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Exercise 1: W pair production in the high-energy limit

We consider the scattering process

e−(p1)e
+(p2)→ W−(p3)W

+(p4)

in the high-energy limit with s := k2 � m2
W , with k = p1 + p2 = p3 + p4. The gauge-boson

masses cannot be neglected, in contrast to the fermion masses, which we set to zero.

(a) Assume that there is no three gauge-boson self interaction in the Standard Model. Show

that in leading order in
m2
W

s
, i.e. m2

W � s, t, u, the averaged squared amplitude, which
only emerges from a t-channel neutrino exchange depicted by the Feynman diagram

νe

e+

e−

W+

W−

, is given by
∑
|M|2 ≈ − e4

16s4Wm
4
W

t(s+ t) =
α2π2

4s4W

s2

m4
W

(
1− cos2 θ

)
,

where s and t = (p1− p3)2 = m2
W − 2p1 · p3 = (p2− p4)2 = m2

W − 2p2 · p4 are Mandelstam
variables and θ denotes the scattering angle between the incoming electron e− and
the outgoing W− in the center-of-mass frame. The sine of the weak mixing angle is
sW := sin θW and the fine structure constant is defined by α = e2

4π
.

Hint: Argue why the polarisation sum of the W bosons can be approximated by∑
λ εµ(p, λ)ε∗ν(p, λ) ≈ pµpν

m2
W

. Neglect all non-leading terms in
m2
W

s
in the calculation

of the trace. A collection of relevant Feynman rules is given at the end of this exercise.

(b) Determine the total cross section in leading order in
m2
W

s
in the center-of-mass system of

the incoming particles, based on the calculation of the squared amplitude in the previous
exercise. What happens to the cross section in the high-energy limit, i.e. s→∞?

(c) The correct high-energy behaviour is obtained, when the three gauge-boson self-interaction
is added. The calculation of the total cross section for this case is, however, quite lengthy,
such that we consider the high-energy limit only for one helicity combination. Examine
the amplitude for e−Re

+
L → W−

LW
+
L for an incoming right-handed electron and left-handed

positron and two outgoing longitudinally polarised W bosons and show that in leading

order in
m2
W

s
the sum of all diagrams yields

M(e−Re
+
L → W−

LW
+
L ) ≈ ie2

2c2W

1

s
vR(p2)(/p4 − /p3)uR(p1) .

Hint: Use the equation of motions for massless fermions being
v(p2)/p2 = 0 and /p1u(p1) = 0 as well as the approximation, that the
polarisation vector of the longitudinal W boson in the high-energy
limit is given by εµL(p) ≈ pµ

mW
. If you failed in (a) or (b), you can

also restart here.

γZ

e+

e−

W+

W−
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(d) Determine the total cross section for e−Re
+
L → W−

LW
+
L and examine the behaviour in the

high-energy limit, i.e. s→∞.

(e) The Goldstone-boson equivalence theorem states that the amplitudes of longitudinally
polarised gauge bosons in the high-energy limit equal the amplitudes, in which the gauge
bosons are replaced by their Goldstone bosons (except from an unobservable phase).
Show the equivalence of

M(e−Re
+
L → φ−φ+) =M(e−Re

+
L → W−

LW
+
L )

in leading order in
m2
W

s
.

(f) Determine the amplitude for e−Le
+
R → W−

LW
+
L for an incoming left-handed electron

and right-handed positron and two outgoing longitudinally polarised W bosons using
the Goldstone-boson equivalence theorem. Lastly obtain the total cross section for
e−e+ → W−

LW
+
L , which is the sum of σ(e−Re

+
L → W−

LW
+
L ) and σ(e−Le

+
R → W−

LW
+
L ), as

other helicity combinations vanish and no interference terms appear.

