correlated amplitude | M ; ;) |2, given
by

Mgy (D1, pm)? (73)
= (Mcl..bi...bj...cm (p17 s 7pm))* ledz Tbajdj MCL.di...dJ’...Cm (p17 e 7pm) .

The angular brackets in the second line denote a basis in colour space.

4.3.3 Collinear singularities

Let us come back to the amplitude for the real radiation given in Eq. (65]).
In a frame where p = E,(1,00°=2 1) and k = ko(1,0P~3) sin 6, cos §), the
denominator (p + k)? is given by

ko — 0  (soft)

0 — 0 (collinear) (74)

(p+ k)® = 2koE, (1 — cosf) — 0 for {

Note that if the quark line was massive, p?> = m?, we would have

(p+k)* —m® =2koE, (1 — Bcosh), B = /1 —m2/E2

and thus the collinear singularity would be absent. This is why it is sometines
also called mass singularity, since the propagator only can become collinear
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Figure 18: Factorisation in the collinear limit.

divergent if the partons are all massless, while the soft singularity is present
irrespective of the quark mass.

The important point to remember is that in the collinear limit, we also have
a form of factorisation, shown schematically in Fig. [18|

The universal factorisation behaviour can be described as
o dki do

|Mm+1’2 dq)m+1 — ’Mm|2dq)m % H % dz Pa—)bc(z) . (75)

The function P, () is the so-called Altarelli-Parisi splitting function de-
scribing the splitting of parton a into partons b and ¢, and z is the momentum
fraction of the original parton a taken away by parton b after emission of c.
For example, consider collinear gluon emission off a quark:

zZp
14
0

(1-2)p

Figure 19: Gluon emission leading to P,_,q,(%).

The corresponding Altarelli-Parisi splitting function for z < 1 is given by

1+ 22
11—z
and is often just denoted as P, (z). The other possible splitting functions
have the following form:

1+ (1—2)?
Pysgq(2) = Cr ( _) ) (77)

z

Pq%qg(z) =CF

(76)

Py—qa(2) = Tk (22+(1_Z)2) , Pygg(z) =Ca (2(1—2)+ 1iz+ 122) .
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We will come back to them later when we discuss parton distribution func-
tions.

To see how the factorisation formula Eq. comes about, a convenient
parametrisation of the gluon momentum k is the so-called Sudakov parametri-
sation:

Bt =(1—2z)p"+pnt+ kY, (78)
G

2(1—2)"

where n# is a light-like vector with p-n # 0 and k£, -n = 0, and 3 can be
determined by the requirement that £ must be light-like:

K

2p-n(l—2z)’
and therefore (p — k)? = k% /(1 — 2). The part of the phase space due to the

gluon emission then reads (in 4 dimensions, for D dimensions see below)

d*k 1 d¢ dk* 1 dz

§(k?) = —— ——dk? =
(2m)3 (+) 8n22m 2k+ Tt 16m2 (1 — 2)
In this parametrisation, the soft gluon limit is z — 1, the collinear singularity
occurs for k3 — 0.

kt=k-n=01-2)pn,k =k-p=—

=0=21-2)fp-n+ki=p=- (79)

do, = dk?} . (80)

4.4 Example: e"e” — ¢q at NLO

Now let us see explicitly in the ete™ — ¢g example how the singularities
manifest themselves as 1/e poles when we integrate over the D-dimensional
phase space.

Using

dq)1_>3 = (271')3721) 2717D(Q2)D73 dQD_Q dQD_g dyl dy2 dyg (81)
(W y293)”* 72 O (1) O(y2) Oys) (1 — 1 — 2 — y3)

we are in the position to calculate the full real radiation contribution. The
matrix element (for one quark flavour with charge @¢) in the variables defined
above Eq. (?77), where p3 in our case is the gluon, is given by

