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NONTRIVIAL SPACETIME TOPOLOGY,

CPT VIOLATION, AND PHOTONS∗

Frans R. Klinkhamer

Institute for Theoretical Physics, University of Karlsruhe (TH)

76128 Karlsruhe, Germany

A physical mechanism for CPT violation is reviewed, which relies on
chiral fermions, gauge interactions, and nontrivial spacetime topology. The
nontrivial topology can occur at the very largest scale (e.g., at the “edge”
of the universe) or at the very smallest scale (e.g., from a hypothetical
spacetime foam). The anomalous effective gauge field action includes, most
likely, a CPT–odd Chern–Simons-like term. Two phenomenological photon
models with Abelian Chern–Simons-like terms are discussed.

PACS numbers: 11.15.-q, 04.20.Gz, 11.30.Cp, 98.70.Sa

1. Introduction

The CPT “theorem” [1, 2, 3, 4, 5] states that any local relativistic quan-
tum field theory is invariant under the combined operation of charge conju-
gation (C), parity reflection (P), and time reversal (T), in whichever order.
Considered by itself, the theorem is based on the following main assump-
tions (cf. Ref. [4]):

• Minkowski spacetime, with manifold R
4 and flat metric ηµν ;

• invariance under transformations of the proper orthochronous Lorentz
group L↑

+ and spacetime translations;

• normal spin–statistics connection;

• locality and Hermiticity of the Hamiltonian.

A detailed discussion of the theorem can be found in, e.g., Refs. [6, 7, 8]
and some of its consequences have been reviewed in, e.g., Refs. [9, 10, 11].
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Here, we go further and ask the following question: can CPT invariance
be violated at all in a physical theory and, if so, is it in the real world? It is
obvious that something “out of the ordinary” is required for this to be the
case. Two possibilities, in particular, have been discussed in the literature.

First, there is quantum-gravity theory, which may or may not lead to
CPT violation; cf. Refs. [12, 13]. The point is, of course, that Lorentz
invariance does not hold in general. Still, a CPT theorem can be “proven,”
in the Euclidean formulation, for asymptotically-flat spacetimes [14]. In
the canonical formulation, on the other hand, certain semiclassical (weave)
states could affect the Lorentz invariance of Maxwell theory at the Planck
scale and break CPT invariance [15, 16]. But, at the moment, this is not a
firm prediction, especially as the complete theory is not formulated [17, 18].

Second, there is superstring theory, which may or may not give CPT

violation; cf. Refs. [19, 20, 21]. The point, now, is the (mild) nonlocality
of the theory. There exists, however, no convincing calculation showing
the necessary violation of CPT. And, here also, the complete theory is not
formulated [22, 23, 24].

In this contribution, we discuss a third possibility: certain spacetime
topologies and classes of chiral gauge theories have Lorentz and CPT invari-
ance necessarily broken by quantum effects. The main article on this “CPT
anomaly” is Ref. [25], which, under certain assumptions, finds a CPT–odd
Chern–Simons-like term in the effective gauge field action. (The connection
with earlier work on sphalerons, spectral flow, and anomalies is explained
in Refs. [26, 27].) Further aspects of the CPT anomaly have been discussed
in Refs. [28, 29, 30, 31]. The corresponding Maxwell–Chern–Simons model
(standard electrodynamics with an Abelian Chern–Simons-like term added
to the action) has been studied in Refs. [32, 33, 34, 35, 36, 37] and a related
model with random coupling constants in Refs. [38, 39]. Here, we intend to
summarize the main results and to point out some of the important open
questions.

The outline of the present article is as follows. In Sec. 2, a realistic
example of a theory with anomalous CPT violation is given, together with
a heuristic argument for the origin of the effect.

In Sec. 3, the CPT anomaly is established for a class of exactly solvable
two-dimensional theories (the details are relegated to Appendix A). In
Sec. 4, the existence of a CPT anomaly is shown nonperturbatively for a
particular formulation of four-dimensional chiral lattice gauge theory (the
main steps are sketched in Appendix B). In Sec. 5, the CPT anomaly is
obtained perturbatively for a class of four-dimensional chiral gauge theories,
which includes the example of Sec. 2. Two types of space manifolds are
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considered explicitly, a cylindrical manifold with nontrivial topology at the
largest scales and a “punctured” manifold with nontrivial topology at the
smallest scales.

In Sec. 6, the phenomenological Maxwell–Chern–Simons model (corre-
sponding to the anomalous effects of a cylindrical manifold) is reviewed,
while the important issue of microcausality is dealt with in Appendix C.
The model Chern–Simons-like term modifies the propagation of photons,
which may be relevant to photons traveling over cosmological distances
(and, possibly, to the origin of the big bang). With suitable interactions
added, further effects appear such as vacuum Cherenkov radiation and pho-
ton triple-splitting. In curved spacetime backgrounds, other novel phenom-
ena occur such as stable orbits of light around a nonrotating central mass
and gravitational-redshift splitting between the two polarization modes.

In Sec. 7, the phenomenology of a random-coupling photonic model (cor-
responding to the anomalous effects of a punctured manifold) is discussed.
The resulting dispersion law has been calculated in the long-wavelength limit
and can be confronted with high-energy-astrophysics data to constrain (or
determine) the parameters of the photon model considered.

In Sec. 8, some concluding remarks are presented.

For the benefit of the reader, we note that this review article essentially
consists of two tracks, apart from Secs. 2 and 8 with general comments.
The first track focuses on the basic physics of the CPT anomaly and con-
sists of Secs. 3, 4, and 5. The second track discusses nonstandard photon
physics from two simple phenomenological models (the Maxwell–Chern–
Simons model proper and a related photon model with random coupling
constants) and consists of Secs. 6 and 7. Both tracks are more or less inde-
pendent, but the second one is, of course, motivated by the first.

2. Example and heuristics

The anomalous CPT violation mentioned in the Introduction is per-
haps best illustrated by a concrete example. Consider the following four-
dimensional spacetime manifold M

′ with metric gµν(x) and vierbeins eaµ(x):

(
M

′ ; gµν(x) ; e
a
µ(x)

)
=

(
R
3 × S1

PSS ; ηµν ; δ
a
µ

)
, (2.1)

for Minkowski tensor (ηµν) = diag(1,−1,−1,−1), Kronecker symbol δaµ, and
coordinates

x0 ≡ c t, x1, x2 ∈ R and x3 ∈ [0, L] . (2.2)
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Now take, over this cylindrical manifold M
′, the chiral gauge field theory

with group G and left-handed fermion representation R left given by:

(
G ;R left

)
=

(
SO(10) ;16 + 16+ 16

)
, (2.3)

which incorporates the Standard Model with three families of quarks and
leptons [40]. Moreover, let the fermions have periodic boundary condi-
tions in x3, i.e., a periodic spin structure over S1, as indicated by the
subscript PSS in (2.1).

Then, for the theory as defined, quantum effects necessarily give CPT

violation [25], with a typical mass scale

manom ≡
αG ~

L c
≈ 2× 10−35 eV/c2

(
αG

1/100

) (
1010 lyr

L

)
, (2.4)

where αG ≡ g2/(4π) is defined in terms of the dimensionless SO(10) gauge
coupling constant g and L is the size of the compact dimension (here, taken
as the size of the visible universe; see below). As mentioned above, this phe-
nomenon has been called a “CPT anomaly,” the reason being that the CPT

invariance of the classical theory is broken by quantum effects (manom ∝ ~ ).
A heuristic argument for the existence of a CPT anomaly in theory (2.1)–

(2.3) with appropriate gauge field configurations runs as follows [25, 26]:

• the periodic spin structure of the compact space dimension, with co-
ordinate x3 ∈ [0, L], allows for momentum component p3 = 0 in a
separable Dirac operator;

• a single four-dimensional chiral fermion with p3 = 0 corresponds to a
single massless Dirac fermion in three dimensions;

• a single massless Dirac fermion in three dimensions is known to have a
“parity anomaly,” provided gauge invariance is maintained [41, 42, 43];

• this three-dimensional “parity” violation corresponds to T violation
in the original four-dimensional theory, which, in turn, leads to CPT

violation.

Further discussion of this particular case will be postponed till Sec. 5. Here,
we continue with some general remarks.

The heuristics of the previous paragraph suggests that the CPT anomaly
also occurs for the SO(10) theory (2.3) over R×S2×S1

PSS or R×S1×S1×
S1

PSS, but not over R × S3, where the Dirac operator is nonseparable and
the space manifold S3 simply connected. However, even over R3×S1

PSS , the
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CPT anomaly does not occur for standard quantum electrodynamics [44],
the vector-like gauge theory of photons and electrons with G = U(1) and
R left = (1)+ (−1). Hence, both nontrivial topology and parity violation are
needed for the CPT anomaly.

