KA-TP-20-1997 WUE-ITP-97-048

Two-loop top-Higgs contributions to muon decay^1

Stefan Bauberger^2, Manfred Böhm

Institut für Theoretische Physik, Universität Würzburg, Am Hubland, D-97074 Würzburg, Germany

Georg Weiglein

Institut für Theoretische Physik, Universität Karlsruhe, D-76128 Karlsruhe, Germany

Abstract The sensitivity of the two-loop contributions to muon decay to the Higgs-boson mass is analyzed.

Exact results are given for the Higgs-dependent two-loop corrections associated with the fermions, i.e. no expansion in the top-quark and the Higgs-boson mass is made. The remaining theoretical uncertainties in the Higgs-mass dependence of Δr are discussed.

1Talk presented by M. Böhm at the XII International Workshop on High Energy Physics and Quantum Field Theory, Samara, Russia, September 4–10, 1997.

2Work supported by the German Federal Ministry of Education, Science, Research and Technology (BMBF) under contract number 05 7WZ91P (0).

1 Introduction

The experimental accuracy meanwhile reached for the electroweak precision observables allows to test the electroweak Standard Model (SM) at its quantum level, where all parameters of the model enter the theoretical predictions. In this way one is able to obtain constraints on the mass of the Higgs boson, which is the last missing ingredient of the minimal SM. From the most recent global SM fits to all available data one obtains an upper bound for the Higgs-boson mass of 420 GeV at 95% C.L. [1]. This bound is considerably affected by the error in the theoretical predictions due to missing higher-order corrections, which gives rise to an uncertainty of the upper bound of about 100 GeV. The main uncertainty in this context comes from the electroweak two-loop corrections, for which the results obtained so far have been restricted to expansions for asymptotically large values of the top-quark mass, m_t, or the Higgs-boson mass, M_H [2, 3].

In order to improve this situation, an exact evaluation of electroweak two-loop contributions would be desirable, where no expansion in m_t or M_H is made. In this talk exact results [4] recently obtained for the Higgs-mass dependence of Δr, i.e. of the prediction for muon decay, are summarized.

2 Muon decay

Very precise data is available for the decay constant of the muon. The global fit of the Particle Data Group to all available measurements is τ_μ = 1/Γ_μ = (2.19703 ± .00004)10�^6 s [5]. The main decay channel is

μ�_{→ e}�_{ν̄eνμ. Additional photons are produced in 0.014 parts of the decays, and an additional e}+_e�_{-pair}

in 3.4 × 10�^5 parts of the decays. Other decay channels are negligible.

The muon decay constant is related to the Fermi constant, the basic parameter of the Fermi model, as Γ_μ = 1 τ_μ = G^2_μm^5_μ 192π^3 F ( m^2_e m^2_μ ) ( 1 + 3 5 m^2_μ M^2_W ) ( 1 + α(m_μ) 2π ( 25 4 − π^2 )) , (1)

with F (x) = 1 − 8x + 8x^3 − x^4 − 12x^2 log(x) , (2)

and α(m_μ) = α_0 ( 1 + 2α 3π log m_μ m_e ) . (3)

The relation between the vector-boson masses in terms of the Fermi constant reads [6]

M^2_W ( 1 − M^2_W M^2_Z ) = πα √ 2G_μ (1 + Δr) , (4)

where the radiative corrections are contained in the quantity Δr. In the context of this paper we treat Δr without resummations, i.e. as being fully expanded up to two-loop order,

Δr = Δr_{(1)} + Δr_{(2)} + . . . . (5)

According to (1) and (4) the theoretical predictions for Δr are obtained by calculating radiative corrections to muon decay.

