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Deutsche Zusammenfassung

Das Forschungsgebiet der Teilchenphysik beschäftigt sich mit der Welt der Elementarteil-
chen und den fundamentalen Wechselwirkungen zwischen diesen. Im Bestreben eine Theorie
zu finden, die dies alles beschreibt, gab es im Laufe der 1960er und 70er Jahre große Fort-
schritte, welche schlussendlich zu dem Modell führten, das heute als Standardmodell (SM)
der Teilchenphysik bekannt ist. Seit der Entwicklung des Standardmodells wurden enorme
experimentelle Anstrengungen unternommen, um dessen Vorhersagen möglichst genau zu be-
stätigen.

Riesige Teilchenbeschleuniger wurden gebaut, um die Erforschung der Natur bei immer grö-
ßeren Energien zu ermöglichen. Einer der ersten wirklich großen Beschleuniger war das Tevat-
ron am Fermilab. Hier wurden Proton-Anti-Proton Paare mit einer Strahlenergie von bis zu
1 TeV zur Kollision gebracht. Das Tevatron, welches seinen Namen von seiner Strahlenergie
ableitet, nahm bereits 1983 den Betrieb auf. Bis auf einige Unterbrechungen zur technischen
Aufrüstung war das Tevatron bis zu diesem Jahr in Betrieb. Während dieses langen Zeit-
raums wurden selbstverständlich viele Entdeckungen gemacht, wobei die bedeutendste sicher
die Entdeckung des Top-Quarks 1995 war. Präzisionsmessungen der Masse des Top-Quarks
folgten. Der

”
Large Electron-Positron Collider“ (LEP) am CERN war von 1989 bis 2000 in

Betrieb, als er dann Platz für den LHC machen musste. Eine der größten Errungenschaften
am LEP war die Präzisionsmessung der Massen der Z- und W -Bosonen. Schließlich hat nun
der

”
Large Hadron Collider“ (LHC) im ehemaligen LEP Tunnel am CERN letztes Jahr mit

der Datennahme begonnen. Mit einer vorgesehenen Strahlenergie von 7 TeV ist der LHC der
leistungsfähigste Teilchenbeschleuniger, der jemals gebaut wurde. Zwar arbeitet er im Mo-
ment nur mit der Hälfte der vollen Strahlenergie, ab 2014 soll er allerdings mit der vollen
Energie beschleunigen. Eine der großen Hoffnungen der Teilchenphysiker ist es, das fehlende
Puzzleteil des Standardmodells, das Higgs-Boson, am LHC zu finden.

Das Higgs-Boson spielt eine wichtige Rolle im Rahmen des Standardmodells, da der soge-
nannte Higgs-Mechanismus eine Erklärung dafür bietet, wie die Vektor-Bosonen eine Masse
ungleich Null erhalten ohne dass dabei die Eichinvarianz des SMs verletzt wird. Dabei liegt
dem Higgs-Mechanismus das Konzept der spontanen Brechung der elektroschwachen Sym-
metrie zu Grunde. Das eigentliche Higgs-Boson, ein Spin-0 Teilchen, bleibt als Überbleibsel
dieser Symmetriebrechung zurück. Bis jetzt hat sich das Higgs-Boson allerdings der experi-
mentellen Entdeckung entzogen. Dennoch haben die Experimente bereits Einschränkungen
für die Masse des Higgs-Bosons hervorgebracht.
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Es gibt jedoch Hinweise darauf, dass das Standardmodell nicht vollständig ist, oder vielleicht
nur ein Grenzfall einer komplexeren grundlegenden Theorie. Es gibt mehrere mögliche Er-
weiterungen, mit denen sich die Theoretiker beschäftigen. Eine davon ist das Konzept der
Supersymmetrie, welches es ermöglicht, durch die Einführung von Superpartnern für die Teil-
chen des Standardmodells einige der Probleme des Standardmodells zu umgehen. Auch die
Erweiterung, die in dieser Diplomarbeit näher betrachtet wird, ist eine supersymmetrische
Erweiterung. Andere mögliche Theorien sind zum Beispiel Theorien mit extra Dimensionen
oder die String Theorie, welche sogar den Anspruch stellt irgendwann eine

”
Theory of Ev-

erything“ zu liefern. Selbstverständlich müssen all diese neuen Theorien die experimentell so
beeindruckend bestätigten Vorhersagen des Standardmodells reproduzieren. Zusätzlich liefern
diese Theorien allerdings auch neue Vorhersagen, die sich von denen des Standardmodells un-
terscheiden. Bei der Interpretation der experimentellen Daten ist es sehr wichtig diese neuen
Vorhersagen mit in die Analyse einzubeziehen.