Relevant Feynman rules for the interactions are given by the following expressions:

e+

e−

γ = −ieγµ(PL + PR)

νe

e−

W =
ie√
2sW

γµPL

e+

e−

Z =
ie

sW cW
γµ
(
(− 1

2 + s2W )PL + (s2W )PR
)

φ+(p+)

φ−(p−)

γ = ie(p− − p+)µ

φ+(p+)

φ−(p−)

Z =
ie( 12 − s

2
W )

cW sW
(p− − p+)µ

W+(p+ µ)

W−(p− ν)

γ(q ρ) = iefµνρ

W+(p+ µ)

W−(p− ν)

Z(q ρ) =
iecW
sW

fµνρ

Therein the momentum flow is indicated through the additional arrows. The left- and
right-handed projection operators are given by PL = 1−γ5

2
and PR = 1+γ5

2
. Moreover

it yields fµνρ = gµν(p− − p+)ρ + gνρ(−q − p−)µ + gρµ(q + p+)ν . Again sW and cW are
defined through sin θW and cos θW , respectively. The propagators of the photon and the
Z boson in Feynman gauge are given by

−igµν
k2

and
−igµν
k2 −m2

Z

, respectively.

Goldstone bosons do not couple to massless fermions.
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Solution of exercise 1

(a) We start with a few necessary relations. The projection operators are inherited from the
fact that the Standard Model is a chiral theory, in which left- and right-handed fermions
transform differently under SU(2)L. For the projection operators we obtain

P 2
L/R =

(
1∓ γ5

2

)2

=
1 + 1∓ 2γ5

4
=

1∓ γ5
2

= PL/R .

Moreover we note that

(γµPL/R) = γ0
(
γµ

1∓ γ5
2

)†
γ0 = γ0

1∓ γ†5
2

γµ†γ0 (1)

=
1± γ5

2
γµ = γµ

1∓ γ5
2

= γµPL/R .

Lastly we simplify the polarisation sum for the massive W boson as follows:∑
λ

εµ(k, λ)ε∗ν(k, λ) = −gµν +
kµkν
m2
W

k�mW≈ kµkν
m2
W

,

since gµν has entries of order 1. For the two fermions we can use
∑

λ u(p1, λ)ū(p1, λ) = /p1
and

∑
λ v(p2, λ)v̄(p2, λ) = /p2. The matrix element for the process is based on the following

Feynman diagrams

νe

e+

e−

W+

W−

,

if we neglect the corresponding three gauge-boson self-interactions. The matrix element
yields

M = v(p2)
ie√
2sW

γµPL
i

/p1 − /p3

ie√
2sW

γνPLu(p1)ε
∗
ν(p3)ε

∗
µ(p4)

This expression makes use of the Feynman rules provided on the sheet and Eq. (1). We
can just square the expression, which results in∑
|M|2 =

1

4

e4

4s4W
Tr [/p2γ

µPL(/p1 − /p3)γ
νPL/p1γ

ρPL(/p1 − /p3)γ
σPL]

(
1

p1 − p3

)4
p4µp4σ
m2
W

p3νp3ρ
m2
W

The factor 1
4

averages the initial-state fermion spins. We move all PL’s to the very left,
which due to the crossing of multiples of two γ matrices and P 2

L = PL results in∑
|M|2 =

e4

16(p1 − p3)4m4
W s

4
W

Tr [/p2/p4(/p1 − /p3)/p3/p1/p3(/p1 − /p3)/p4PL]

=
e4

16(p1 − p3)4m4
W s

4
W

Tr [/p4/p2/p4(/p1 − /p3)/p3/p1/p3(/p1 − /p3)PR]
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Now we use /p4/p2/p4 = −m2
W/p2 + 2p2 · p4/p4, /p3/p1/p3 = −m2

W/p1 + 2p1 · p3/p3 and /p1 − /p3 =
−(/p2 − /p4) and get∑
|M|2 = − e4

16(p1 − p3)4m4
W s

4
W

Tr
[
(−m2

W + 2p2 · p4/p4)(/p2 − /p4)(−m2
W + 2p1 · p3/p3)(/p1 − /p3)PR

]
= − e4

16(p1 − p3)4m4
W s

4
W

Tr
[
(m2

W/p2/p4 + 2p2 · p4/p4 /p2 − 2m2
W /p2/p4)