Regarding the role of topology, the CPT anomaly resembles the Casimir
effect, with the local properties of the vacuum depending on the boundary
conditions [45, 46]. Note that the actual topology of our universe is un-
known [47], but theoretically there may be some constraints (cf. Ref. [48]).
Interestingly, the modification of the local physics due to the CPT anomaly
would allow, in principle, for an indirect observation of the global spacetime
structure (see Sec. 6).

Clearly, it is important to be sure of this surprising effect and to un-
derstand the mechanism better. In the next section, we, therefore, turn
to a relatively simple theory, Abelian chiral gauge theory in two spacetime
dimensions. From now on, we put ~ = c = 1, except when stated otherwise.

3. Exact result in two dimensions

Consider chiral U(1) gauge theory over the flat torus T 2 ≡ S1×S1, with
trivial zweibeins eaµ(x) = δaµ and Euclidean metric gµν(x) ≡ eaµ(x) e

b
ν(x) δab =

δµν , for diagonal matrix (δµν) ≡ diag(1, 1). In order to be specific, take
the gauge-invariant theory with five left-handed fermions of charges (qf ) =
(1, 1, 1, 1,−2) or R left = 4 × (1) + 1 × (−2). Furthermore, impose doubly-
periodic boundary conditions on the fermions. The corresponding spin
structure will be denoted PP and the specific theory 11112.

The effective action Γ [a] for the U(1) gauge field aµ(x) is defined by the
functional integral

exp
(
− Γ11112

PP [a]
)

=

∫ 5∏

f=1

(
Dψ̄RfDψLf

)
PP

× exp
(
−

5∑

f=1

S T 2

Weyl

[
ψ̄Rf , ψLf , qf a

] )
(3.1)

and is known exactly [49]. In fact, the effective action is given in terms of
Riemann theta functions (see Appendix A).

It can now be checked explicitly that the CPT transformation,

aµ(x) → aCPTµ (x) ≡ −aµ(−x) , (3.2)

does not leave the effective action invariant [28]:

Γ11112
PP

[
a
]
→ Γ11112

PP

[
aCPT

]
= Γ11112

PP

[
a
]
+ πi (mod 2πi ) . (3.3)
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This result, which can also be understood heuristically (see Appendix A),
shows unambiguously the existence of a CPT anomaly in this particular
two-dimensional chiral U(1) gauge theory. The crucial ingredients are the
doubly-periodic (PP) boundary conditions and the odd number (here, five)
of Weyl fermions.

4. Nonperturbative result in four dimensions

For two spacetime dimensions, we have obtained in the previous section
an exact result for the effective action and established the precise form of
the CPT anomaly, at least for appropriate boundary conditions. In four
dimensions, it is, of course, not possible to calculate the effective action
exactly. Still, we can establish the existence of the CPT anomaly by a careful
consideration of the fermion measure. This will be done nonperturbatively
by use of a particular lattice regularization of an Abelian chiral gauge theory.

Consider, then, the chiral U(1) gauge theory consisting of a single gauge
boson and sixteen left-handed fermions with U(1) charges qf , for f =
1, . . . , 16. Specifically, the gauge group and left-handed fermion representa-
tion (i.e., the set of left-handed charges qf ) are given by:

G = U(1), (4.1a)

R left = 6× (1/3) + 3× (−4/3) + 3× (2/3) + 2× (−1) + 1× (2)

+1× (0) . (4.1b)

This particular chiral U(1) gauge theory can be embedded in the SU(2) ×
U(1) theory relevant to the Standard Model with U(1) hypercharge Y ≡
2Q− 2T3; see, e.g., Ref. [40]. The further embedding in the “safe” SO(10)
group [50] explains that the perturbative gauge anomalies cancel out for the
chiral U(1) gauge theory considered:

∑
f (qf )

3 = 0 according to Eq. (4.1b).
Also take a finite volume in Euclidean spacetime,

V = L′ × L′ × L′ × L , (4.2)

and introduce a regular hypercubic lattice,

L′ = N ′ a , L = N a , N ′, N ∈ N , (4.3)

with lattice spacing a [not to be confused with the Abelian gauge field aµ(x)
in the continuum]. The lattice sites have coordinates

(x1, x2, x3, x4) ≡ (x, x4) = (n a, n4 a) , (4.4)
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for integers n1, n2, n3 ∈ [0, N ′ ] and n4 ∈ [0, N ].

The spinor fields ψf , with flavor index f = 1, . . . , 16, reside at the lattice
sites and the vector field Uµ(x) ∈ U(1) is associated with the directed link
between site x and its nearest neighbor in the µ–direction (that is, between
sites x and x+ µ̂ ). The boundary conditions are taken to be periodic in x4:

ψf (x, L) = ψf (x, 0) , Uµ(x, L) = Uµ(x, 0) , (4.5)

mixed in x1:

ψf (L
′, x2, x3, x4) = −ψf (0, x2, x3, x4) ,

Uµ(L
′, x2, x3, x4) = +Uµ(0, x2, x3, x4) , (4.6)

and similarly mixed in x2 and x3.

The specific chiral lattice gauge theory used has three main ingredients:

• Ginsparg–Wilson fermions [51];

• Neuberger’s explicit lattice Dirac operator [52];

• Lüscher’s chiral constraints [53].

Technical details for the present setup can be found in Ref. [30].

The theory is now well-defined and the Euclidean effective gauge field
action Γ[U ] can, in principle, be calculated by integrating out the fermions
(U denotes the set of link variables). The goal is to establish the following
inequality for at least one set of link variables:

Γ
[
U
]
6= Γ

[
UCPT

]
, (4.7)

with UCPT the set of CPT–transformed link variables.

The result (4.7) has been obtained in Ref. [30] for an arbitrary odd
number N of links in the periodic direction and for arbitrary values of the
lattice spacing a. As the continuum limit a→ 0 is not needed, the result is
nonperturbative. See Appendix B for a sketch of the proof.

Most importantly, the origin of the CPT anomaly has been identified [30]
as an ambiguity in the choice of basis vectors needed to define the fermion
integration measure, just as for Fujikawa’s derivation [54, 55] of the Abelian
chiral anomaly (Adler–Bell–Jackiw triangle anomaly).
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5. Perturbative results in four dimensions

In this section, we return to the spacetime continuum and consider the
four-dimensional chiral gauge theory of Sec. 2, with

G = SO(10) , R left = Nfam × (16) . (5.1)

Two four-dimensional manifolds, called M
′ and M

′′, will be discussed explic-
itly. From now on, the metric will have Lorentzian signature, with spacetime
indices running over 0, 1, 2, 3.

5.1. Cylindrical manifold

In this subsection, we take as a prototype of nontrivial large-scale topol-
ogy the cylindrical manifold discussed earlier. Specifically, consider the
chiral gauge theory (5.1) over

M
′ = R

3 × S1
PSS , eaµ(x) = δaµ , (ηab) ≡ diag(1,−1,−1,−1) , (5.2)

where PSS stands for periodic spin structure with respect to the circle coor-
dinate (denoted x3 below) and the metric is the standard Minkowski metric,
gµν(x) ≡ eaµ(x) e

b
ν(x) ηab = ηµν .

As mentioned before, the four-dimensional effective action Γ[A], for A ∈
so(10), is not known exactly. But the crucial term has been identified per-
turbatively for an appropriate class of gauge fields (indicated by a prime),
which has A′

3 = 0 and x3–independent fields in the remaining three direc-
tions. The effective action then contains the following term [25]:

ΓM′
[A′ ] ⊇ −

∫

R3

dx0dx1dx2
∫ L

0
dx3

nπ

L
ωCS

[
A′

0(x), A
′
1(x), A

′
2(x)

]
, (5.3)

with an integer n and the standard Chern–Simons density [55]

ωCS[A0, A1, A2 ] ≡
1

16π2
ǫ3κλµ tr

(
FκλAµ − (2/3)AκAλAµ

)
, (5.4)

in terms of the Yang–Mills field strength [56]

Fκλ ≡ ∂κAλ − ∂λAκ +AκAλ −AλAκ , (5.5)

where the fields and their derivatives are evaluated at the same space-
time point. Here, the gauge field takes values in the Lie algebra, Aµ(x)
≡ Aa

µ(x)T
a for T a ∈ so(10) with normalization tr (T aT b) = (−1/2) δab , and

ǫκλµν is the completely antisymmetric Levi-Civita symbol with ǫ1230 = 1.
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The indices κ, λ, µ in (5.4) effectively run over 0, 1, 2, but the gauge fields
may depend on all coordinates: x0, x1, x2, and x3. The term (5.3) for
general gauge fields is called “Chern–Simons-like,” because a genuine topo-
logical Chern–Simons term exists only in an odd number of dimensions [55].