In dieser Diplomarbeit wird der Higgs-Sektor des komplexen
”
nächst-minimalen supersym-

metrischen Standardmodells“1 (NMSSM) untersucht. Genauer gesagt wird die Berechnung
der vollständigen Einschleifenkorrekturen zu den Massen der Higgs-Bosonen in der diagram-
matischen Methode durchgeführt. Da die Einschleifenkorrekturen zu den Massen der Higgs-
Bosonen mit divergenten Integralen einhergehen, muss ein Renormierungsverfahren für den
Higgs-Sektor durchgeführt werden.

Als Einführung wird allerdings zunächst an die wichtigsten Eigenschaften des Standardmo-
dells erinnert und seine Unzulänglichkeiten werden aufgezeigt. Supersymmetrie ist eine mög-
liche Erweiterung des Standardmodells, die in der Lage ist einige der Probleme zu lösen. So
wird zum Beispiel das Hierarchieproblem des SMs durch die Einführung von Superpartnern,
deren Spin sich um 1/2 von dem des jeweils zugehörigen SM Teilchens unterscheidet, gelöst.
Außerdem bieten supersymmetrische Theorien mögliche Kandidaten für die Dunkle Materie
und im Rahmen des MSSMs kommt es zu einer Vereinigung der Kopplungskonstanten an der
GUT-Skala.

Das NMSSM ist eine Erweiterung des MSSMs (Minimales Supersymmetrisches Standard-
modell), welches die minimal nötige Anzahl an Superpartnern aufweist. Im MSSM erhält
jedes Teilchen des Standardmodells einen Superpartner: die SM-Fermionen erhalten skalare
Superpartner, die Sfermionen, und die Eichbosonen (gauge bosons) des SMs erhalten fer-
mionische Superpartner, die sogenannten Gauginos. Um sowohl den up-artigen wie auch den
down-artigen Fermionen eine Masse geben zu können, werden zwei komplexe Higgs-Doublets
benötigt. Dadurch ist die Theorie automatisch frei von Anomalien. Zusätzlich zu diesem mini-
malen Teilcheninhalt weist der Higgs-Sektor des NMSSM noch ein komplexes Singulett-Feld
auf. Einer der Hauptgründe für die Einführungen dieses zusätzlichen Singuletts ist, dass so
das µ-Problem des MSSM gelöst werden kann. Der Parameter µ wird dynamisch generiert,
wenn das Singulett-Feld seinen Vakuumerwartungswert annimmt und muss damit nicht mehr
per Hand auf die Größenordnung der elektroschwachen Skala gesetzt werden, wie es im MSSM
nötig ist.

Da sich diese Arbeit insbesondere mit dem Higgs-Sektor des NMSSM beschäftigt, wird dieser
detailliert diskutiert. Der NMSSM Higgs-Sektor besteht aus insgesamt sieben Higgs-Bosonen:
fünf neutralen und zwei geladenen. Im Spezialfall des reellen NMSSM gilt CP-Erhaltung und
den neutralen Higgs-Bosonen kann eine CP-Quantenzahl zugewiesen werden. In diesem Fall
gibt es zwei CP-ungerade und drei CP-gerade Higgs-Bosonen. Die Higgs-Massenmatrix in der
Basis der Wechselwirkungseigenzustände kann vom Higgs-Potential abgeleitet werden. Auf

1Englisch:
”
Next-to minimal Supersymmetric Extension of the Standard Model“
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Born-Niveau kann eine Entkopplung des Goldstone-Bosons mit Hilfe einer Rotation erreicht
werden. Um zu einem neuen Satz von Ausgangsparametern zu gelangen, werden sowohl die
Tadpol-Bedingungen wie auch die Masse des geladenen Higgs-Bosons ausgenutzt, um andere
Parameter zu eliminieren. Während der gesamten Diskussion wird dabei im CP-verletzenden
NMSSM gearbeitet. Das heißt per se werden alle Parameter als komplex angenommen. Die
Superpartner der Higgs-Bosonen, die Higgsions, mischen mit den Gauginos zu den Neutralinos
und Charginos. Diese beiden Sektoren werden explizit behandelt.