3 One-loop contributions

The one-loop contributions to Δr are well known [6] and can be split into three parts,

Δr_{(1)} = Δα − c^2W s^2W

Δρ_{(1),top} + Δr_{(1),rem} . (6)

They are dominated by the first two terms, which yield a contribution of about 6% and 3.3%, respectively, while the remainder part Δr_{(1),rem} amounts to about 1%. Here Δα denotes the QED induced shift in the fine structure constant arising from the contributions of the light fermions to the vacuum polarization of the photon, Δα = Π^{AA}_{lf} (0) − Re ( Π^{AA}_{lf} (M^2_Z) ) , (7)

where the one-loop contribution of the leptons can be approximated by

Δα_{lept} = α 3π ∑ l ( log M^2_Z m^2_l − 5 3 ) , (8)

and the hadronic contribution is obtained from experimental data via a dispersion relation, Δα_{had} = 0.0280 ± 0.0007 [7]. The second term, Δρ_{(1),top}, is the contribution of the top/bottom doublet to the ρ parameter [8],

Δρ_{(1),top} = 3α 16πs^2Wc^2W m^2_t M^2_Z

, (9)

with s^2W ≡ 1 − c^2W = 1 − M^2_W/M^2_Z.

4 Two-loop contributions

From a technical point of view the calculation of top-quark and Higgs-boson contributions to Δr and other processes with light external fermions at low energies requires in particular the evaluation of twoloop self-energies on-shell, i.e. at non-zero external momentum, while vertex and box contributions can mostly be reduced to vacuum integrals.

The problems encountered in the calculation of two-loop contributions to Δr are due to the large number of contributing Feynman diagrams, their complicated tensor structure, the fact that scalar twoloop integrals are in general not expressible in terms of polylogarithmic functions [9], and due to the need for a two-loop renormalization, which has not yet been worked out in full detail.

4.1 Two-loop renormalization

Since we are interested in the relation between the Fermi constant and the physical (i.e. pole) masses M_W and M_Z, the two-loop calculations are performed in a full on-shell renormalization scheme [10, 11]. For the field renormalization of the photon and the Z boson a matrix renormalization is used, defined by the conditions of on-shell decoupling and a normalized residue of the propagators. The charge renormalization is performed with the use of Ward identities. The formulae for the two-loop counterterms that are relevant for the calculation of Δr read

δM^2_{W,(2)} = Re ( Σ^{W W}_{T,(2)}(M^2_W) ) − δZ^W_{(1)}δM^2_{W,(1)} , (10)

δM^2_{Z,(2)} = Re ( Σ^{ZZ}_{T,(2)}(M^2_Z) ) − δZ^{ZZ}_{(1)} δM^2_{Z,(1)} +

M^2_Z 4 (δZ^{AZ}_{(1)} )^2 , (11) δZ_{e,(2)} = − 1 2 δZ^{AA}_{(2)} − sW_{2 c} W^{δZZA(2)} + (δZ_{e,(1)})^2 + 1 8 (δZ^{AA}_{(1)} )^2 − 1 2 c^3W δZ^{ZA}_{(1)} δsW_{,(1)} , (12)

δZ^{AA}_{(2)} = −

∂Σ^{AA}_{T,(2)}(k^2) ∂k^2 | | | | k2_{=0}^− 1 4 (δZ^{ZA}_{(1)} )^2 , (13)

δZ^{ZA}_{(2)} = 2

Σ^{AZ}_{T,(2)}(0)

M^2_Z − δM^2_{Z,(1)}

M^2_Z δZ^{ZA}_{(1)} − 1 2 δZ^{ZZ}_{(1)} δZ^{ZA}_{(1)} , (14)

δZ^{l,L}_{(2)} = − Re ( Σ^{l,L}_{(2)}(m^2_l ) + m^2_l ∂ ∂p^2 (Σ^{l,L}_{(2)}(p^2) + Σ^{l,R}_{(2)} (p^2) + 2 Σ^{l,S}_{(2)}(p^2))|_p2_{=m}2_l ) , (15)

δZ^{l,R}_{(2)} = − Re ( Σ^{l,R}_{(2)} (m^2_l ) + m^2_l ∂ ∂p^2 (Σ^{l,L}_{(2)}(p^2) + Σ^{l,R}_{(2)} (p^2) + 2 Σ^{l,S}_{(2)}(p^2))|_p2_{=m}2_l ) , (16)

δZ^{ν,L}_{(2)} = − Re ( Σ^{ν,L}_{(2)} (0) ) , (17) where all two-loop self-energies are understood to contain the subloop renormalization, and l and ν stand for leptons and neutrinos, respectively. The one-loop counterterms appearing in (10)–(17) have the form specified in Ref. [11].

