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Exercise 1: Saddle-point approximation for a path integral - continued

Remember the last exercise on sheet 3, in which we showed in Euclidean space that in the
classical limit with ~→ 0 the path integral was just given by the classical action

SE[φ0, J ] =

∫
d4x

[
1

2
(∂µφ0)

2 +
1

2
m2φ2

0 + V (φ0)− J(x)φ0

]
,

where φ0 fulfills the relation

−∂2µφ0(x) +m2φ0(x) + V ′(φ0(x))− J(x) = 0 . (1)

We consider φ4 theory with
V (φ) =

λ

4!
φ4 .

We want to derive the connected Euclidean Green functions τEc (x1, x2) and τEc (x1, x2, x3, x4).

(a) Show that the classical action can be rewritten in the form

SE[φ0, J ] = −1

2

∫
d4x

(
Jφ0 + 2

λ

4!
φ4
0

)
. (2)

(b) We expand φ0 = φ[0] + λφ[1] + λ2φ[2] + . . .. In Eq. 1 we sort by orders in λ and for the
lowest order, λ0, obtain −(∂2 − m2)xφ

[0](x) = J(x) =: Jx. The Euclidean two-point
function GE(x, y) is defined through

(∂2 −m2)xG
E(x, y) = −δ(4)(x− y) ↔ GE

xy := GE(x, y) =

∫
d4qE
(2π)4

eiqE(x−y)

q2E +m2
.

Show that it yields
φ[0](x) =

∫
d4aGE

xaJa .

(c) Consider the orders λ1 and λ2 in Eq. 1 to prove

φ[1](x) = −1

6

∫
d4ad4bd4cd4dGE

xaG
E
abG

E
acG

E
adJbJcJd

φ[2](x) =
1

12

∫
d4ad4bd4cd4dd4ed4fd4yGE

xaG
E
abG

E
acG

E
ayG

E
ydG

E
yeG

E
yfJbJcJdJeJf .

(d) Finally expand also Eq. 2 in powers of λ up to λ1 and insert the results from the previous
two subexercises. According to the lecture the generating functional of the connected
Green functions is just given by the classical action WE[J ] = SE[φ0, J ], such that

τEc (x1, x2) = − δ2WE[J ]

δJ(x1)δJ(x2)

∣∣∣∣
J=0

, τEc (x1, x2, x3, x4) = − δ4WE[J ]

δJ(x1)δJ(x2)δJ(x3)δJ(x4)

∣∣∣∣
J=0

.

Derive the connected Green functions starting from the expanded version of Eq. 2. Explain
the physical meaning of the connected Green functions by identifying the corresponding
Feynman diagrams.
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Exercise 2: Grassmann variables

In the formulation of the path integral formalism for fermions we came across Grassmann
variables. In this exercise we want to derive a few useful relations for them.

(a) Consider the Gaussian integral in the space of N real Grassmann variables θi with
i ∈ {1, . . . , N}, which is of the form

IN(M,χ) =

∫
dθ1 . . . dθN exp

[
−1

2
θTMθ + χT θ

]
,

where M is an arbitrary antisymmetric matrix and χ = (χ1, . . . , χN)T is a vector of N
independent Grassmann variables. Show that for N = 4 the identity

I4(M,χ = 0) =
√

detM

holds by explicitly evaluating the integral.
Hint: The determinant is given by detM = (M12M34 −M13M24 + M14M23)

2 with the
matrix elements Mij of M .

(b) Show for non-vanishing χ and N = 4 the identity

I4(M,χ) =
√

detM exp
[
cχTM−1χ

]
.

Determine the real constant c.
Hint: The inverse of the matrix M is given by

M−1 =
1√

detM


0 −M34 M24 −M23

M34 0 −M14 M13

−M24 M14 0 −M12

M23 −M13 M12 0

 .

(c) We consider integrals in the space of N Grassmann variables η1, . . . , ηN . How does the
integration measure transform under a linear variable transformation of the form

η′i = Bijηj ?

Hint: Consider ∫
dη2dη1η1η2 =

∫
dη′2dη

′
1η
′
1η
′
2 = 1

and replace η′1η
′
2 with η1η2. Try to generalize your findings for N > 2.

(d) Use the result of the previous subexercise to determine the complex, N -dimensional
Gaussian integral ∫

dηN . . . dη1dηN . . . dη1 exp [−ηBη]

for a hermitian matrix B.

https://www.itp.kit.edu/courses/ws2018/ttp2 page 2 of 2

https://www.itp.kit.edu/courses/ws2018/ttp2

