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Exercise 1: Relativistic Wave Equation for a scalar particle

(a) Explain why the Schrodinger Equation is not suitable for a relativistic formulation of
Quantum Mechanics

(b) Identify, and briefly discuss, TWO reasons why the Klein-Gordon Equation does not yet
provide a fully satisfactory alternative

(c¢) Starting from the Klein-Gordon Equation for a free scalar field,
O 5 m? (#,t) =0 (1)
- -m Z,t)=0:
o2 4
(i) Apply the minimal coupling prescription
—iV = —iV + ¢ A. (2)
to derive the equation that describes a relativistic scalar particle coupled to a classical
magnetic field.
(ii) Making (and justifying) suitable approximations, study the equation obtained in i) in
the non-relativistic limit.

Hint: It is useful to rewrite the Klein-Gordon field as ¢(z) = (&, t) exp (—imt), where
(&, t) encodes the non-relativistic part. Why?

(iii) Show that the result is equivalent to imposing the ansatz on the Schroédinger
Equation.

Exercise 2: Scalar field Lagrangians: invariance properties
Consider the following transformation to the Lagrangian density: £ = L(p;(x), 0,¢:(x)):
L'=L+9,A",

where A* denotes a generic function of the set of scalar fields {¢;(z)}. Show that these transfor-
mations leave the equations of motion for ¢; unchanged.

Exercise 3: Scalar field Lagrangians: Noether Theorem

(a) Show that the Lagrangian

E*l 9 24 (9 2 7m72 2 2 75 2 2)2
= 5 (Oup1)” + (Oup2)”) = 5 (P14 w2) — 7 (¢ +2)
remains invariant under the transformation (9 € R)

©1 = @] = @1 cos? — pasindd T, =T, =T,

P2 — ph = @1 8in Y + g cos VY
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(b) Compute the Noether current associated to the above transformation,

oL
Jr= ————6p;, — Tz,
0(0upi) ”
with oc
TH = = (8"p;) — Lg""
w@m(@> g

as well as its corresponding Noether charge
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