× (m2
W/p1/p3 + 2p1 · p3/p3/p1 − 2m2

Wp1 · p3)PR
]

We transform /p2/p4 = −/p4/p2 + 2p2 · p4 and /p1/p3 = −/p3/p1 + 2p1 · p3, which allows to cancel
many terms, and — noting the definition of t in the exercise hint — are left with∑

|M|2 = − e4

16t2m4
W s

4
W

Tr [(−t/p4/p2)(−t/p3/p1)PR]

= − e4

16m4
W s

4
W

1

2
4 [p4 · p2p3 · p1 + p4 · p1p2 · p3 − p4 · p3p2 · p1]

= − e4

32m4
W s

4
W

[
(m2

W − t)2 + (m2
W − u)2 − s(s− 2m2

W )
]

≈ − e4

32m4
W s

4
W

[
t2 + (s+ t)2 − s2

]
= − e4

32m4
W s

4
W

[
2t2 + 2st

]
= − e4

16m4
W s

4
W

t(s+ t)

Therein we used m2
W � s, t, u. The contribution proportional to γ5 yields εµνρσ, which

cancels, since one of the vectors can be replaced through momentum conservation with
the other three vectors. We finally consider the center-of-mass frame, in which we write
four-momentum conservation as follows

√
s
2

0
0√
s
2

+


√
s
2

0
0√
s
2

 =


√
q2 +m2

W

q sin θ
0

q cos θ

+


√
q2 +m2

W

−q sin θ
0

−q cos θ

 .

From this relation we deduce

s
4

= q2 +m2
W → q2 = s

4
−m2

W

We can then deduce t from (p1 − p3)2 = (0,−q sin θ, 0,
√
s
2
− q cos θ)2, which results in

t = −q2s2θ −
(√

s

2
− q cos θ

)2

= −q2 sin2 θ − s

4
− q2 cos2 θ + 2

√
s

2
q cos θ

= −s
4
− s

4
+m2

W +
√
s

√
s

4
−m2

W cos θ ≈ −s
2

+
s

2
cos θ = −s

2
(1− cos θ)

Thus we obtain∑
|M|2 = − e4

16m4
W s

4
W

t(s+ t) = − e4

16m4
W s

4
W

(
s2

4
(1− 2 cos θ + cos2 θ)− s2

2
(1− cos θ)

)
=

e4

64s4W

s2

m4
W

(1− cos2 θ) =
α2π2

4s4W

s2

m4
W

(1− cos2 θ) .
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(b) In this subexercise we need to add the phase space to the result of the previous subexercise
to obtain the total cross section. For this purpose we need the phase space discussed in
TTP1 and mentioned already on the first exercise sheet of TTP2, which results in∫

dΦ2 =

∫
dΩ

λ(s,m2
W ,m

2
W )

32π2s
=

∫
d cos θ

√
s2 − 4sm2

W

16πs
=

∫
d cos θ

1

16π

√
1− 4m2

W

s
.

If we were to neglect the W mass for the kinematics, we are just left with 1
16π

∫
d cos θ.

We obtain

dσ

d cos θ
=

1

2s

1

16π

∑
|M|2 =

α2π

128s4W

s

m4
W

(1− cos2 θ) .

Integration
∫ 1

−1 d cos θ(1− cos2 θ) = 4
3

yields

σ =
α2π

96s4W

s

m4
W

.

This result diverges for s → ∞. The divergence is cured by the inclusion of the three
gauge-boson self-interaction, which we consider in the next subexercise.

(c) Since taking into account the three gauge-boson self-interaction yields a quite lengthy
result, we write down the amplitude for e−Re

+
L → W−

LW
+
L for one helicity combination.

Due to the right-handed electron and the left-handed positron in the initial-state the
t-channel contribution involving a neutrino is absent. For this combination we just have
to add the two s-channel contributions involving the photon and the Z boson. The
corresponding Feynman diagrams are

γZ

e+

e−

W+

W−

.