Für die Berechnung der Massen der Higgs-Bosonen auf Einschleifen-Niveau muss der Higgs-
Sektor renormiert werden. Die Renormierung wird mit Hilfe des Counterterm Formalismus
durchgeführt. Wobei zunächst nur der Spezialfall des reellen NMSSM betrachtet wird und
erst später der allgemeinere Fall des komplexen NMSSM. Als Hauptschema wird ein Renor-
mierungsschema verwendet, welches On-Shell und DR-Renormierungsbedingungen mischt.
Für das reelle NMSSM wurde zusätzlich noch ein reines DR und ein reines On-Shell Schema
implementiert. Um einen nicht-trivialen Cross-Check zu ermöglichen, werden sowohl Renor-
mierungsbedingungen aus dem Higgs- als auch aus dem Neutralino- und Chargino-Sektor
verwendet.

Für die eigentliche Berechnung der Higgs-Boson Massen auf Einschleifen-Niveau geht man
von der renormierten Zwei-Punkt-Vertex-Funktion aus. Aus dieser können, wenn die Counter-
terme und Selbstenergien des Higgs-Sektors bekannt sind, mit Hilfe eines Iterationsverfahrens
die Massen der Higgs-Bosonen berechnet werden. Die Einschleifendiagramme, die zur Berech-
nung der Selbstenergien nötig sind, wurden zunächst analytisch berechnet und später dann
numerisch ausgewertet.

Für einige Beispiel-Szenarien wurde eine numerische Analyse durchgeführt. Für den Spezial-
fall des reellen NMSSM wurden die Ergebnisse der unterschiedlichen Renormierungsschemata
miteinander verglichen. Die Ergebnisse unterschieden sich um höchstens 10%. Als Anhalts-
punkt für die Stärke, mit welcher das Higgs-Boson an die Teilchen des SMs koppelt, wurde im
Fall des reellen NMSSMs der Singulett-Anteil des entsprechenden Higgs-Bosons betrachtet.
Da die Kopplung des Higgs-Bosons an die Teilchen des SMs mit zunehmendem Singulett-
Anteil abnimmt, kann ein Higgs-Boson mit großem Singulett-Anteil der experimentellen Ent-
deckung entgehen, selbst wenn das SM Higgs-Boson der entsprechenden Masse bereits ausge-
schlossen ist. Daher ist der Singulett-Anteil eine nützliche Größe, die es erlaubt Rückschlüsse
auf die Eigenschaften des entsprechenden Higgs-Bosons zu ziehen. Die Untersuchung der
Abhängigkeit der Higgs-Boson Massen von der Masse des Top-Quarks zeigte, dass der Groß-
teil der Korrekturen zum leichten MSSM-artigen CP-geraden Higgs-Boson vom Top-Sektor
herrührt. Durch die Variation der Renormierungsskala, welche in den Einschleifenkorrektu-
ren auftaucht, können die fehlenden Korrekturen höherer Ordnung auf O(10%) abgeschätzt
werden. Im Gegensatz zum MSSM sind im NMSSM Higgs-Bosonen-Massen größer als die
Masse des Z-Bosons bereits auf Born-Niveau möglich. Dennoch sind die Einschleifenkorrek-
turen sehr wichtig, da sie die Masse des leichtesten CP-geraden Higgs-Bosons über die untere
LEP-Schranke für die Higgs-Bosonen-Masse heben. Besonders für Higgs-Bosonen mit kleiner
Masse können die Einschleifenkorrekturen sehr groß sein, so dass sie an einigen Parameter-
punkten die Masse des Higgs-Bosons sogar mehr als verdreifachen können. Wie die Diskussion
der experimentellen Ausschlussgrenzen zeigt, bietet das NMSSM phänomenologisch zulässige
Szenarien, die bei der Higgssuche in Betracht gezogen werden sollten, da sie Higgs-Bosonen
vorhersagen, deren Eigenschaften sich von denen des MSSMs und SMs unterscheiden.