2 —24(1- 24 (1
L2 gy 24 6)y2_26}_

MP = CrQ2?8 (1 — ¢ {
Y2Y3 Y2 Y3

(82)
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In our variables, soft singularities mean gluon momentum p; — 0 and there-
fore both y, and y3 — 0. p3 || p1 means yo — 0 and p3 || p2 means y3 — 0.
Combined with the factors (y yg)D/ >~2 from the phase space it is clear that
the first term in the bracket of Eq. will lead to a 1/€? pole, coming
from the region in phase space where soft and collinear limits coincide. To
eliminate the d-distribution, we make the substitutions

y1=1—21,y0 = 2120,y3 = 21(1 — 29) , detJ =z

to arrive at

1 1 .
[ aaiMEy = e QO @) [ da [ dza (a1 - 201~ )
0 0

2 N 24+ (1 =€)z (1 — z9) N —2+ (1 —¢€)unz 2es, b
2122(1 — ZQ) Z9 1— Z9

(83)

The integrals can be expressed in terms of Euler Beta-functions and lead to
the result quoted in Eq. .

4.5 Parton evolution
4.5.1 Deeply inelastic scattering

In the previous section we have only considered leptons in the initial state
(ete™ annihilation). Now we consider the case where we have an electron-
proton collider, like for example HERA (at DESY Hamburg), which operated
until 2007 and offered unique opportunities to study the proton structure.
We consider the scattering of leptons off the proton, as depicted in Fig. |20},
in a kinematic regime where the squared momentum transfer Q? is large
compared to the proton mass squared (M ~ 1GeV), so we consider deeply
inelastic scattering. The relations between the involved momenta and kine-
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Figure 20: Deeply inelastic scattering, partonic picture. Figure from

Ref. .

matic variables are

s = (P+k)? [cms energy]’
¢" = k" — k' [momentum transfer]

Q? = —¢* =2MEuxy
2

T = o q [scaling variable]
P = FE — E' [energy loss]
v=—== en
M gy
P E'
y= g = [relative energy loss] . (84)

-k
The cross section for e(k) + p(P) — e(k’) + X can be written as
_ 2
do = Z4ME/d<I> szmjsw\ (85)

We can factorise the phase space and the squared matrix element into a
leptonic and a hadronic part:

d3k 1 A

spins

Then the hadronic part of the cross section can be described by the dimen-
sionless Lorentz tensor W, = é Yox f d®xH,,. As it depends only on two

40



momenta P* and ¢*, the most general gauge and Lorentz invariant expression
must be of the form

W/u/<P7 Q) = (_guu + q;#) Wl(xv Q2)

Pq Pq W2($7Q2)
Pi—¢— || P~ :
+(“’ K qz)( ! q2> P-q (87)

where the structure functions W;(x, Q?) are dimensionless functions of the
scaling variable x and the momentum transfer Q2.
For the leptonic part we use the relations £’ = (1 — y)E, cosf = 1 — %
to change variables to the so-called scaling variable x and the relative energy
loss y ,
A’k dep E' __, d
G2l amse F Aot =om T

and compute the trace L* = ITr[ kv k'] = kFE" + kVE" — g™k - K.

-2
Then the differential cross section in x and y is obtained from Eq. as
d’c  dma?
dedy  yQ2

In the scaling limit, defined by Q?> — oo with z fixed, we use W; —
—F, Wy — Fy, neglect the term ~ M?/Q? and obtain

d?c B Ao
dx dy a y Q2

The functions F} and F5 are called “structure functions”, where the combina-
tion F, = F,—2xF] is also called the longitudinal structure function because
it is related to the absorption of a longitudinally polarised virtual photon.
They were first measured by the SLAC-MIT experiment (USA) in 1970, and
have been measured very accurately at the HERA collider. The interesting
feature is that, in the scaling limit, 2xF; — F, and F; becomes independent
of Q?, Fy(x,Q?*) — Fy(z), a feature which is often called Bjorken scaling.
The Callan-Gross relation Fy(x) = 2z Fi(x) which reflects that this scaling
can be derived from the assumption that the photon scatters at point-like
spin-1/2 particles. The observation of Bjorken scaling was very important to
establish the quark model. How the scaling looks in experiment is shown in
Fig. 21} where we observe that the scaling violations increase at small 2. We
will see in the following that scaling is violated at higher orders.

@)+ (1wt

[(1 +(1—y)?)F + 1_7‘”(172 = szl)} . (38
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Figure 21: The structure function F, for different values of Q2. Figure from

Ref. [49)].