The amplitude is given by

M = v(p2)PL

(
(−ieγµPR)

−i(gµν − (1− ξ)kµkν
k2

)

k2
(iefσρν)

+
iesW
cW

γµPR
−i(gµν − (1− ξ) kµkν

k2−ξm2
Z

)

k2 −m2
Z

(ie
cW
sW

fσρν)

PRu(p1)ε
∗
ρ(p3)ε

∗
σ(p4)

We first discuss the two terms proportional to kµkν , which due to fσρν = gσρ(−p4 +p3)
ν +

gρν(−p3−k)σ + gνσ(k+p4)
ρ and due to the replacement εµL ≈ pµ/mW are proportional to

kνp3ρp4σf
σρν = p3 · p4(−p4 · k + p3 · k) + p3 · k(−p3 · p4 − k · p4) + p4 · k(k · p3 + p4 · p3) = 0 .
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The two contributions with kµkν therefore vanish, such that also the gauge choice is not
of relevance. We are thus left with

M = v(p2)PL

(
(−ieγµPR)

−igµν
k2

(iefσρν)

+
iesW
cW

γµPR
−igµν
k2 −m2

Z

(ie
cW
sW

fσρν)

)
PRu(p1)ε

∗
ρ(p3)ε

∗
σ(p4)

= v(p2)PL

(
ie2gµν

(
1

k2 −m2
Z

− 1

k2

)
γµfσρν

)
PRu(p1)ε

∗
ρ(p3)ε

∗
σ(p4)

Again replacing the external polarisation vectors with the aligned momenta, we can
transform

gµνγ
µfσρνp3ρp4σ = p3 · p4(−/p4 + /p3) + /p3(−p3 · p4 − k · p4) + /p4(k · p3 + p3 · p4)

= −/p3k · p4 + /p4k · p3 = (/p4 − /p3)(m
2
W + p3 · p4)

In the last step we replaced k = p3 + p4, such that k · p4 = p3 · p4 + m2
W = k · p4. We

thus obtain

M = v(p2)PL

(
ie2
(

1

k2 −m2
Z

− 1

k2

)
1

m2
W

(/p4 − /p3)(m
2
W + p3 · p4)

)
PRu(p1)

= ie2vR(p2) (/p4 − /p3)uR(p1)

(
1

k2 −m2
Z

− 1

k2

)
1

m2
W

(m2
W + p3 · p4)︸ ︷︷ ︸

=:J

We transform J using k2 = s = (p3 + p4)
2 = 2m2

W + 2p3 · p4 and obtain

J =

(
1

s−m2
Z

− 1

s

)
1

m2
W

(
m2
W +

s

2
−m2

W

)
=
s− (s−m2

Z)

s(s−m2
Z)

s

2m2
W

=
m2
Z

(s−m2
Z)2m2

W

≈ m2
Z

2sm2
W

=
1

2sc2W
.

This results in the expression provided on the exercise sheet

M = ie2vR(p2) (/p4 − /p3)uR(p1)
1

2sc2W
.

(d) We square the expression and calculate the fermion trace. The polarisation sum was
indirectly performed through the replacement with the momenta. Note that

M = ie2vR(p2) (/p4 − /p3)uR(p1)
1

2sc2W
= ie2vR(p2) (−2/p3)uL(p1)

1

2sc2W
,

since /p4 − /p3 = /p1 + /p2 − /p3 − /p3 and /p1 + /p2 vanish when combined with the external
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spinors. We thus get∑
|M|2 =

1

4

e4

4s2c4W
4Tr[/p2/p3/p1/p3PR]

=
e4

4c4W s
2

1

2
4
(
2p2 · p3p1 · p3 − p1 · p2m2

W

)
=

e4

4c4W s
2

(
(m2

W − u)(m2
W − t)− sm2

W

)
≈ e4

4c4W

(−t)(s+ t)

s2
=

4π2α2

c4W

1

s2
s

2
(1− cos θ)

(
s− s

2
(1− cos θ)

)
=
π2α2

c4W
(1− cos2 θ)

As before we can add the two-particle phase space and obtain the cross section

dσ

d cos θ
=

1

2s

1

16π

∑
|M|2 =

α2π

32c4W

1

s
(1− cos2 θ)

σ =
α2π

24c4W

1

s
.