4.2 The calculations

The methods that we use for carrying out the calculations have been outlined in Ref. [12]. The generation of the diagrams and counterterm contributions is done with the help of the computer-algebra program FeynArts [13]. Making use of two-loop tensor-integral decompositions, the generated amplitudes are reduced to a minimal set of standard scalar integrals with the program TwoCalc [14]. The two-loop scalar integrals are evaluated numerically with one-dimensional integral representations [15]. These allow a very fast calculation of the integrals with high precision without any approximation in the masses. As a check of our calculations, all results presented here have been derived using a general R_ξ gauge, which is specified by one gauge parameter ξ_i, i = γ, Z, W, for each vector boson, and we have explicitly verified that the gauge parameters actually drop out.

In order to study the Higgs-mass dependence of the two-loop contributions to Δr we consider the subtracted quantity Δr_{(2),subtr}(M_H) = Δr_{(2)}(M_H) − Δr_{(2)}(M_H = 65 GeV), (18)

where Δr_{(2)}(M_H) denotes the two-loop contribution to Δr.

Potentially large M_H-dependent contributions are the corrections associated with the top quark, since the Yukawa coupling of the Higgs boson to the top quark is proportional to m_t, and the contributions which are proportional to Δα. We first consider the Higgs-mass dependence of the two-loop top-quark contributions and calculate the quantity Δr^{top}_{(2),subtr}(M_H), which denotes the contribution of the top/bottom doublet to Δr_{(2),subtr}(M_H).

From the one-particle irreducible diagrams obviously those graphs contribute to Δr^{top}_{(2),subtr} that contain both the top and/or bottom quark and the Higgs boson. It is easy to see that only two-point functions enter in this case, since all graphs where the Higgs boson couples to the muon or the electron may safely be neglected. Although no two-loop three-point function enters, there is nevertheless a contribution from the two-loop and one-loop vertex counterterms. If the field renormalization constants of the W boson are included (which cancel in the complete result), the vertex counterterms are separately finite.

The technically most complicated contributions arise from the mass and mixing-angle renormalization. Since it is performed in the on-shell scheme, the evaluation of the W- and Z-boson self-energies is required at non-zero momentum transfer.

Expressed in terms of the one-loop and two-loop contributions to the transverse part of the W-boson self-energy Σ^W(p^2) and the counterterm δZ^{vert} to the W �ēν_e vertex, the quantity Δr^{top}_{(2),subtr}(M_H) reads

Δr^{top}_{(2),subtr}(M_H) =

[ Σ_{W(2)}(0) − Re Σ_{W(2)}(M_{2W})

M^2_W

+ 2δZ^{vert}_{(2)}

+ 2 ( Σ^W_{(1),t}(0) − Re Σ^W_{(1),t}(M^2_W) ) ( Σ^W_{(1),H}(0) − Re Σ^W_{(1),H}(M^2_W) ) M^4_W + 2 ( Σ^W_{(1),t}(0) − Re Σ^W_{(1),t}(M^2_W) ) δZ^{vert}_{(1),H}

M^2_W + 2 ( Σ^W_{(1),H}(0) − Re Σ^W_{(1),H}(M^2_W) ) δZ^{vert}_{(1),t}

M^2_W

+ 2δZ^{vert}_{(1),t}δZ^{vert}_{(1),H} ] subtr

, (19)

where it is understood that the two-loop contributions to the self-energies contain the subloop renormalization. The two-loop terms denote those graphs that contain both the top quark and the Higgs boson, while for the one-loop terms the top-quark and the Higgs-boson contributions are indicated by a subscript. The two-loop vertex counterterm is expressible in terms of the charge counterterm δZ_e and the mixing-angle counterterm δsW/sW,