4.5.2 Proton structure in the parton model

Now let us assume the proton consists of free quarks and the lepton ex-
changes a hard virtual photon with one of those quarks as shown in Fig. [20]
The struck quark carries a momentum p*, which is a fraction of the proton
momentum, p* = £ P*, so we consider the process e(k)+q(p) — e(k')+q(p).
The corresponding cross section is

o1 1 )

spins

(89)

with § = (p + k)2 The “hat” indicates that we consider the partonic cross
section. The squared matrix element is proportional to the product of the
lepton tensor L*” and a quark tensor Q,,, = 2Tr[ " p'v"] = p'p"” +p"p* —

42



g"'p-p, leading to L*'Q,, = 2(8* + 4*), where 4 = (p — k') = —2p - k'. As

y = Q?/3 we can derive, using 4% = (1 — y)%5?,

§2

1 9 6364 uv 2 4 2
ZZW' :@L Quv = 2¢2e @(1+(1—y))- (90)

spins

Using p? = 2p - q — Q* = Q*(£/x — 1), the two-particle phase space (in 4
dim.) can be written as (see Exercise 7)

dgk/ d4 /
L)

GryaE a0 W) @m0k p K =) = 2 qydro(e—a).

(47)?
(91)

The differential cross section in x and y for one quark flavour is then given

by

d(I)Q -

d?o 4o’ 1
- gy - ;52 1+ (1—y)?] Se26(6 —a) - (92)

Comparing Egs. and , we find the parton model predictions

Fi(z) x €26 —x), F—22F=0. (93)

The above relations are called Callan-Gross relations. Thus the structure
functions probe the quark constituents of the proton with & = x. However,
this prediction cannot be the end of the story because experimentally, we
observe that F, does depend on Q?, as can be seen from Fig. , even though
the dependence is not strong.

To see how the Q% dependence comes in, let us define the following:

fi(€£)d¢ is the probability that a parton (g, q,g) with flavour i carries a mo-
mentum fraction of the proton between & and & + €.

The function f;(§) is called parton distribution function (PDF).

Using the relations dy = dQ?/$ and §(¢§ — x) = %5 <1 — %), we can write
the full cross section as a combination of the PDF and the differential cross

section (92)),

d?c B Lde d?c x
wa / ?;fi(@ a0 (E,@Q) . (94)
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This means that the cross section is a convolution of a long-distance compo-
nent, the parton distribution function f;(&) for a parton of type ¢, and a short-
distance component, the partonic hard scattering cross section . This form
is highly non-trivial, because it means that we can separate short-distance ef-
fects, which are calculable in perturbation theory, from long-distance effects,
which belong to the domain of non-perturbative QCD and have to be mod-
elled and fitted from data (or calculated by lattice QCD if possible). This
factorisation, shown schematically in Fig. [22| can be proven rigorously in
DIS using operator product expansion, and less rigorously in hadron-hadron
collisions. It also holds once higher orders in «y are taken into account (in
a form which we will discuss below). Factorisation only holds for large Q2
it has corrections which are suppressed by powers of order (A/Q)? (called
“power corrections”).

long distance

Figure 22: Deeply inelastic scattering, partonic picture of factorisation. Fig-
ure by F. Maltoni.

According to egs. and , we find in the naive parton model
1
Fy(x) = 220Fy () = ) / A fi(§)weg oz~ =a) e filz). (95)
i Y0 i

For a proton probed at a scale (), we expect it consists mostly of uud. Writing
fi(x) = u(x),d(x) etc. for i = u,d,... we have in the naive parton model

FPOOn(4) — o [%(u(m) o) + 5 (d(x) +d(x)] (96)
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If we define the so-called “valence quarks” w,(z)u,(z)d,(x),

u(z) = uy(x) + a(x) , d(z) =d,(z) +d(z) , s(z) =35(x),

we expect the “sum rules”

/Old:cuv(x)=2, /Oldxdu(x)=1, /Oldx(s(x)—g(x)):()_ (97)

In Figs. [23| and [24] it is illustrated that the smaller z and the larger Q?, the
more the “sea quarks” and gluons in the proton are probed. In fact, it turns
out that Zi:q@ fol dzxfi/p(x) ~ 0.5, so quarks carry only about half of the
momentum of the proton. We know that the other half is carried by gluons,
but clearly the naive parton model is not sufficient to describe the gluon
distribution in the proton.