In contrast to the result to the t-channel neutrino exchange in (b) we obtain σ(s →
∞)→ 0.

(e) In this subexercise we show that the amplitude obtained in (c) equals the amplitude
when we replace the two W bosons with Goldstone bosons. Also the Feynman diagrams
are the same as in (c) with the two W bosons replaced by the charged Goldstone bosons.
The amplitude is of the form

M = vR(p2)

(
−ie2 gµν

k2
(p3 − p4)ν + ie2

sW (c2W − s2W )

2sW c2W

gµν
k2 −m2

Z

(p3 − p4)ν
)
γµuR(p1) .

We have dropped the contributions proportional to kµkν in the propagators right from the
start, since they yield contributions proportional to kµkν(p3 − p4)νγµ = /kk · (p3 − p4) =
/k(p3 + p4) · (p3 − p4) = /k(m2

W −m2
W ) = 0. We are therefore left with

M = ie2vR(p2)γ
µuR(p1)

(
−(p3 − p4)µ

k2
+
c2W − s2W

2c2W

(p3 − p4)µ
k2 −m2

Z

)
= ie2vR(p3)(/p3 − /p4)uR(p1)

(
−2c2W (s−m2

Z) + sc2W − s(1− c2W )

s(s−m2
Z)2c2W

)
︸ ︷︷ ︸

=:J

We transform J as follows

J =
2c2Wm

2
Z − s

2c2W s(s−m2
Z)
≈ − 1

2sc2W
,

such that

M = vR(p2)(/p4 − /p3)uR(p1)
ie2

2c2W

1

s
.

This is indeed identical to the result we obtained in the high-energy limit for the external
gauge bosons.
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(f) We repeat the calculation for a different helicity combination of the initial state, namely
e−Le

+
R → φ−φ+, which results in

M = vL(p2)γ
µuL(p1)

(
(−ie)−igµν

k2
ie(p3 − p4)ν +

(
−ie 1

cwsw
(
1

2
− s2W )

)
−igµν
k2 −m2

Z

(
ie
c2W − s2W
2cW sW

))
.

Again we dropped kµkν contributions in the propagator, see the previous subexercise.
There is no t-channel neutrino contribution because of the massless initial state. We can
transform the matrix element further and obtain

M = ie2vL(p2)(/p3 − /p4)uL(p1)

(
−1

s
− (c2W − s2W )2

4c2W s
2
W

1

s−m2
Z

)
︸ ︷︷ ︸

:=J

.

Again we transform J and get

J =
4c2W s

2
W s− 4c2W s

2
Wm

2
Z + sc4W + ss4W − 2s2W c

2
W s

4c2W s
2
W s(s−m2

Z)

≈ c4W + s4W + 2c2W s
2
W

4c2W s
2
W s

=
1

4sc2W s
2
W

.

We are thus left with

M =
ie2

4c2W s
2
W

1

s
vL(p2)(/p3 − /p4)uL(p1) .

We therefore conclude

M(e−Le
+
R → φ−φ+) =M(e−Re

+
L → φ−φ+)

1

2s2W
.

We can now build up the total cross section for e+e− → W+
LW

−
L in the high-energy limit,

since there are no further interference terms. Also the LL and RR contributions vanish.
We thus get

σ =
α2π

24c4W

1

s

(
1 +

1

4s4W

)
=

α2π

96c4W s
4
W

1

s

(
1 + 4s4W

)
.

We provide a notebook, which indeed shows that taking into account all diagrams, there
is no divergence in the high-energy limit.
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