δZ^{vert}_{(2)} = δZ_{e,(2)} − δsW,(2)_s W^{+ 2} δsW,(1),t_s W δsW,(1),H_s W^{− δZe,(1),t} δsW,(1),H_s W^{, (20)}

and similarly the one-loop vertex counterterm is given by

δZ^{vert}_{(1)} = δZ_{e,(1)} − δsW,(1)_s W^{. (21)}

For the Higgs-dependent fermionic contributions the charge counterterm given in (12) simplifies to δZ_{e,(2)} = − 1 2 δZ_{AA,(2)} = 1 2 Π^{AA}_{(2)} (0), (22)

which is familiar from QED. The validity of (22) can also be understood by observing that the contributions considered here are precisely the same as the ones obtained within the framework of the background-field method [16].

The mixing angle counterterm δsW_{,(2)}/sW is expressible in terms of the on-shell two-loop W-boson and Z-boson self-energies and additional one-loop contributions, δsW,(2)_s W^{= −} 1 2 c^2W s^2W ( Re Σ^W_{(2)}(M^2_W)

M^2_W − Re Σ^{ZZ}_{(2)}(M^2_Z) M^2_Z )

− δsW,(1),t_s W Re Σ^{ZZ}_{(1),H}(M^2_Z) M^2_Z − δsW,(1),H_s W Re Σ^{ZZ}_{(1),t}(M^2_Z)

M^2_Z − δsW,(1),t_s W δsW,(1),H_s W^{, (23)}

where δsW,(1)_s W^{= −} 1 2 c^2W s^2W ( Re Σ^W_{(1)}(M^2_W) M^2_W − Re Σ^{ZZ}_{(1)}(M^2_Z) M^2_Z ) . (24)

In (19)–(21) the field renormalization constants of the W boson have been omitted. In our calculation of Δr^{top}_{(2),subtr}(M_H) we have explicitly kept the field renormalization constants of all internal fields and have checked that they actually cancel in the final result.

4.3 Results

The result for Δr^{top}_{(2),subtr}(M_H) is shown in Fig. 1 for various values of m_t. The Higgs-boson mass is varied in the interval 65 GeV ≤ M_H ≤ 1 TeV. The change in Δr^{top}_{(2),subtr}(M_H) over this interval is about 0.001, which corresponds to a shift in M_W of about 20 MeV. It is interesting to note that the absolute value of the correction is maximal just in the region of m_t = 175 GeV, i.e. for the physical value of the top-quark mass. For m_t ∼ 175 GeV the correction Δr^{top}_{(2),subtr}(M_H) amounts to about 10% of the one-loop contribution, Δr_{(1),subtr}(M_H), which is defined in analogy to (18).

The other M_H-dependent two-loop correction that is expected to be sizable is the contribution of the terms proportional to Δα. It reads

Δr^{Δα}_{(2),subtr}(M_H) = 2Δα [ Σ^W_{(1),H}(0) − Re Σ^W_{(1),H}(M^2_W) M^2_W − 2 δsW,(1),H_s W ] subtr

= 2Δα Δr_{(1),subtr}(M_H), (25)

and can easily be obtained by a proper resummation of one-loop terms [17].

The remaining fermionic contribution, Δr^{lf}_{(2),subtr}, is the one of the light fermions, i.e. of the leptons and of the quark doublets of the first and second generation, which is not contained in Δα. Its structure is analogous to (19), but due to the negligible coupling of the light fermions to the Higgs boson much less diagrams contribute. The scalar two-loop integrals needed for the light-fermion contribution can be solved analytically in terms of polylogarithmic functions. They can be found in Ref. [18].

Figure 1: Two-loop top-quark contribution to Δr subtracted at M_H = 65 GeV.