For gauge fields vanishing at infinity, replacing ǫ3κλµ in the integrand of
(5.3) by ∂νx

3 ǫνκλµ and integrating by parts gives the following manifestly
gauge-invariant effective action:

ΓM
′
[A ] =

∫

M′

d4x
n

32π

x3

L
tr
(
ǫκλµν Fκλ(x)Fµν(x)

)
+ · · · , (5.6)

where the prime on A has been dropped and other terms, possibly nonlocal
ones, are contained in the ellipsis.

At this point, we can make three basic observations. First, the local
term (5.6), with an explicit factor x3 in the integrand, is clearly Lorentz
noninvariant and CPT odd, in contrast to the Yang–Mills action [56],

S M
′

YM =

∫

M′

d4x
1

2 g2
tr
(
ηκµ ηλν Fκλ(x)Fµν(x)

)
. (5.7)

More precisely, the Lorentz and CPT transformations considered are active
transformations on gauge fields of local support, as discussed in Sec. IV
of Ref. [28] for the two-dimensional theory. In physical terms, the wave
propagation from the action (5.7) is essentially isotropic, whereas the term
(5.6) makes the propagation anisotropic (see Sec. 6.2).

Second, the integer n in the effective action term (5.6) is a remnant of
the ultraviolet regularization:

n ≡

Nfam∑

f=1

(
2 k0f + 1

)
, k0f ∈ Z . (5.8)

Since the sum of an odd number of odd numbers is odd, one has n 6= 0 for
Nfam = 3 and the anomalous term (5.6) is necessarily present in the effective
action of the theory introduced in Sec. 2.

For Nfam = 3, the regularization of Ref. [25] gives minimally

n = (1− 1 + 1)Λ0 / |Λ0| = ± 1 , (5.9)

with Λ0 an ultraviolet Pauli–Villars cutoff for the x3–independent modes of
the fermionic fields contributing to the effective action. [See Appendix B
of Ref. [30] for a derivation of the odd integers 2k0f + 1 in Eq. (5.8) from
the lattice regularization.] The effective action term (5.6) has, therefore, a
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rather weak dependence on the small-scale structure of the theory, as shown
by the factor Λ0/|Λ0| in (5.9). This weak dependence on the ultraviolet
cutoff has first been observed in the so-called “parity” anomaly of three-
dimensional gauge theories [41, 42, 43], which underlies the four-dimensional
CPT anomaly as discussed in Sec. 2.

Third, the SO(10) theory (5.1) for Nfam = 3 has three identical irreps
(irreducible representations) and the CPT anomaly must occur [the integer
n from (5.8) is odd and therefore nonzero]. For the SU(3) × SU(2) ×
U(1) Standard Model with Nfam = 3, the CPT anomaly may or may not
occur, depending on the ultraviolet regularization. The reason is that the
Standard–Model irreps come in even number (for example, four left-handed
isodoublets per family), so that the integer n is not guaranteed to be nonzero
[n is even and may or may not differ from zero]; see Sec. 5 of Ref. [25]
for details. Note that the particular lattice gauge theory of Sec. 4 has all
fermions regularized identically, so that the anomalous terms do not cancel.

This concludes our discussion of the CPT anomaly over cylindrical man-
ifolds. Section 6 considers certain phenomenological consequences, whereas
the next subsection studies the anomalous effects from a different type of
manifold.

5.2. Punctured manifold

In this subsection, we take as a prototype of nontrivial small-scale topol-
ogy the following “punctured” three-dimensional manifold:

M
′′
3 = R×

(
R
2 \ {0}

)
= R

3 \ R . (5.10)

The considered three-space may be said to have a linear “defect,” just as a
type–II superconductor can have a single vortex line (magnetic flux tube);
cf. Ref. [55]. Furthermore, introduce cylindrical coordinates (ρ, φ, z) over
M

′′
3,

(
x1, x2, x3

)
=

(
ρ cosφ, ρ sinφ, z

)
, (5.11)

with the z–axis at the position of the line puncture (linear defect) and
coordinate domains ρ ∈ (0,∞), φ ∈ [0, 2π], and z ∈ (−∞,∞).

The corresponding four-dimensional spacetime manifold M
′′ = R × M

′′
3

is orientable and has flat metric (ηµν) = diag(1,−1,−1,−1), but with non-
trivial vierbeins. The particular theory considered in this subsection is, in
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fact, given by (5.1) and

M
′′ = R×M

′′
3, PSS ,

(
eaµ(x)

)
=




1 0 0 0
0 cosφ − sinφ 0
0 sinφ cosφ 0
0 0 0 1


 , (5.12)

with the vierbeins shown in matrix notation. Again, PSS stands for periodic
spin structure, but now with respect to the coordinate φ. One particular
class of noncontractible loops in M

′′
3 consists of circles with fixed values of

ρ and z (these circles are noncontractible because of the line removed from
R
3, which happens to coincide with the z axis of the coordinates used).
For our purpose, it suffices to establish the CPT anomaly for one par-

ticular class of gauge fields. Take the four-dimensional gauge fields over M′′

to be independent of φ and without component in the direction of φ. These
fields will be indicated by a double prime in the following. The anomalous
contribution to the effective action is then found to be given by [31]

ΓM
′′
[A′′ ] ⊇

∫

M′′

d4x
n

32π

φ(x)

2π
tr
(
ǫκλµν F ′′

κλ(x)F
′′
µν(x)

)
, (5.13)

where φ(x) denotes the azimuthal angle from (5.11), measured with respect
to the linear defect of M′′

3. The long-range anomalous effects occur already
for an infinitely thin linear defect, which is not the case for standard elec-
tromagnetic propagation effects. Furthermore, the anomalous term (5.13)
from nontrivial small-scale topology (noncontractible loops with arbitrarily
small lengths) has the same structure as (5.6) from nontrivial large-scale
topology (noncontractible loops with lengths equal to or larger than L).
A result similar to (5.13) has been obtained heuristically [31] for a space
manifold R

3 with two points identified, which is a simplified version of a
permanent static “wormhole” [57, 58].

The general structure of the anomalous term (5.13) for an arbitrary flat
manifold M with a single puncture (or wormhole) has the following form:

ΓM[A ] =

∫

R4

d4x fM(x;A] tr
(
ǫκλµν Fκλ(x)Fµν(x)

)
+ · · · , (5.14)

where Fµν stands for the Yang–Mills field strength (5.5) and the integra-
tion domain has been extended to R

4, which is possible for smooth enough
gauge fields Aµ(x). The factor fM(x;A] is both a function of the space-
time coordinates xµ and a gauge-invariant functional of the gauge field
Aµ(x). This functional dependence of fM involves, most likely, the gauge
field holonomies. But the functional fM(x;A] is not known in general.
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This concludes our brief discussion of the CPT anomaly over a manifold
with a single puncture. The calculation with two or more punctures (or
wormholes) is, however, difficult and a simple phenomenological model will
be introduced in Sec. 7.

6. Maxwell–Chern–Simons model and phenomenology

6.1. MCS action and microcausality

Starting from the four-dimensional continuum theory of Sec. 5.1, we
consider the electromagnetic U(1) gauge field aµ(x) embedded in the SO(10)
gauge field Aµ(x). Also, we extend the cylindrical manifoldM

′ to Minkowski
spacetime R4 with metric (ηµν) = diag(1,−1,−1,−1). In effect, we take the
double limit L→ ∞ and n→ ∞ of (5.3) and (5.7), with constant ratio n/L.
For most of this section, we will suppress the explicit spacetime dependence
of the fields.

For electromagnetic fields aµ of local support and after appropriate
rescaling, the following local terms can be expected to be present in the
effective action:

SMCS = SM + SCS , (6.1)

SM =

∫

R4

d4x
(
− (1/4) ηκµ ηλν fκλ fµν

)
, (6.2)

SCS =

∫

R4

d4x
(
+ (1/4)mǫ3κλµ fκλ aµ

)
, (6.3)

with Maxwell field strength

fµν ≡ ∂µaν − ∂νaµ (6.4)

and Chern–Simons mass parameter m ≥ 0 [in terms of the previous param-
eters: m ∼ αn/L, with fine-structure constant α ≡ e2/(4π) and e ∼ g].

The Maxwell–Chern–Simons (MCS) model per se has been studied be-
fore, in particular, by the authors of Refs. [59, 60, 61]. The action (6.1)
is gauge invariant, provided the electric and magnetic fields in fκλ vanish
fast enough at infinity. The gauge invariance of the Chern–Simons-like term
(6.3) makes clear that the parameter m is not simply the mass of the photon
[62], it affects the propagation in a different way (see Sec. 6.2).