1 T T IIIIIII T T |IIIII| T T TTTTIT) ‘I»
NNPDF3.0 (NNLO) ] E\

9 ] \
xf(xu2=10 GeV?) ]

0.8 3 0.8F
210 a) | 5

0.7 . F

DAV W T T T T T T 17111

g/10

xf(x,u2=10* GeV?)]

b) |

0.6
05| %
0.4;
0.32—

0.2 _;5:;}:

0.1 /

Figure 23: Parton distribution functions in the proton as a function of z.
Source: Particle Data Group.

4.5.3 Proton structure in perturbative QCD

To see what happens in the “QCD-improved” parton model, we will en-
counter again IR singularities and splitting functions. Let us denote the
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Proton Structure energy

low medium high

Figure 24: Proton structure depending on how well it can be resolved.
Source: Utrecht University.

hard scattering cross section by ;. For final state radiation, we found that
the IR singularities due to soft and collinear configurations cancel against IR
divergences in the virtual correction for infrared safe quantities.

If there is a coloured parton in the initial state, the splitting may occur before
the hard scattering, such that the momentum of the parton that enters the
hard process is reduced to xp*.

rp
P
4

(1-2)p

onio(p) = onap) 2022 Y ) 0 de (1—2) e A2 (82
™ FE 0 s
Integrating over x up to one and over k; we find a soft and collinear di-
vergence. The corresponding e poles multiply op,(zp), while in the virtual
correction the poles multiply oy (p), irrespective whether the IR divergence
is in the initial or final state:

Qs —1—e —1—e€
oy = —on(p) C’F? dz (1 —2) ! dk‘i (k:i) 1=

The sum of the real and virtual corrections contains an uncanceled singular-
ity!

Q2
Qs —1—e —1—e¢
Ohtg + Onv = Cp— dk? (K1) e (1 — )" “[on(zp) — on(p)] ,

(& J
0 ~~

finite

(98)
Note that the soft singularity for z — 1 vanishes in the sum of real and vir-
tual parts. The uncanceled collinear singularity in the initial state however
remains. Fortunately its form is universal, i.e. independent of the details of
the hard scattering process, only dependent on the type of parton splittings.
Therefore we can also eliminate it in a universal way: It is absorbed into
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“bare” parton densities, fi(o) (x), such that the measured parton densities are
the “renormalised” ones. This procedure is very similar to the renormalisa-
tion of UV divergences and introduces a scale ¢, the factorisation scale, into
the parton densities. Let us see how this works for the structure function
Fy. We first consider the partonic structure functions F,, Z:},g, where the
subscript ¢ indicates that a quark is coming out of the proton, analogous for
a gluon g. Note that a gluon coming from the proton does not interact with
a photon, therefore the gluonic contribution is zero at leading order, but it
will appear at order o, because the gluon can split into a ¢g pair and then
one of the quarks interacts with the photon. Therefore we have

- d?6 Ol 2\ ‘1
Fyy(z) = dr dZ)z - - egx {5(1_33)+E <_ (%) . Pge() + Cg(@) }
(99)
P P < /Jﬁf
and
- d%6

—Y {0+ Z‘—; <_ (Q_Q) B % Pyga(r) + Og(x)) } ,

Fy4(x) = W ; 2
(100)

2

S

where Pj_,;;(z) is the Altarelli-Parisi splitting function (regularised at z =
1) which we already encountered when discussing collinear singularities. It
denotes the probability that a parton j splits collinearly into partons ¢ and
k, with ¢ carrying a momentum fraction x of the original parton j. Note that
the type of parton k is fixed by ¢ and j. Therefore ¢ and j are sufficient to
label the splitting functions. For the labelling different conventions are in
use. They are summarised in Table [I] Cy(z) is the remaining finite term,
sometimes called coefficient function. The partonic scattering function Fy is
not measurable, only the structure function is physical. Therefore we have
to form the convolution of the partonic part with the parton distribution
functions.
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Pyj(x)  Pisa(z) Pyj(x)
Pu(x)  Pyosgq() Pq/q(x)
Pyy(x)  Pyosge() Pg/q(x)
Piy(x)  Pyoge(z) Pq/g(x)
Pyg(®)  Pyosgg(®)  Pyye(z)

Table 1: Translation between different conventions for the labelling of the
splitting functions, see also Fig. .