Um den allgemeineren Fall des CP-verletzenden NMSSMs, d.h. das komplexe NMSSM, behan-
deln zu können, müssen nur zwei zusätzliche Counterterme im Vergleich zum reellen NMSSM
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eingeführt werden. Wie gezeigt wurde, tritt CP-Verletzung bereits auf Born-Niveau auf, wenn
man einen endlichen Wert für eine der im Higgs-Sektor vorkommenden Phasen annimmt.
Als Anhaltspunkt für das Ausmaß der CP-Verletzung wurde untersucht, zu welchem Anteil
die Higgs-Bosonen aus den CP-geraden Wechselwirkungseigenzuständen bestehen. Im CP-
erhaltenen Fall ist dieser CP-gerade Anteil entweder Null oder Eins. Die Abweichung von
diesen beiden Werten kann daher als Maß für die CP-Verletzung betrachtet werden. Die ma-
ximale Abweichung in den betrachteten Beispiel-Szenarien betrug 2.3%. Das Mischen der
CP-geraden und CP-ungeraden Wechselwirkungseigenszustände kann die Kopplung des je-
weiligen Higgs-Bosons noch weiter unterdrücken. Außerdem wurde ein Szenario untersucht,
in welchem CP-Verletzung erst auf Einschleifen-Niveau im Higgs-Sektor auftritt. Es zeigte
sich, dass obwohl diese Phasen nur durch die Einschleifenkorrekturen Einfluss auf die Rech-
nung nehmen, eine Variation dieser Phasen zu Effekten von einigen GeV in der Masse der
Higgs-Bosonen auf Einschleifen-Niveau führen kann.

Alles zusammen genommen trägt diese Arbeit zu dem Bestreben bei, phänomenologische Vor-
hersagen für den Higgs-Sektor des NMSSMs zu machen, welche einen neuen Blickwinkel auf
die derzeitige Higgs-Suche am LHC ermöglichen könnten. Die Berechnung der Einschleifen-
korrekturen zu den Massen der Higgs-Bosonen ist hierbei allerdings nur ein erster Schritt.
Um ein vollständiges Bild zu erhalten, wird es unter anderem nötig sein, Korrekturen höherer
Ordnung zu den Massen der Higgs-Bosonen zu berechnen. Es existieren bereits erste Rechnun-
gen für die dominanten Beiträge der Zweischleifenkorrekturen in der Literatur. Des Weiteren
wäre es wünschenswert, die auf Einschleifen-Niveau korrigierten Vertizes zur Verfügung zu
haben. All diese Teile zusammengenommen erlauben es, phänomenologische Vorhersagen für
den Higgs-Sektor des NMSSMs zu machen, die es ermöglichen sollten diesen von den Higgs-
Sektoren des MSSMs oder des SMs zu unterscheiden.
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CHAPTER 1

Introduction

The field of particle physics concerns itself with understanding elementary particles and fun-
damental interactions. The breakthrough in finding a theory that describes the world of
elementary particles happened during the 1960s and 70s, when the Standard Model of Parti-
cle Physics (SM) [1–3], as we know it today, took form. Since then tremendous experimental
efforts have been undertaken to confirm the SM predictions.

Huge particle colliders were built to probe nature at ever higher energies. One of the first
really big collider experiments was the proton-antiproton collider at Fermilab, the Tevatron.
The name Tevatron refers to its beam energy of up to 1 TeV. It began operation in 1983
and ran – with intermissions due to upgrades – until this year. During this long period of
data taking many discoveries were made, with the most important one certainly being the
discovery of the top quark in 1995. Precision measurements of the top quark mass followed.
The Large Electron-Positron collider (LEP) at CERN was in operation from 1989 until 2000,
when it had to make room for the LHC. One of the major achievements at LEP was the
precision measurement of the Z and W -boson masses. Finally, the Large Hadron Collider
(LHC) in the former LEP tunnel at CERN started taking data last year. With a design
energy of 7 TeV per beam the LHC is the most powerful collider ever built. At the moment
it runs at only half the potential beam energy, but it is scheduled to achieve full beam energy
in 2014. One of the big hopes is that the last missing piece of the SM, the Higgs boson, will
finally be found at the LHC.

The Higgs boson plays a crucial role in the framework of the SM, since the Higgs mechanism [4]
provides an explanation of how vector bosons can acquire a nonzero mass without violating the
gauge invariance of the SM model. The Higgs mechanism relies on the concept of spontaneous
electroweak symmetry breaking. As a relic of this mechanism a scalar particle, the Higgs
boson, emerges. Up to now, however, the Higgs boson has eluded discovery at the collider
experiments. Nevertheless, the experiments have set bounds on the mass of the SM Higgs
boson.