On the other hand, there is known to be a close relation [5, 6, 7, 8]
between CPT invariance and microcausality, i.e., commutativity of local
observables with spacelike separations. The question is then whether or
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not causality holds in the CPT–violating MCS model. Remarkably, micro-
causality (locality) can be established also in the particular MCS model
considered [32]. The commutation relations are given in Appendix C.

The topics discussed in the remainder of this section include the propa-
gation properties of MCS photons and their interactions with conventional
electrons and gravitational fields. Note that, even though certain results are
obtained for classical waves, we will speak freely about “photons,” assum-
ing that the complete quantization procedure can be performed successfully
[34, 63].

6.2. MCS photons in flat spacetime

The propagation of electromagnetic waves in the Maxwell–Chern–Si-
mons (MCS) model (6.1) makes clear that C and P are conserved, but T

not. An example is provided by the behavior of pulses of circularly polarized
light, as will be shown in this subsection.

The dispersion law for plane electromagnetic waves in the MCS model
is given by [32, 59, 60, 61]:

ω2
± ≡ k21 + k22 +

(
q3 ±m/2

)2
, q3 ≡

√
k23 +m2/4 , (6.5)

where the suffix ± labels the two different modes (denoted ⊕ and ⊖, re-
spectively). The phase and group velocities are readily calculated from this
dispersion law,

v±
ph ≡

(
k1, k2, k3

) ω±

|k |2
, v±

g ≡

(
∂

∂k1
,
∂

∂k2
,
∂

∂k3

)
ω± . (6.6)

The magnitudes of the group velocities turn out to be given by (recall c ≡ 1):

|v±
g (k1, k2, k3)|

2 =
k21 + k22 +

(
q3 ±m/2

)2
k23/q

2
3

k21 + k22 +
(
q3 ±m/2

)2 ≤ 1 , (6.7)

with equality for m = 0 or for a ⊖–mode having k3 = 0 (recall m ≥ 0).
For our purpose, it is necessary to obtain the explicit polarizations of

the electric and magnetic fields (see Refs. [34, 36] for further details). As
long as the propagation of the plane wave is not exactly along the x3 axis,
the radiative electric field can be expanded as follows (ℜ denotes taking the
real part):

E±(x, t) = ℜ
(
c±1

(
ê3 − ( ê3 · k̂ ) k̂

)
+ c±2

(
ê3 × k̂

)
+ c±3 k̂

)

× exp [ i (k · x− ω± t) ] , (6.8)
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Fig. 1. Sketch of the behavior of a left-handed wave packet in the Maxwell–Chern–

Simons model (6.1) under the time reversal (T) and parity (P) transformations.

[The charge conjugation (C) transformation acts trivially.] The nonzero energy

density of the pulse is indicated by the shaded area and the arrow shows the group

velocity approximately along a “standard” direction with coordinate x2, for the

case of a “preferred” direction with coordinate x3. The magnitude of the group

velocity changes under T, but not under C or P. Hence, the physics is CPT–

noninvariant. In addition, the vacuum is seen to be optically active, with left- and

right-handed light pulses traveling to the right at different speeds (the same holds

for pulses traveling to the left).

with unit vector ê3 in the preferred x3–direction, unit vector k̂ corresponding
to the wave vector k , polar angle θ of the wave vector (so that k3 ≡ k · ê3 =
|k| cos θ), and complex coefficients c±1 , c±2 , and c±3 (at this point, the overall
normalization is arbitrary). The vacuum MCS field equations then give the
following polarization coefficients for the two modes:




c±1
c±2
c±3


 =




cos θ
(√

cos2 θ + µ2± sin4 θ ± µ± sin2 θ
)−1

± i

∓ 2µ± sin2 θ


 , (6.9)

with µ± ≡ m/(2ω±) ≥ 0 for positive frequencies ω± from Eq. (6.5). The
corresponding magnetic field is

B± =
(
k ×E±

)
/ω± . (6.10)

As long as the µ± sin2 θ terms in (6.9) are negligible compared to | cos θ|,
the transverse electric field consists of the standard circular polarization
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modes (see below). For the opposite case, | cos θ| negligible compared to
µ± sin2 θ, the transverse polarization (c±1 , c±2 ) becomes effectively linear.

Now consider the propagation of light pulses close to the x2 axis. For
k1 = 0 and 0 < m ≪ |k3| ≪ |k2|, in particular, we can identify the ⊕/⊖–
modes of the dispersion law (6.5) with left- and right-handed circularly
polarized modes (L and R ; cf. Ref. [64]), depending on the sign of k3 ≡
|k| cos θ. From Eqs. (6.8) and (6.9), one obtains that ⊕/⊖ corresponds to
R/L for k3 > 0 and to L/R for k3 < 0.

With these identifications, Eq. (6.7) gives the following relations for the
group velocities of pulses of circularly polarized light (m≪ |k3| ≪ |k2|):

|vL
g (0, k2, k3)| = |vR

g (0,−k2,−k3)| , (6.11a)

|vL
g (0, k2, k3)| 6= |vL

g (0,−k2,−k3)| , (6.11b)

provided m 6= 0. Recall, at this point, that the time-reversal operator T

reverses the direction of the wave vector and leaves the helicity unchanged,
whereas the parity-reflection operator P flips both the wave vector and the
helicity. Equality (6.11a) is, therefore, consistent with parity invariance,
while inequality (6.11b) implies time-reversal noninvariance for this concrete
physical situation (see Fig. 1).

The velocities (6.6)–(6.7) show that the vacuum has become optically
active (see also Fig. 1). In particular, left- and right-handed monochromatic
plane waves travel at different speeds [59]. (This effect has also been noticed
by the authors of Ref. [65] in the context of axionic domain walls.) In the
following two subsections, we discuss two “applications” of MCS optical
activity or birefringence.

6.3. Cosmic microwave background

In the previous subsection, we have seen that the MCS vacuum is op-
tically active. As mentioned in Ref. [25], this may, in principle, lead to
observable effects of the CPT anomaly in the cosmic microwave background
(CMB): the polarization pattern around hot-spots and cold-spots is mod-
ified due to the action of the Chern–Simons-like term (6.3) on the elec-
tromagnetic waves traveling between the last-scattering surface (redshift z
∼ 103) and the detector (z = 0). Figure 2 gives a sketch of this cosmic
birefringence effect, which can be looked for by ESA’s Planck Surveyor and
next-generation satellite experiments (perhaps CMBPOL). See Ref. [66]
for a pedagogical review of the expected CMB polarization and Ref. [67]
for further details on the possible signatures of cosmic birefringence from a
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T 0∆ <

T >0∆
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T >0∆

Fig. 2. Sketch of the linear polarization pattern (indicated by heavy bars) around

cosmic-microwave-background hot-spots (∆T > 0) and cold-spots (∆T < 0), gen-

erated by scalar perturbations of the metric. The left panel is in a “standard”

direction with Cartesian coordinate x1 or x2. The right panel is in the “preferred”

direction with coordinate x3 and displays the optical activity of the Maxwell–

Chern–Simons model (6.1) considered. In fact, for a patch of sky in a particular

direction along the x3 axis (shown in the right panel), the linear polarization pat-

tern is rotated by a very small amount in the counterclockwise direction. For

a patch of sky in the opposite direction (not shown), the rotation of the linear

polarization is in the clockwise direction.

spacelike Chern–Simons vector (a timelike Chern–Simons vector was con-
sidered in Ref. [68]).

It is important to realize that the optical activity from the CPT anom-
aly, as illustrated by Fig. 2, is essentially frequency independent, in con-
trast to the quantum-gravity effects suggested by the authors of, for ex-
ample, Refs. [15, 16]. Quantum-gravity effects on the photon propaga-
tion can generally be expected to become more and more important as the
photon energy increases towards EPlanck ≡ (~ c5/G)1/2 ≈ 1.2 × 1019 GeV.
The potential CPT–anomaly effect at the relatively low CMB photon en-
ergies (~ω ∼ 10−4 eV) is, therefore, quite remarkable. Indeed, the weak
ultraviolet-cutoff dependence of the CPT anomaly has already been com-
mented on a few lines below Eq. (5.9).

6.4. Big bang vs. big crunch

In this subsection, we turn to an entirely different application of MCS
photons, namely as an ingredient of a Gedankenexperiment. The problem
addressed, the arrow of time, is one of the most profound of modern physics
and we refer to the clear discussion given by Penrose [69]; further references
can be found in, e.g., Ref. [70].

