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Discussion:

Exercise 1: Real scalar field: canonical quantization

A real scalar field is governed by the Klein-Gordon Lagrangian Lxg = 3(du¢(x))(0 ¢(z)) —

%290(33)2. The Fourier transformation of the quantized field can be written as

3
(%, 1) :/5&221) [a(ﬁ)efipm +aT(ﬁ>e+ipx] ’

where the plane wave solutions obey the orthogonality condition:
/dee—ip;ceip’x _ (27‘()3(5(3) (ﬁ_ ﬁl)

(notice that, due to the energy-momentum relation E, = \/p2 + m?, the above condition implies
/
Po = Do)

(a) Show that the annihilation operator takes the form
) = [ & (ip(a) + Bypla)

Given in terms of the fields, the canonical commutation relations yield

[p(Z, 1), (@', 0)] = [p(&,1), 9@, )] =0, [p(@1), p(T',1)] = i6D (& — &),

(b) Obtain the corresponding relations for the operators a(p), a'(p),
[a(p), a(7")] = [a'(P), a" (7)) = 0, [a(@),a’ (7")] = (2m)°2E,6) (5 — ") .

(c) Evaluate the Stress-Energy-Momentum tensor T#, of the scalar field ¢(Z, t).

The energy spectrum of the scalar field is given by the eigenvalues of the Hamilton operator
H= [d3zxH = [ d32TP.

(d) Using the Fourier transformation of the field, along with the commutation relations for
a(p),a’ (p), prove that H is diagonalized and may be written as

ﬁ;/(gjf)’?ﬁp [QN(pHC] .

Here we have introduced the particle number operator
d3p 1 d3p -
N= [ — —af = [ —=N
| G e 0 = [ 5 N,

while C' stands for a constant term. What is its physical interpretation?

(e) Similarly, show that the 3-momentum of the field P; = [ d3zT?; yields

P= ;/(;1?;35[2N@)+C} .
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Exercise 2: Real scalar field: Feynman propagator

The Feynman propagator of a real scalar field yields
iAp(z—a') = (0|T(p(x)p(a')]0),

where T'(p(z)p(z")) = O —t")p(z)p(z') + O — t)p(z')p(z) defines the time-ordering operator.
Upon several manipulations (which we do not consider here) the above expression takes the
following form in momentum space:

d4p e—ipw
A =1l .
r (@) 0+ (2m)% p? — m? + ie

(1)

Show that Eq. fulfills the inhomogeneous Klein-Gordon Equation,

(0,0" + m*)Ap(z) = =6 (x).
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