However, there are hints that the SM is not complete or might just be the limit of a more
complex underlying theory. There are several possible extensions that are considered by the-
orists. On of them is supersymmetry [5], which introduces superpartners to the SM particles
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1. Introduction

and thereby resolves some of the insufficiencies of the SM. In fact, this thesis concerns itself
with a supersymmetric extension of the SM. Other examples for theories beyond the SM are
theories with extra dimensions or string theory, which even aspires to provide a theory of
everything someday. Of course, all these new theories have to reproduce the well-established
SM results. But they also make new predictions which differ from those of the SM. There-
fore, it is essential to take these new predictions into consideration when interpreting the
experimental data.

In this thesis the Higgs sector of the complex Next-to-Minimal Supersymmetric extension
of the Standard Model (NMSSM) [6, 7] is studied. To be more precise, the full one-loop
calculation of the Higgs bosons masses in the complex NMSSM applying a diagrammatic
approach is presented. As the one-loop corrections to the Higgs boson masses involve divergent
contributions, we need to perform a renormalization procedure. To this end, we employ a
renormalization scheme that mixes on-shell and DR renormalization conditions. In the special
case of the real NMSSM, a pure on-shell and a pure DR scheme were implemented as well.
The accurate calculation of the loop-corrected masses is an important contribution to the
phenomenological predictions for the NMSSM Higgs sector. If the LHC finds a Higgs signal,
it will be especially crucial to have precise predictions from the various models to determine
what “kind” of Higgs was actually discovered.

The Higgs sector of the NMSSM is much more complicated than that of the SM. The SM Higgs
sector consists of one complex Higgs doublet field. When going to a supersymmetric theory
one needs at least two complex doublet fields. This minimal extension is called the Minimal
Supersymmetric Standard Model (MSSM) and features five Higgs bosons: two charged Higgs
bosons and three neutral Higgs bosons. In the CP-conserving case two of the neutral Higgs
bosons are CP-even and one is CP-odd. In comparison to the MSSM, the NMSSM is extended
by one additional complex singlet field. This results in a total of seven Higgs bosons in the
NMSSM: two charged Higgs bosons and five neutral Higgs bosons. In the CP-conserving case
three of the neutral Higgs bosons are CP-even and two of them are CP-odd. In the NMSSM
there can be additional decay channels, such as a light CP-even Higgs boson decaying into a
pair of even lighter CP-odd Higgs bosons. Such additional decay channels might lead to the
light CP-even Higgs boson escaping detection. Therefore, it is important to incorporate such
new possibilities into the analysis of the experimental data.

Furthermore, the number of Higgs bosons is not the only thing that increases when going from
the SM to supersymmetric models. In the SM the Higgs mass is the only free parameter of the
Higgs sector. However, in the NMSSM there are at least twelve parameters, some of which
can be complex. The enlarged parameter set can lead to new effects in the phenomenology
of the Higgs sector. Therefore, it is instructive to study the dependence of the Higgs boson
masses on these different parameters by means of some example scenarios.

The thesis is structured as follows. Chapter 2 consists of two main parts. In the first part
(Section 2.1), a brief overview of the key features of the SM is given. Its insufficiencies are
also brought to the readers attention. One of them, the hierarchy problem, is considered in
more detail and supersymmetry is offered as a solution. Hence, the second part of Chapter 2
(Section 2.2) presents the core ideas and concepts of supersymmetry.

In Chapter 3 the NMSSM is introduced. After establishing the theoretical background of the
NMSSM by presenting the particle content (Section 3.1) and commenting on the NMSSM
Lagrangian, which can be derived from the superpotential (Section 3.2), we motivate the
NMSSM in Section 3.3 by explaining its advantages, especially in comparison to the MSSM.
Section 3.4 is devoted to the NMSSM Higgs sector at tree-level. In a detailed discussion

2



the Higgs mass matrix is derived from the Higgs potential using the tadpole conditions to
simplify the mass matrix. If not stated otherwise, the more general case of the complex
NMSSM is considered, although the simplifications which occur when restricting oneself to
real parameters are always mentioned explicitly. At the end of this section an overview of the
parameters of the Higgs sector is given. Section 3.5 deals with the neutralino and chargino
sectors of the NMSSM at tree-level. They are presented explicitly, since we make use of
renormalization conditions from these sectors in our renormalization schemes.