. i xp ) TP j i j i
Pyq() T Pyq(x) Pyglx) Pyy()

Figure 25: Splitting functions with labelling.
Fuale @) =e 3 |10
as [rde

FLEra((5) () a(0)]

(101)

Now we absorb the singularity into the parton distribution function (PDF)

by the definition
. [lde 1 /2\ "
fi(l’,u?) — fi(o)(x) —|-a_/x _{fi(o)(g) [_E <’u_£) Py sqq (%) + Ky } ,
(102)

2m &
where K, denotes finite terms depending on the regularisation scheme. Then
the structure function becomes

1
d
F27q<l’,Q2) :mzegl / ?ffz(gmui) X

(522 [ (0% st

td .
:xZe;/ ffi(&ﬂfc)FQ,@-(z,Q2,ur,uf). (103)

§
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Defining a convolution in z-space by f ®, g = fxl %f(g) g <§>, we see that

the structure function is factorised in the form of a convolution,

2

Fg(z,Q%) =2 el fi(iy) @z Foalpr,t) with t:mF. (104)
i !

The long distance physics is factored into the PDFs which depend on the
factorisation scale py. The short distance physics is factored into the hard
scattering cross section which depends on both the factorisation and the
renormalisation scales. Both scales are arbitrary, unphysical scales. The term
K;; depends on the factorisation scheme. It is not unique, as finite terms can
be shifted between the short and long distance parts. It is important that
the same scheme is used for the real and virtual corrections (usually MS).

4.5.4 Parton evolution and the DGLAP equations

With eq. we again have an equation where an unphysical scale appears
on the right-hand side, while the left-hand side is a physical quantity and
therefore should not depend on the scale ji; (when calculated to all orders in
perturbation theory). This gives us something like a renormalisation group
equation, which means that we can calculate how the PDF's evolve as the scale
oy is changed. As the convolution in Eq. is somewhat inconvenient,
we go to Mellin space, where the convolution in the factorisation formula
Eq. above turns into simple products. The Mellin transform is defined
by

F) = [ s,

The structure function in Mellin space then becomes

F(N, Q%) =2 €2 fi(N, i) Faa(N, . 1) (105)

As a measurable quantity, the structure function must be independent of iy,
therefore

dFy 4(N, Q2
AN, Q) _ (106)
dpy

Note that if F is calculated to order af, we have u}dFy (N, Q?)/du; =
O(a™1): as in the case of the renormalisation scale ., the truncation of the
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perturbative series introduces a dependence on the unphysical scale in the
observable, which gets weaker the more orders we calculate. x For simplicity,
let us leave out the sum over 7 in Eq. and consider only one quark
flavour q. We obtain from Eq.

AN A3 (N, 1)
By (N, ) LD 2y S 2 107
a5, DD g ) (107)
Dividing by f, 5, and multiplying by {13 we obtain
dln f,(N, %) dIn F 4(N, t)
2 AR 2 2,q\4V5 V)
e Rt Ll Y Skt VICAT LV NN oY 108
f d/i?v f dﬂ?ﬁ qq( ) ( )
Using ¢ = In (Q?/p3) this can be written as
df, (N, t
t% = Y4q(N) fo(N, 1), (109)
where )
V) = [ doa Py @) = PV). (110

Ygq(IN) is called the anomalous dimension because it measures the devia-
tion of Fgg from its naive scaling dimension. It corresponds to the Mellin
transform of the splitting functions.

Very importantly, Eq. implies that the scale dependence of the PDFs
can be calculated in perturbation theory. The PDFs themselves are non-
perturbative, so they have to be extracted from experiment. However, the
universality of the PDFs (for each flavour) and the calculable scale depen-
dence means that we can measure the PDFs in one process at a certain scale
and then use it in another process at a different scale.