After examining the various time-asymmetries present at the macro-
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Fig. 3. (a) Sketch of clock C, with a single pulse of circularly polarized light re-

flecting between two parallel mirrors, M1 and M2, at a fixed distance D. Shown

is the time at which the clock is started, with a right-handed (R) light pulse mov-

ing towards the right (i.e., in the direction of increasing x2). (b) Sketch of clock

C′, which has all motions reversed compared to clock C. Clock C′ starts with a

right-handed light pulse moving towards the left.
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Fig. 4. (a) Spacetime diagram of clock C in the MCS model (6.1), with ticks ∆t

between the successive reflections of the light pulse. The slight offset in the x3–

direction, as indicated by Fig. 3, is not shown here. (b) Spacetime diagram of clock

C′, with ticks ∆t′.

scopic level, Penrose asked the basic question: “what special geometric struc-
ture did the big bang possess that distinguishes it from the time-reverse of
the generic singularities of collapse—and why?”

He then proposed a particular condition (the vanishing of the Weyl cur-
vature tensor) to hold at any initial singularity. Whatever the precise con-
dition may be, the crucial point is that this condition would not hold for
final singularities. This implies that the unknown physics responsible for
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2/τ

Fig. 5. Clocks C and C′ in a Kantowski–Sachs universe with expansion factor a

as a function of cosmic time t and re-collapse time τ . The background metric is

invariant under time reversal (T) but the clock C made from MCS photons not.

the “initial singularity” necessarily involves T, PT, CT, and CPT violation;
see Sec. 12.4 of Ref. [69].

But Penrose did not make a concrete proposal for the physical mecha-
nism of this T and CPT noninvariance. In Ref. [35], the possible relevance of
the CPT anomaly was suggested, which does not involve gravitation directly
but does depend on the global structure (topology) of space.

Consider the light clock C of Figs. 3a and 4a. The decisive point, now,
is that the time-reversed copy C ′ of Figs. 3b and 4b runs differently in the
effective MCS model (6.1), as discussed in Sec. 6.2.

More fundamentally, consider the SO(10) chiral gauge theory (2.3) in a
homogeneous Kantowski–Sachs universe [48, 71, 72] with spacetime topol-
ogy R× S2 × S1

PSS, which re-collapses after a period of expansion and has
anomalous CPT violation. The clock C near the big bang and the time-
reversed copy of clock C (i.e., clock C ′) near the big crunch then give a
different number of ticks over an equal time interval as defined by a stan-
dard clock (or by the expansion and contraction of the universe). The setup
is sketched in Fig. 5. (See also Ref. [73] for a related discussion of aK0–beam
with hypothetical CPT violation in a re-collapsing universe.)

Therefore, the physics near the initial singularity and the physics near
the final singularity could be different, as demonstrated by this Gedankenex-
periment with MCS photons in a Kantowski–Sachs universe [35]. Of course,
the potential effect discussed gives only a “direction in time” and the main
dynamics of the big-bang singularity still needs to be explained. In a way,
the situation would be analogous to spontaneous magnetization in ferromag-
nets, where a small impurity or boundary effect determines the direction in
space of the magnetization in the domain considered but the dynamics is
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really driven by the spin interactions.

6.5. Decay processes in modified QED

In this subsection, we consider new two- and three-particle decay pro-
cesses [36] in the Maxwell–Chern–Simons model with conventional electrons
added. Using the inverse Minkowski metric (ηµν) ≡ diag(1,−1,−1,−1) to
raise indices and to define γµγν + γνγµ = ηµν , the relevant action of this
particular modification of quantum electrodynamics (QED) is given by

Smodified QED = SMCS, ξµξµ=−1 , ξ0=0 + SD , (6.12)

with the Maxwell–Chern–Simons (MCS) terms

SMCS, ξµ =

∫

R4

d4x
(
− (1/4) fµν f

µν + (1/4) mǫµνρσ ξ
µ aν fρσ

)
, (6.13)

and the standard Dirac term [44]

SD =

∫

R4

d4x ψ̄
(
i γµ∂µ −M − e γµaµ

)
ψ, (6.14)

where the electron from field ψ has charge e and mass M > m/2 > 0.
Remark that the normalized (dimensionless) Chern–Simons vector ξµ has
been taken to be purely spacelike in (6.12) and that the corresponding spa-
tial vector ξ was previously taken to point in the x3–direction, as shown by
(6.3). Note also that ξµ was written as ζ̂µ in Ref. [36]. The two polarization
modes of the MCS photon are again denoted ⊕/⊖, corresponding to the
+/− sign in the dispersion law (6.5).

First, we discuss the Cherenkov process e− → ⊖ e−, which occurs al-
ready at tree level and is allowed for any three-momentum q of the elec-
tron, provided q has a nonzero component in the ξ–direction. The process
e− → ⊕ e− is not allowed kinematically. (See, e.g., Refs. [74, 75] for a gen-
eral discussion of vacuum Cherenkov radiation and Ref. [76] for a discussion
in the context of the MCS model.)

The tree-level amplitude A for e− → ⊖ e− follows directly from the QED
interaction (6.14),

A = ū(q − k) ǭµ(k) (−eγ
µ)u(q), (6.15)

with u the incoming and ū the outgoing spinor and ǭµ the conjugate polar-
ization vector of the MCS photon. The corresponding Feynman diagram is
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� �

Fig. 6. Feynman diagrams contributing to vacuum Cherenkov radiation (left panel)

and photon triple-splitting (right panel) in the Maxwell–Chern–Simons model with

conventional Dirac fields added.

shown in the left panel of Fig. 6. (The Feynman rules of standard QED are
given in, for example, Ref. [44].)

An analytic calculation gives the following Cherenkov decay width [36]:

Γ(q) =
1

2
√

|q|2 +M2
γ(q‖), (6.16)

with decay parameter γ as a function of the parallel momentum q‖ ≡ q · ξ:

γ(q‖) =
α

16
√
q2‖ +M2

[
8m2 |q‖| − 2m

(
4 |q‖| − kmax

)√
m2 + 4k2max

−4
(
m2 + 4M2

)
kmax +m

(
m2 + 8M2 + 16 q2‖

)
arcsinh

( 2 kmax

m

)]
, (6.17)

for fine-structure constant α ≡ e2/(4π) and maximum parallel photon mo-
mentum kmax defined by

kmax(q‖) ≡
2m |q‖|

(
m+ 2

√
q2‖ +M2

)

m2 + 4M2 + 4m
√
q2‖ +M2

≥ 0 . (6.18)

For 0 ≤ |q‖| < M , the result (6.17) can be expanded in m/M ,

γ(q‖) = (4/3)α m |q‖|
3/M2 +O

(
αm2 |q‖|

3/|M |3
)
, (6.19)

while, for |q‖| ≫M , an expansion in m/|q‖| and M/|q‖| gives

γ(q‖) = αm |q‖|
(
ln(|q‖|/m) + 2 ln 2− 3/4

)
+ · · · , (6.20)

where the ellipsis stands for subdominant terms. Hence, the decay pa-
rameter of the electron grows approximately linearly with the momentum
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component in the preferred direction, but is suppressed by one power of m.
For |q| → ∞ and fixed angle θ 6= π/2 between q and ξ, the decay rate (6.16)
behaves as follows:

Γ(q) ∼ (1/2) αm | cos θ| ln
(
|q|/m

)
, (6.21)

where the definition q‖ ≡ q ·ξ ≡ |q| cos θ has been used and only the leading
term in |q| has been shown.

Next, we discuss photon triple-splitting in the purely spacelike MCS
model (6.13), which was first considered in Ref. [34] and then generalized
in Ref. [36]. There are eight decay channels, corresponding to all possible
combinations of ⊕–modes and ⊖–modes. It can be shown that the following
three channels are allowed for generic initial three-momentum q: ⊕ →
⊖⊖⊖, ⊕ → ⊕⊖⊖, and ⊖ → ⊖⊖⊖, whereas the five others are kinematically
forbidden. For special momentum q ⊥ ξ, only the decay channel ⊕ → ⊖⊖⊖
is available.

The implication would be that, with suitable interactions, all MCS pho-
tons are generally unstable against splitting. The exception would be for
the lower-dimensional subset of ⊖–modes with three-momenta orthogonal
to ξ.

The interaction is now taken to be the Euler–Heisenberg interaction and
the photonic action considered reads

Sphoton = SMCS, ξµξµ=−1 , ξ0=0 + SEH, (6.22)

consisting of the quadratic MCS terms (6.13), for purely spacelike back-
ground four-vector ξµ, and the quartic Euler–Heisenberg term

SEH =
2α2

45M4

∫

R4

d4x
[ (

(1/2) fµνf
µν
)2

+ 7
(
(1/8) ǫµνρσf

µνfρσ
)2 ]

, (6.23)

with fine-structure constant α ≡ e2/(4π) and electron massM . For modified
QED with action (6.12), the Euler–Heisenberg term arises from the low-
energy limit of the one-loop electron contribution to the effective gauge
field action [44]; see also the right panel of Fig. 6.