Chapter 4 describes the renormalization procedure and the calculation of the one-loop Higgs
boson masses. It begins with some general remarks on renormalization, introduces the coun-
terterm formalism and states the typical renormalization conditions for the masses of scalars,
fermions and vector bosons. Section 4.2 lists all counterterms necessary to renormalize the
NMSSM Higgs sector. From then on we separate the real and the complex NMSSM strictly.
Since the real NMSSM is less complicated, the whole renormalization procedure for the Higgs
sector is at first only described in this restricted model and the complex NMSSM is consid-
ered later on. Section 4.3 presents different methods for the calculation of the one-loop Higgs
boson masses in the real NMSSM. The calculation of the mixing matrix elements of the Higgs
sector in the real NMSSM at one-loop is described in Section 4.4. Section 4.5 comments on
the mixing of the Higgs bosons with the Goldstone boson at one-loop. Finally, the different
renormalization schemes used for the real NMSSM are discussed in Section 4.6. Then we
move on to the complex NMSSM. Once again the calculation of the one-loop Higgs boson
masses and the mixing matrix elements at one-loop is explained. Finally, Section 4.9 deals
with the renormalization scheme chosen for the complex NMSSM.

Chapter 5 contains the numerical analysis. After defining the necessary input parameters
in Section 5.1, a few scenarios that exemplify some of the typical higher order effects are
investigated, both in the real NMSSM (Section 5.2) and in the complex NMSSM (Section 5.3).
For the real NMSSM we also apply the experimental exclusion limits. For the analysis of the
complex NMSSM we consider scenarios that display CP-violation in the Higgs sector already
at tree-level, as well as one scenario where CP-violation is induced at one-loop level.
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CHAPTER 2

Standard Model of Particle Physics and Supersymmetry as its Extension

This chapter very briefly summarizes the key features of the Standard Model of Particle
Physics. After mentioning some of the insufficiencies of the Standard Model, supersymmetry
is offered as a possible solution to some of the problem of the Standard Model.

2.1 The Standard Model of Particle Physics

The Standard Model of Particle Physics (SM) [1–3] describes the world of elementary particles
and the fundamental interactions1. So far, the phenomenology predicted by the SM is in
remarkable agreement with the precision measurements at the collider experiments such as
LEP and Tevatron or at present the LHC. These experiments did not only lead to the discovery
of all particles predicted by the SM except for the Higgs boson, but also tested the theory at
a precision level of 10−3.

The SM is a renormalizable non-abelian gauge theory based on the group represented by the
direct product SU(3)C ⊗ SU(2)L ⊗U(1)Y , with the gauge symmetry SU(2)L ⊗U(1)Y being
spontaneously broken to U(1)em. The SU(3)C gauge group describes the strong interaction.
The corresponding gauge boson is the gluon. The SU(2)L⊗U(1)Y gauge symmetry describes
the electroweak interaction. After electroweak symmetry breaking the corresponding gauge
bosons are the photon, which mediates the electromagnetic interaction, and the vector bosons
W± and Z0, which mediate the weak interaction. The particles of the SM can be arranged
according to their transformation properties under the different gauge groups (see Table 2.1).

Firstly, there are the fermionic spin 1/2 particles, the leptons and the quarks. These are
often referred to as matter particles since they are the constituents of matter. The leptons
and quarks are divided into three generations. The 2nd and 3rd generation are basically
heavier copies of the first. In the case of the leptons these generations combine a lepton with
electric charge Q = −1 and a neutral lepton (the neutrino). The leptons are: the electron,

1Strictly speaking only the interactions relevant at the subatomic level are included. Hence, gravity is not
incorporated in the SM.
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name field (SU(3)C ⊗ SU(2)L ⊗ U(1)Y )

leptons
L = (νL, eL)T (1,2,−1/2)

e†R (1,1, 1)

quarks
Q = (uL, dL)T (3,2, 1/6)

u†R (3,1,−2/3)

d†R (3,1, 1/3)

Higgs φ = (φ+, φ0)T (1,2, 1/2)