A rigorous treatment based on operator product expansion and the renormal-
isation group equations extends the above result to all orders in perturbation
theory, leading to

0 Lde T
o fa @0 = | F Pu (5 00) fu6:0). (111)
The splitting functions P, /4, are calculated as a power series in as:
_ % 50 s\ 2 H(1) s\ % 5(2) 4
Poj(@,0) = 52 PP @)+ (52) PP @)+ (52) PP@)+0(d). (12)
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Eq. holds for distributions which are non-singlets under the flavour
group: either a single flavour or a combination q,s = fo, — fq, with ¢, g;
being a quark or antiquark of any flavour. The cuttm% edge calculations
for the non-singlet splitting functions are four loops (Pps’(z)) in the planar
limit [50]. More generally, the DGLAP equation is a (2ny —1— 1)—dimensional
matrix equation in the space of quarks, antiquarks and gluons,

t— ( fqz T, t ) Z/ df ( qL/qJ 57 (t)> qb/g(@ S(t)) ) ( fQj(€7t>
fo(@,1) Pyjq,( g? a,(t)) Pg/y(gy a;(t)) fo(&t)

(113)

Eq. (113) and are called DGLAP equations, named after Dokshitzer

[51], Gribov, Lipatov [52] and Altarelli, Parisi [53]. They are among the
most important equations in perturbative QCD.

Note that because of charge conjugation invariance and SU(ny) flavour sym-
metry the splitting functions F,,, and P/, are independent of the quark
flavour and the same for quarks and antiquarks.

Defining the singlet distribution

nf

E(I7t):Z[fqz'<x7t)+f§i(x7t)] (114)

i=1

and taking into account the considerations above, Eq. (113)) simplifies to

9 ( X(z,t) ) _ / d¢ ( Foja(§as(t)) 2npPee(%, as(t)) ) ( 2 t) )
8t g(l‘,t) x 5 PQ/Q(%7a8(t)) Pg/g(gvas(t)) g(S,t) .
(115)
The leading order splitting functions Pé%(az) can be interpreted as the prob-
abilities of finding a parton of type a in a parton of type b with a fraction x of
the longitudinal momentum of the parent parton and a transverse momentum
squared much less than p?. The interpretation as probabilities implies that

the splitting functions are positive definite for x < 1, and satisfy the following
sum rules which correspond to quark number conservation and momentum
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conservation in the splittings of quarks respectively gluons:

1
(0) —
/dePq/q(x) = 0,

1
/0 dz 5 [PO(z) + PO(@)] = 0,
1
/0 dvz[2n; P (z) + PV (z)] = 0. (116)

Let us now solve the simplified DGLAP equation, Eq. (109), in Mellin space.

It is a first order differential equation, solved by the ansatz

fQi(N7 Q2) = fQi(N7 Qg) exXp [/ dffyqq (N7 Oés):| .

to

Using leading order expressions a,(Q?) = 1/(bot) with ¢ = In %z and v, =
5= 752)+(’)(a§), we have, introducing the abbreviation dég)(N) = 52)(]\[)/(27?60),

V@) = (V. @8 e |9 ) [ ]

" dyq) (N) a,(Q2) dgy) (V)
(117)

Now we see how the scaling violations arise, and how they are related to the
anomalous dimension v,,(N). We have

Y O(N) = Cp [er;_QZ%] : (118)

m=1

As dflg)(l) = 0, the valence quark with flavour ¢ in the proton, given by
the integral fol dz f,,(z,Q?), is independent of Q?. Further, dé?])(N) < 0 for
N > 1. In z-space soft gluon radiation leads to enhancements of the form
Qg ln(%), which compete with the trend of f,, f, to decrease with increasing
Q% Therefore, as Q? increases, f,, f, decrease at large z and increase at
small x. Physically this can be attributed to an increase in the phase space

for gluon emission by quarks as Q? increases, leading to a loss of momentum.
This trend can be seen in Fig. [21]
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5 Example: Higgs production

5.1 Higgs boson production in gluon fusion
5.2 Higgs boson pair production

5.3 Asymptotic expansions
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