The decay width of photon triple-splitting in model (6.22) is then given
by [36]:

Γ(q) =
1

2ω(q)
γ(q‖), (6.24)

with the following behavior of the decay parameter for |q‖| ≫ m:

γ(q‖) ∼ c α4 m5 |q‖|
5/M8. (6.25)



22

The numerical constant c in (6.25) depends on the decay channel (⊕ →
⊖⊖⊖, ⊕ → ⊕⊖⊖, or ⊖ → ⊖⊖⊖) and ranges between 1.23 × 10−10 and
2.33 × 10−10.

Finally, let us comment on the possible high-energy behavior of photon
triple-splitting in modified QED with action (6.12), as our calculation in
model (6.22) was only valid for momenta less than M2/m, with an extra
factor M/m compared to the naive expectation M [36]. Recall that, for
standard QED, the O(α2) amplitude of a four-photon interaction is known
in principle [44].

Consideration of the amplitude and phase space integral suggests the
following behavior for the decay parameter of the process shown in the
right panel of Fig. 6:

γ
∣∣
|q‖|≫M2/m

?
∼ c∞ α4m |q‖| , (6.26)

neglecting logarithms of |q‖|. Combined with the “low-energy” result (6.25),
this would imply that the effect of Lorentz breaking continues to grow with
energy. At ultra-high energies, the decay rate (6.24) would then approach
a direction-dependent constant (up to logarithms). A similar behavior has
been seen for vacuum Cherenkov radiation in (6.21).

6.6. MCS photons in curved spacetime backgrounds

The MCS model (6.1) can also be coupled to gravity. One possibility
for the coupling is given by the following generalized action [37, 77]:

S = Sgrav.
EH + Sgen.

MCS + · · · , (6.27)

Sgrav.
EH =

∫
d4x e R/(16πG) , (6.28)

Sgen.
MCS =

∫
d4x

(
−
1

4
e gκµgλν fκλ fµν +

1

4
m ξae

a
κ ǫ

κλµνfλµ aν

)
, (6.29)

for the case of a Cartan connection Γλ
µν = Γλ

νµ (i.e., a torsion-free theory
[78]), so that the standard definition (6.4) of the field strength fµν still holds.
Note that ξa was written as −ζa in Ref. [37]. In addition, gµν(x) is the metric
with signature (+ − −− ), e a

κ (x) the vierbeins with e(x) ≡ det e a
κ (x), R

the Ricci curvature scalar which enters the Einstein–Hilbert action (6.28)
with a coupling proportional to the inverse of Newton’s constant G, and
ǫκλµν the Levi–Civita tensor density.
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The combined action from Eqs. (6.28) and (6.29) is, however, not sat-
isfactory [77] and further contributions are needed, hence the ellipsis in
Eq. (6.27). For the moment, we only consider the light-propagation effects
from the MCS action (6.29) in given spacetime backgrounds.

The condition ∂b ξ
a = 0 holds for the flat MCS model and the covariant

generalization Dµξν = 0 might seem natural. But this condition imposes
strong restrictions on the curvature of the spacetime [77] and it may be
better to demand only closure [59],

Dµξν −Dνξµ = ∂µξν − ∂νξµ = 0. (6.30)

This last requirement ensures, at least, the gauge invariance of action (6.29).
Furthermore, we assume that the norm of ξµ is constant, ξµξ

µ = −1, in order
to simplify the calculations.

The geometrical-optics approximation of the MCS model (6.29) in a
curved spacetime background has been studied in Ref. [37]. The main result
there is the derivation of a modified geodesic equation, starting from the
equation of motion of the gauge field,

eDµf
µν = (1/2)mξκ ǫ

κνρσ fρσ . (6.31)

A plane-wave Ansatz,

aµ(x) = Cµ(x) exp[ iS(x)] , (6.32)

gives then in the Lorentz gauge Dµa
µ = 0:

e (DµS) (D
µS)Cν = imξκǫ

κνρσ (DρS)Cσ , DµD
µS = 0, (6.33)

where derivatives of the complex amplitudes Cµ and a term involving the
Ricci tensor have been neglected (the typical length scale of aµ is assumed
to be much smaller than the length scale of the spacetime background). The
equality signs in (6.33) are, therefore, only valid in the geometrical-optics
limit. As usual, the wave vector is defined to be normal to surfaces of equal
phase,

kµ ≡ DµS. (6.34)

See, e.g., Refs. [78, 79] for further discussion of the geometrical-optics ap-
proximation.

Equations (6.33) give essentially the same dispersion law as in flat space-
time. There exist, again, two inequivalent modes, one with mass gap and
the other without,

kµkµ = m2/2±
√
m4/4 +m2 (ξµkµ)2 . (6.35)
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For kµkµ 6= 0, the following “modified wave vector” can be defined [37]:

k̃µ ≡ kµ −m2
(
kµ + ξµξνkν

)
/(2kρkρ), (6.36)

which has constant norm, k̃µk̃µ = m2/4 > 0. The crucial observation, now,
is that this modified wave vector obeys a geodesic-like equation,

k̃µDµk̃λ = 0, (6.37)

whereas kµ generally does not.
In the flat case, k̃µ corresponds to the group velocity, which is also the

velocity of energy transport [80]. Hence, k̃µ must, in general, be tangent to

the geodesic that describes the path of a “light ray.” Because the norm of k̃µ

is positive, Eq. (6.37) describes timelike geodesics instead of the standard
null geodesics for Maxwell light rays. The vector kµ in the Maxwell–Chern–
Simons model, defined by (6.34), no longer points to the direction in which

the wave propagates, but the vector k̃µ, defined by (6.36), does.
The propagation of MCS light rays in Schwarzschild and Robertson–

Walker backgrounds [78] can now be calculated. In particular, for the
Schwarzschild metric with line element

ds2 =

(
1−

2GM

r

)
dt2−

(
1−

2GM

r

)−1

dr2−r2dθ2−r2 sin2 θ dφ2, (6.38)

two noteworthy results have been found [37]:

• the existence of stable circular orbits of MCS light rays with radii
larger than 6GM , whereas “standard” photons have only one unstable
orbit with radius 3GM ;

• the possibility of different gravitational redshifts of the two MCS po-
larization modes.

Here, we only elaborate on the second result and consider, for simplicity, the
approximation of having a wave vector k parallel to the Chern–Simons vec-
tor ξ at the two points considered, P1 and P2. Denoting the ⊕–mode and
⊖–mode by subscripts ‘+’ and ‘−’ on ω and letting ω±,j refer to a static
observer at point Pj , the gravitational redshift is found to be given by:

ω±,1 − ω±,2

ω±,1

∣∣∣∣
parallel

MCS

=

(
1∓

m

2ω±,1

)
∆

(Schwarz.)
standard , (6.39)

in terms of the result for standard photons,

∆
(Schwarz.)
standard ≡ 1−

√
(1− 2GM/r1)/(1 − 2GM/r2) . (6.40)
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While the gravitational redshift of standard photons (m ≡ 0) in a Schwarz-
schild background is the same for both polarization modes, the redshift of
“parallel” MCS photons differs by a relative factor mc2/(~ω), with ~ and
c temporarily reinstated. A similar result holds for MCS photons in a Ro-
bertson–Walker background.

The unusual intrinsic properties of MCS photons thus lead to interest-
ing effects in curved spacetime backgrounds. But the gravitational back-
reaction of MCS photons remains a major outstanding problem.

7. Random-coupling model and photon propagation

7.1. Photon model and dispersion law

As mentioned in Sec. 5.2, we are faced with the difficulty of performing
the anomaly calculation already for two punctures (or other defects such
as wormholes). For this reason, we restrict ourselves to an Abelian gauge
field and simply introduce a “random” (time-independent) background field
g over R

4 to mimic the anomalous effects of a multiply connected (static)
spacetime foam, generalizing the result (5.13)–(5.14) of a single defect. The
phenomenological model consists of this frozen field g(x) and a dynam-
ical photon field aµ(x), both defined over the auxiliary manifold R

4 with
Minkowski metric ηµν of signature (+−−− ). In this section, the spacetime
dependence of the fields will be shown explicitly.

The photon model is then given by the action [31]

S
[g(x)]
photon =

∫

R4

d4x
(
− (1/4)fµν(x)f

µν(x)− (1/4) g(x) fκλ(x)f̃
κλ(x)

)
, (7.1)

with Maxwell field strength fµν(x) defined by (6.4) and its dual by f̃κλ(x) ≡
(1/2) ǫκλµν fµν(x), for Levi–Civita symbol ǫκλµν . Note the important sim-
plification in going from (5.14) to (7.1), where the gauge-field-independent
random coupling constant g(x) makes the model action quadratic in the
photon field aµ(x). The additional term in the action density of (7.1) can
also be written in the form of an Abelian Chern–Simons-like term, namely
proportional to ∂µg(x) ǫ

µνρσfνρ(x) aσ(x).
Models of the type (7.1) have been considered before, but only for cou-

pling constants g(x) varying smoothly over cosmological scales; cf. Refs. [59,
81]. Here, the assumed properties of the background field g(x) are very dif-
ferent [31]:

• time independence, g = g(x);

• weakness, |g(x)| = O(α) ≪ 1;
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• small-scale variation of g(x) over length scales which are negligible
compared to the wavelengths of the photon field aµ(x);

• vanishing g(x) average in the large-volume limit;

• finiteness, isotropy, and cutoff of the g(x) autocorrelation function.