The total result for the one-loop and fermionic two-loop contributions to Δr, subtracted at M_H = 65 GeV, reads Δr_{subtr} ≡ Δr_{(1),subtr} + Δr^{top}_{(2),subtr} + Δr^{Δα}_{(2),subtr} + Δr^{lf}_{(2),subtr}. (26)

It is shown in Fig. 2, where separately also the one-loop contribution Δr_{(1),subtr}, as well as Δr_{(1),subtr} + Δr^{top}_{(2),subtr}, and Δr_{(1),subtr} + Δr^{top}_{(2),subtr} + Δr^{Δα}_{(2),subtr} are shown for m_t = 175.6 GeV. It can be seen that the higher-order contributions Δr^{top}_{(2),subtr}(M_H) and Δr^{Δα}_{(2),subtr}(M_H) are of about the same size and to a large extent cancel each other. The light-fermion contributions which are not contained in Δα add a relatively small correction. Over the full range of the Higgs-boson mass it amounts to about 4 MeV. In total, the inclusion of the higher-order contributions discussed here leads to a slight increase in the sensitivity to the Higgs-boson mass compared to the pure one-loop result.

We have compared the result for Δr^{top}_{(2),subtr} with the result obtained via an expansion in m_t up to next-to-leading order, i.e. O(G^2_μm^2_t M^2_Z) [3]. The results agree within about 30% of Δr^{top}_{(2),subtr}(M_H), which amounts to a difference in M_W of up to about 4 MeV [4].

In Tab. 1 the shift in M_W corresponding to Δr_{subtr}(M_H), i.e. the change in the theoretical prediction for M_W when varying the Higgs-boson mass from 65 GeV to 1 TeV, is shown for three values of the topquark mass, m_t = 170, 175, 180 GeV. The dependence on the precise value of m_t is rather mild, which is expected from the fact that m_t enters here only at the two-loop level and that Δr^{top}_{(2),subtr}(M_H) has a local maximum in the region of m_t = 175 GeV (see Fig. 1).

Regarding the remaining Higgs-mass dependence of Δr at the two-loop level, there are only purely bosonic corrections left, which contain no specific source of enhancement. They can be expected to yield

a contribution to Δr_{(2),subtr}(M_H) of about the same size as ( Δr^{bos}_{(1)} (M_H) )_2| | |_{subtr}, where Δr^{bos}(1) denotes

the bosonic contribution to Δr at the one-loop level. The contribution of ( Δr^{bos}_{(1)} (M_H) )_2| | |_{subtr} amounts

to only about 10% of Δr^{top}_{(2),subtr}(M_H) corresponding to a shift of about 2 MeV in the W-boson mass. This estimate agrees well with the values obtained for the Higgs-mass dependence from the formula in Ref. [19] for the leading term proportional to M^2_H in an asymptotic expansion for large Higgs-boson mass. The Higgs-mass dependence of the term proportional to M^2_H amounts to less than 15% of Δr^{top}_{(2),subtr}(M_H) for reasonable values of M_H.

Figure 2: One-loop and two-loop contributions to Δr subtracted at M_H = 65 GeV. Δr_{subtr} is the result for the full one-loop and fermionic two-loop contributions to Δr, as defined in the text.

M_H/ GeV 65 100 200 300 400 500 600 1000

ΔM_W(M_H)/ MeV, m_t = 170 GeV 0 −22.6 −65.8 −94.5 −116 −133 −147 −185

ΔM_W(M_H)/ MeV, m_t = 175 GeV 0 −22.8 −66.3 −95.2 −117 −134 −148 −187

ΔM_W(M_H)/ MeV, m_t = 180 GeV 0 −23.0 −66.8 −96.0 −118 −135 −149 −188

Table 1: The shift in the theoretical prediction for M_W caused by varying the Higgs-boson mass in the interval 65 GeV ≤ M_H ≤ 1 TeV for three values of m_t.

5 Conclusion

In summary, we have analyzed the Higgs-mass dependence of the relation between the gauge-boson masses at the two-loop level by considering the subtracted quantity Δr_{subtr}(M_H) = Δr(M_H)−Δr(M_H = 65 GeV). Exact results have been presented for the fermionic contributions, i.e. no expansion in the top-quark and the Higgs-boson mass has been made. The extra shift coming from the purely bosonic two-loop corrections has been estimated to be relatively small. Considering the envisaged experimental error of M_W from the measurements at LEP2 and the Tevatron of ∼ 20 MeV, we conclude that the theoretical uncertainties due to unknown higher-order corrections in the Higgs-mass dependence of Δr are now under control.