Table 2.1: Matter particles and Higgs doublet in the SM and their corresponding quantum numbers.
The generation indices on the quark and lepton fields, as well as the color indices on the quark fields
were omitted.

the muon, the tau and the corresponding neutrinos. The left-handed components of the
leptons transform as a doublet under the SU(2)L transformation, whereas the right-handed
components transform as singlets. Up to now there is only indirect evidence of right-handed
neutrinos, provided by the neutrino oscillation experiments. Additionally, these experiments
set the upper bound on the mass of the neutrinos at very small values. As a consequence right-
handed neutrinos are not included in the SM and the left-handed neutrinos are assumed to be
massless. The different quarks are: the up-type quarks (up, charm, top) and the down-type
quarks (down, strange, bottom). The up-type quarks carry an electric charge of Q = 2/3 and
the down-type quarks carry an electric charge of Q = −1/3. Just as for the leptons the left-
handed components of the quarks transform as a doublet under the SU(2)L transformation
and the right-handed components as a singlet. In contrast to the leptons the quarks also
carry a color charge (red, blue, green) and therefore also interact via the strong interaction.

Furthermore, there are the spin 1 vector bosons, as mentioned above, which mediate the
interactions. In a theory with exact gauge symmetry all gauge bosons are massless by con-
struction. But since the W - and Z-bosons are known to be massive, gauge symmetry breaking
has to take place. To avoid explicit symmetry breaking, the SU(2)L⊗U(1)Y is spontaneously
broken via the Higgs mechanism [4]. In the Higgs mechanism a complex doublet φ of spin
zero fields is introduced (see Table 2.1). When the neutral component of the doublet acquires
a vacuum expectation value (VEV) the electroweak symmetry is spontaneously broken and
the W - and Z-bosons, as well as all particles coupling directly to the Higgs field, acquire a
mass. A relic of this mechanism is one physical spin zero particle, the Higgs boson. This is
the only SM particle not yet discovered. The Higgs search is one of the major goals of the
LHC.

2.1.1 Problems of the Standard Model

Despite the tremendous success of the SM, it displays some insufficiencies. The obvious
shortcomings are certainly that the SM fails to explain several experimental results.

• Neutrino oscillation experiments have shown that neutrinos do have mass [8]. Of course,
this also implies that right-handed neutrinos have to exist. But in the SM the neutrinos
are assumed to be massless and the right-handed neutrinos are not included at all.
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• Cosmological measurements have established that about 25% of the matter and energy
density of the universe consists of so-called cold dark matter. The SM, however, does
not offer an adequate dark matter candidate.

• The CP-violation inherent in the SM is not large enough to explain the imbalance of
matter and anti-matter observed in the universe.

• Gravity is not included in the SM.

Aside from these experimental arguments there are also some theoretical arguments. For
example, the SM features many parameters (e.g. particle masses, mixing matrix elements and
couplings) whose values need to be adjusted according to the experimental results, since their
values cannot be predicted within the SM. Furthermore, the Higgs mechanism for electroweak
symmetric breaking is put in by hand. There is no dynamical explanation where it comes
from. It would be desirable to have some more fundamental theory, which reduces the number
of parameters and explains the Higgs mechanism. Also, if the SM was a low-energy limit of
some yet unknown fundamental theory, one would expect that the values of the gauge coupling
constants unify in the high energy-limit. In the SM this kind of unification does not occur.
Such a fundamental theory, which is often referred to as “Grand Unified Theory” (GUT),
should also include gravity, which becomes important at the elementary particle level for
very high energies. Another theoretical argument against the SM is the so-called hierarchy
problem [9], which will be considered in more detail in the following section.

2.1.2 The Hierarchy Problem

On the one hand the scale at which electroweak symmetry breaking occurs is experimentally
known to be approximately v ≈ 246 GeV, while on the other hand the SM is expected to be
valid up to the Planck scale MPl ≈ 2.4 · 1018 GeV, at which point new physics is expected to
enter2. The huge difference in these scales turns out to be problematic when considering the
radiative corrections to the Higgs boson mass.

H

f

f

H H

S1

H H

S2

H

Figure 2.1: Radiative corrections to the Higgs boson mass.