The modified Maxwell equation in the Lorentz gauge (∂νa
ν = 0) now reads:

✷ aν(x) = −∂µg(x) f̃
µν(x) . (7.2)

The dispersion law of the transverse modes can then be calculated by ex-
panding the solution to second order in g, under the assumption that the
power spectrum of g(x) vanishes for momenta |q| < qlow and that the pho-
tons have momenta |k| < qlow/2 .

In the long-wavelength limit, the following dispersion law of (transverse)
photons is found [31]:

ω2 =
(
1−A2 γ1

)
k2 −A2 l2γ k

4 +O(k6) , (7.3)

with simplified notation k ≡ |k| and g(x) amplitude A ∼ α. The constants
γ1 and lγ in (7.3) are functionals of the random couplings g(x). Specifically,
they are given by

γ1 =
π

18A2
C(0) , l2γ =

2π

15A2

∫ ∞

0
dx xC(x) , (7.4)

in terms of the isotropic autocorrelation function C(x) = Ĉ(x), for x = |x|,
which has the general definition

Ĉ(x) ≡ lim
R→∞

1

(4π/3)R3

∫

|y|<R

d3y g(y) g(y + x) . (7.5)

The calculated dispersion law (7.3) is Lorentz noninvariant (ω2 − c2 |k|2

6= constant) but still CPT invariant, even though the original model action
(7.1) also violates CPT. The explanation is that the assumed randomness of
g(x) removes the anisotropies in the long-wavelength limit. This modified
dispersion law can now be tested, in particular, by high-energy astrophysics.

7.2. Experimental limits

In this subsection, we discuss a single “gold-plated” event: an ultra-
high-energy cosmic ray observed on October 15, 1991, at the Fly’s Eye Air
Shower Detector in Utah, with energy E ≈ 3× 1011 GeV [82].
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For definiteness, assume an unmodified proton dispersion law E2
p = k2+

m2
p (recall ~ = c = 1) and a modified photon dispersion law (7.3). The

absence of Cherenkov-like processes p → pγ [74] for a proton energy of the
order of Ep ≈ 3× 1011 GeV then gives “experimental” limits [38, 83]:

γ1 <
(
6× 10−19

)
(α/A)2 , lγ <

(
1.0 × 10−34 cm

)
(α/A) , (7.6)

with fine-structure constant α ≈ 1/137 inserted for A.

The basic astrophysical input behind these limits has been reviewed in
Ref. [39], which also discusses time-dispersion limits which are less sharp
but more direct. The physical interpretation of these bounds in terms of
the structure of the underlying manifold is an open problem, the work of
Refs. [31, 38] being very preliminary.

8. Conclusion

The possible influence of spacetime topology on the local properties of
quantum field theory has long been recognized (e.g., for the Casimir effect).
As discussed in the present contribution, it now appears that nontrivial
topology may also lead to CPT noninvariance for chiral gauge field theories
such as the Standard Model with an odd number of families. This holds
even for flat spacetime manifolds, that is, without gravity.

As to the physical origin of the CPT anomaly, many questions remain
(the same can be said about chiral anomalies in general). It is, however,
clear that the gauge-invariant second-quantized vacuum state plays a crucial
role in connecting the global spacetime structure to the local physics [25, 30].
In a way, this is also the case for the Casimir effect [45, 46]. New here is the
interplay of parity violation (chiral fermions) and gauge invariance. Work
on this issue is in progress (the most promising are perhaps small lattice
models), but progress is slow.1

As to possible applications of the CPT anomaly, we have, first, consid-
ered nontrivial large-scale topology. An example would be the flat space-
time manifold M = R× S1 × S1 × S1

PSS , with time coordinate x0 ≡ c t ∈ R

and PSS standing for periodic spin structure. The anomaly may then give
rise to new effects in photon physics, such as vacuum birefringence, photon
triple-splitting, and stable orbits of light around a nonrotating central mass.
Furthermore, we have discussed the potential role of the CPT anomaly as

1 Another possible source of CPT violation may be a new type of quantum phase
transition in a fermionic quantum vacuum [84, 85], which, in the context of elementary
particle physics, could manifest itself via neutrino oscillations [86, 87, 88].
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one ingredient for the very special initial conditions of our universe, which
may be needed to explain the observed arrow of time.

Next, we have considered a hypothetical small-scale topology of space-
time, which can also be probed by the CPT anomaly. From experimental
results in cosmic-ray physics, it appears possible to obtain upper bounds on
certain characteristic length scales of a (static) spacetime foam.

But more important than these particular applications is the general
idea: spacetime topology affects the second-quantized vacuum of chiral gauge
theory and the fundamental symmetries of the theory (Lorentz and CPT

invariance), which, in turn, provides a way to investigate certain properties
of spacetime.

The author would like to thank his collaborators of the last six years
for their valuable contributions, the organizers of this conference for their
hospitality, and Gustavo C. Branco for providing the happy occasion.

Appendix A

Effective action of two-dimensional chiral U(1) gauge theory

The two-dimensional Euclidean action for a single one-component Weyl
field ψ(x) of unit charge (q = 1) over the particular torus T 2 with modulus
τ = i is given by

S T 2

Weyl

[
ψ̄, ψ, a

]
= −

∫ L

0
dx1

∫ L

0
dx2 e ψ̄ eµa σ̃

a (∂µ + i aµ)ψ , (A.1)

with
(σ̃1, σ̃2) = (1, i ) , eµa = δµa , e ≡ det

(
eaµ
)
= 1 . (A.2)

The U(1) gauge potential can be decomposed as follows:

aµ(x) = ǫµν δ
νρ ∂ρφ(x) + 2πhµ/L+ ∂µχ(x) , (A.3)

with φ(x) and χ(x) real periodic functions and h1 and h2 real constants. In
this decomposition, χ(x) corresponds to the gauge degree of freedom. The
related gauge transformations on the fermion fields are

ψ(x) → exp[−iχ(x) ] ψ(x) , ψ̄(x) → exp[+iχ(x) ] ψ̄(x) . (A.4)

Next, impose doubly-periodic boundary conditions on the fermions,

ψ(x1 + L, x2) = ψ(x1, x2) , ψ(x1, x2 + L) = ψ(x1, x2) . (A.5)
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This spin structure will be denoted PP, where P stands for periodic bound-
ary conditions. (The other spin structures are AA, AP, and PA, where A
stands for antiperiodic boundary conditions. See, e.g., Ref. [89] for a general
discussion of how to deal with the different spin structures.)

The effective action Γ [a] of the (11112)–theory from Sec. 3, defined by
the functional integral (3.1), is found to be given by [49]:

exp
(
−Γ11112

PP [a]
)
≡ D11112

PP [a] = (DPP [a])4 (DPP[2a]) , (A.6)

in terms of the single chiral determinant

DPP [a] = ϑ̂
(
h1 + 1/2, h2 + 1/2

)
exp

(
iπ (h1 − h2)/2

)

× exp

(
1

4π

∫

T 2

d2x
(
φ∂2φ+ iφ∂2χ

))
. (A.7)

Here, the complex-valued function

ϑ̂(x, y) ≡ exp
(
−πy2 + iπxy

)
ϑ(x+ i y; i )/η(i ) , for x, y ∈ R , (A.8)

is defined in terms of the Riemann theta function ϑ(z; τ) and Dedekind eta
function η(τ), both for modulus τ = i . The bar on the right-hand side of
Eq. (A.6) denotes complex conjugation.

The gauge invariance of the effective action (A.6) can be readily verified.
In fact, the gauge degree of freedom χ(x) appears only in the last exponential
of Eq. (A.7), namely in the term proportional to iφ∂2χ, and cancels out
for the full expression (A.6) since 4× 12 − 1× 22 = 0. More work is needed
to show the invariance under large gauge transformations, hµ → hµ + nµ
for nµ ∈ Z.