Acknowledgements

One of us (M. Böhm) would like to thank the organizers of the Samara Workshop on QFTHEP for their friendly and gracious reception.

References

[1] G. Quast, talk given at the EPS HEP Conference 1997, Jerusalem, August 1997, to appear in the proceedings.

[2] J. van der Bij and F. Hoogeveen, Nucl. Phys. B 283 (1987) 477;

J. van der Bij and M. Veltman, Nucl. Phys. B 231 (1984) 205;

R. Barbieri, M. Beccaria, P. Ciafaloni, G. Curci and A. Vicere, Phys. Lett. B 288 (1992) 95, erratum: B 312 (1993) 511; Nucl. Phys. B 409 (1993) 105;

J. Fleischer, O.V. Tarasov and F. Jegerlehner, Phys. Lett. B 319 (1993) 249; Phys. Rev. D 51 (1995) 3820.

[3] G. Degrassi, P. Gambino and A. Vicini, Phys. Lett. B 383 (1996) 219;

G. Degrassi, P. Gambino and A. Sirlin, Phys. Lett. B 394 (1997) 188.

[4] S. Bauberger and G. Weiglein, KA-TP-05-1997, hep-ph/9707510, to appear in Phys. Lett. B. [5] R.M. Barnett et al., Phys. Rev. D 54 (1996) 1 (Particle Data Group). [6] A. Sirlin, Phys. Rev. D 22 (1980) 971;

W.J. Marciano and A. Sirlin, Phys. Rev. D 22 (1980) 2695; A. Sirlin and W.J. Marciano, Nucl. Phys. B 189 (1981) 442.

[7] H. Burkhardt and B. Pietrzyk, Phys. Lett. B 356 (1995) 398;

S. Eidelman and F. Jegerlehner, Z. Phys. C 67 (1995) 585. [8] M. Veltman, Nucl. Phys. B 123 (1977) 89. [9] R. Scharf, Diploma Thesis, (Univ. of Würzburg, 1991).

[10] K-I. Aoki, Z. Hioki, R. Kawabe, M. Konuma and T. Muta, Prog. Theo. Phys. 65 (1981) 1001; Suppl.

Prog. Theo. Phys. 73 (1982) 1;

M. Böhm, W. Hollik and H. Spiesberger, Fortschr. Phys. 34 (1986) 687. [11] A. Denner, Fortschr. Phys. 41 (1993) 307.

[12] S. Bauberger and G. Weiglein, Nucl. Instr. Meth. A 389 (1997) 318. [13] J. Küblbeck, M. Böhm and A. Denner, Comp. Phys. Commun. 60 (1990) 165;

H. Eck and J. Küblbeck, Guide to FeynArts1.0 (Univ. of Würzburg, 1992); H. Eck, Guide to FeynArts2.0 (Univ. of Würzburg, 1995).

[14] G. Weiglein, R. Scharf and M. Böhm, Nucl. Phys. B 416 (1994) 606;

G. Weiglein, R. Mertig, R. Scharf and M. Böhm, in New Computing Techniques in Physics Research 2, ed. D. Perret-Gallix (World Scientific, Singapore, 1992), p. 617.

[15] S. Bauberger, F.A. Berends, M. Böhm and M. Buza, Nucl. Phys. B 434 (1995) 383;

S. Bauberger, F.A. Berends, M. Böhm, M. Buza and G. Weiglein, Nucl. Phys. B (Proc. Suppl.) 37B (1994) 95, hep-ph/9406404;

S. Bauberger and M. Böhm, Nucl. Phys. B 445 (1995) 25.

[16] A. Denner, S. Dittmaier and G. Weiglein, Nucl. Phys. B 440 (1995) 95; Acta Phys. Pol. B 27 (1996) 3645.

[17] A. Sirlin, Phys. Rev. D 29 (1984) 89.

[18] R. Scharf and J.B. Tausk, Nucl. Phys. B 412 (1994) 523. [19] F. Halzen and B.A. Kniehl, Nucl. Phys. B 353 (1991) 567.