The CPT anomaly (3.3) follows directly from the ϑ–function properties,
as shown in Ref. [28]. The relevant properties of ϑ(z; τ) are its periodicity
under z → z + 1 and quasi-periodicity under z → z + τ , together with the
symmetry ϑ(−z; τ) = ϑ(z; τ). But the anomaly can also be understood
heuristically from the product of eigenvalues. For gauge fields (A.3) with
φ(x) = χ(x) = 0 and infinitesimal harmonic pieces hµ, one has, in fact,

D11112
PP [h1, h2] = κ (h1 + ih2)

3 (h21 + h22) + O(h7) , (A.9)

with a nonvanishing complex constant κ. Clearly, this expression changes
sign under the transformation hµ → −hµ, which corresponds to the CPT

transformation (3.2).
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By choosing topologically nontrivial zweibeins eaµ(x) [still with a flat

metric gµν(x) ≡ eaµ(x) e
b
ν(x) δab = δµν ] and including the spin connec-

tion term in the covariant derivative of the fermionic action (A.1), the CPT

anomaly can be moved to the spin structures AA, AP, and PA. These topo-
logically nontrivial zweibeins correspond to the presence of spacetime tor-
sion, which may be of interest in itself. See Ref. [29] for further details on
the possible role of topologically nontrivial torsion.

Appendix B

CPT anomaly on a four-dimensional lattice

In this appendix, we sketch the main steps for establishing the CPT

anomaly on a four-dimensional lattice [30]. The Euclidean chiral U(1) gauge
theory considered has already been defined in Sec. 4.

First, restrict the gauge field configurations to those with trivial link
variables in the periodic direction (µ = 4) and x4–independent link variables
in the other directions (µ = m = 1, 2, 3):

U4(x, x4) = 11 , Um(x, x4) = Um(x) . (B.1)

Next, introduce Fourier modes for the fermion field (single flavor)

ψ(x) =
∑

n

ψn(x) exp
(
2πinx4/L

)
, (B.2)

where the integer n takes the values

−(N − 1)/2 6 n 6 (N − 1)/2, for odd N, (B.3a)

−(N/2) + 1 6 n 6 (N/2), for even N. (B.3b)

Having made these choices, the integral for the effective action factorizes:

exp
(
−Γ[U ]

)
= K

∏

n

∫ ∏

j

dc
(n)
j dc̄

(n)
j exp

(
−
∑

j,k

c̄
(n)
k M

(n)
kj [U ] c

(n)
j

)
, (B.4)

with constant K, Grassmann numbers c
(n)
j and c̄

(n)
j , and matrices

M
(n)
kj [U ] ≡ a3

∑

x

v̄
(n)
k (x) aD(n)[U ] v

(n)
j (x;U ], (B.5)

where D(n)[U ] is a three-dimensional Dirac operator. The vectors v̄
(n)
k and

v
(n)
j build complete orthonormal bases of lattice spinors satisfying the ap-
propriate chiral constraints. Note that, in the present formalism [51, 52, 53],
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the left-handed basis vectors v
(n)
j depend on the gauge-field configuration

U , as indicated on the right-hand side of (B.5).
The CPT–transformed link variables are:

U θ
4 = U4 = 11 , U θ

m(x) ≡ U †
m(−x− a m̂) , (B.6)

with lattice spacing a and unit vector m̂ in the m–direction. The change of
the effective action is then

∆Γ
[
U
]
≡ Γ

[
U θ

]
− Γ

[
U
]
= −

∑

n

ln det
(∑

l

Q
(n)
kl [U ] Q̄

(n)
lm

)
, (B.7)

with unitary transformation matrices Q(n) and Q̄(n). For the case of odd
N , a long calculation gives for all n 6= 0:

ln det
(∑

l

Q
(n)
kl [U ] Q̄

(n)
lm

) ∣∣∣
n 6=0

= 0 . (B.8)

There remains the n = 0 contribution [30]:

∆Γ[U ] = − ln det
(
− a3

∑

x

ψ†
k(x)W

(0)[U ]ψm(x)
)
, (B.9)

with two-spinors ψm(x) from an orthonormal basis and a three-dimensional
unitary operator W (0) (so that ∆Γ[U ] is imaginary).

The determinant on the right-hand side of Eq. (B.9) is, in general, un-
equal to 1 and the CPT anomaly is seen to reduce effectively to the three-
dimensional “parity” anomaly [41, 42, 43], as suggested by the heuristic
argument of Sec. 2. This establishes the four-dimensional CPT anomaly
for arbitrary a and odd N . For the case of even N , there is an additional
determinant (from the n = N/2 Fourier mode), which goes to 1 as a→ 0.

For N = 2, it is, in fact, possible to calculate the imaginary part of the
effective action, not just the change under CPT. In the classical continuum
limit a → 0 (with smooth x4–independent gauge field am(x) and L′ = N ′a
held fixed) and with different charges qf present, the result is [30]:

ImΓ(N=2)[a ] ∼
(∑

f q
2
f

)(
2π + 0

)
ΩCS[a ] , (B.10)

in terms of the Chern–Simons integral

ΩCS[a ] ≡
1

16π2

∫
d3x ǫklm ∂kal(x) am(x) . (B.11)
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The contribution 2π in the second factor on the right-hand side of Eq. (B.10)
traces back to the n = 0 Fourier modes of the fermions and the contribution
0 to the n = 1 modes.

It would be of interest to calculate, either numerically or analytically,
ImΓ[a ] for other simple setups, preferably also with x4–dependent gauge
fields.

Appendix C

Microcausality of the Maxwell–Chern–Simons model

For the four-dimensional Maxwell–Chern–Simons (MCS) model (6.1) in
the Coulomb gauge ∇·a = 0, the following commutators of the electric field
e ≡ ∂0 a−∇ a0 and magnetic field b ≡ ∇× a have been found [32]:

[ei(x), ej(0)] =
(
(δij ∂

2
0 − ∂i∂j) (∂

2
0 −∇2) +m2 δ3i δ

3
j ∂

2
0

−mǫij3 ∂
3
0 +m (ǫik3 ∂j − ǫjk3 ∂i) ∂k∂0

)
iDMCS(x), (C.1)

[ei(x), bj(0)] =
(
ǫijk ∂k∂0 (∂

2
0 −∇2)−m2 δ3i ǫj3k ∂k∂0

+m
(
δij ∂

2
0 − ∂i∂j

)
∂3 −mδ3j ∂i(∂

2
0 −∇2)

)
iDMCS(x), (C.2)

[bi(x), bj(0)] =
(
(δij∇

2 − ∂i∂j) (∂
2
0 −∇2)−mǫijk ∂k∂0∂3

+m2
(
δij (∇

2 − ∂23)− ∂i∂j − δ3i δ
3
j ∇

2 + (δ3i ∂j + δ3j ∂i) ∂3

))

× iDMCS(x), (C.3)

with vector indices i, j, k running over 1, 2, 3, natural units ~ = c = 1, and
commutator function

DMCS(x) ≡ (2π)−4

∮

C
dp0

∫
d3p

exp
[
i p0 x

0 + ip · x
]

(
p20 − |p |2

)2
−m2

(
p20 − p21 − p22

) , (C.4)

for a contour C which encircles all four poles of the integrand in the coun-
terclockwise direction. Note that the derivatives on the right-hand sides
of Eqs. (C.1)–(C.3) effectively bring down powers of the momenta in the
integrand of Eq. (C.4).

The calculation of the commutators (C.1)–(C.3) is rather subtle: a0,
for example, does not vanish in the Coulomb gauge but is determined by a
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nondynamical equation, a0 = im |p |−2 ǫ3kl ak pl in momentum space. The
Lorentz noninvariance of the MCS model is illustrated by the denominator
of the integrand in (C.4) and the fact that, for example, the commutators
(C.1) and (C.3) differ at order m2.

Two further observations can be made. First, the commutator function
(C.4) vanishes for spacelike separations,

DMCS(x
0,x ) = 0 , for |x0| < |x | , (C.5)

as follows by direct calculation. Second, even though the commutators of
the vector potentials a (x) have |p |−2 poles which could potentially spoil
causality, these poles are absent for the commutators (C.1)–(C.3) of the
physical (gauge-invariant) electric and magnetic fields. See Ref. [32] for
further details.

The results (C.1)–(C.5) establish microcausality of the MCS model (6.1).
Apparently, the well-known Jordan–Pauli field commutation relations of
standard QED [90] (see also Refs. [91, 92]) can be deformed, at least in
the way corresponding to the MCS model with “spacelike” term (6.3). The
spacelike MCS model with nonzero deformation parameter m has, however,
qualitatively different uncertainty relations (e.g., a nonvanishing commuta-
tor of b1 and b2 fields averaged over the same spacetime region).

The “timelike” MCS model, with ǫ3κλµ in (6.3) replaced by ǫ0κλµ, does
violate microcausality, as long as unitarity is enforced [32]. This particular
result may have other implications. It rules out, for example, the possibility
that a Chern–Simons-like term can be radiatively induced from a CPT–
violating axial-vector term in the Dirac sector [33].
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