Let us assume a theory in which the Higgs field couples to a fermion f and two complex
scalars S1 and S2 in the following way

L = · · · − λfHff − λ2
S |H|2

(
|S1|2 + |S2|2

)
. (2.1)

The Feynman diagrams contributing to the corrections to the Higgs boson mass are shown
in Fig. 2.1. The diagram with the fermion loop (left diagram of Fig. 2.1) yields the radiative

2Gravity should become important at this scale.
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correction

∆m2
H

∣∣∣∣
fermion-loop

= −
λ2
f

8π2
· Λ2 + · · · (2.2)

with Λ being the cutoff introduced to regularize the loop integral. The ellipsis stand for
additional terms logarithmic in Λ which are not of interest here. Under the assumption that
new physics enters at MPl, the cutoff should be Λ ≈MPl. Since the radiative corrections are
quadratic in the cutoff3, these corrections are roughly 30 orders of magnitude larger than the
value of m2

H ≈ (100 GeV)2 required by electroweak symmetry breaking. Of course the bare
Higgs mass can be adjusted to just cancel the radiative corrections in the right way, but such
extreme fine-tuning seems unnatural.

Hence, new theories that avoid the hierarchy problem are constructed. One possible solution
is supersymmetry. As will be discussed in detail in the following chapter, supersymmetry
relates bosons to fermions. In fact, the theory we wrote down in Eq. (2.1) takes the first step
to do so, since it contains the same number of bosonic as of fermionic degrees of freedom. So
let us consider the contribution from the scalars (last two diagrams in Fig. 2.1),

∆m2
H

∣∣∣∣
scalar-loops

= +2 ·
λ2
S

16π2
· Λ2 + · · · (2.3)

It is quite obvious, that if the fermionic and scalar coupling were equal, λf = λS , then the two
contributions would cancel one another and render fine tuning unnecessary. This is exactly
what happens in supersymmetric theories.

3These quadratic divergences occur only for scalar particles as the masses of fermions and vector bosons are
protected from them by chiral symmetry and gauge invariance, respectively.
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2.2 Supersymmetry

Supersymmetry (SUSY) [5] is a spacetime symmetry relating bosons to fermions and vice
versa. For detailed introductions to SUSY and reviews see for example [10–12]. Coleman and
Mandula formulated a theorem [13] which states that the maximal set of spacetime symmetry
transformations compatible with relativistic quantum field theory is given by the Poincaré
group. However, in their analysis they only considered Lie algebras. Haag, Lopuszanski
and Sohnius found that if an extended Lie algebra, which also incorporates anticommuting
relations for the symmetry generators4, is used the spacetime symmetry group can be enlarged
by including supersymmetry [14]. The generator of supersymmetry is a fermionic operator Q
that transforms a bosonic into a fermionic state and vice versa:

Q |Boson〉 = |Fermion〉 and Q |Fermion〉 = |Boson〉 . (2.4)

Hence, one specific fermionic single particle state is always related to one specific bosonic
single particle state. They are called each others “superpartners”. The superpartners can be
arranged in a supermultiplet. This supermultiplet contains the same number of fermionic
and bosonic degrees of freedom and the particles in the supermultiplet have the same gauge
transformation properties; i.e. they have the same hypercharge, weak isospin and color charge.
There are two types of supermultiplets in SUSY: the chiral supermultiplet and the vector
supermultiplet. The chiral supermultiplet consists of a two-component Weyl fermion and a
complex scalar field. It is sometimes also referred to as “matter supermultiplet”, because the
matter particles of the SM, i.e. quarks and leptons, and their scalar superpartners can be
arranged in such a multiplet. The gauge bosons of the SM and their fermionic superpartners
can be arranged in vector supermultiplets.

Considering this supermultiplet structure, it is apparent that going from the SM to a su-
persymmetric theory at least doubles the particle content. The supersymmetric theory with
the same gauge structure as the SM and the minimal particle content is called the Minimal
Supersymmetric Standard Model (MSSM). In the MSSM the SM fermions receive spin-0 su-
perpartners, which are named by adding an “s” in front of the fermion’s name and denoted
with a tilde over the SM abbreviation. So, for example the superpartner of the left-handed
top (denoted by tL) is the left-handed5 stop (denoted by t̃L), the superpartner of the right-
handed electron (denoted by eR) is the right-handed selectron (denoted by ẽR), etc. The
gauge bosons before electroweak symmetry breaking, the W+,W−,W 0 and B0 receive spin-
1/2 superpartners, the winos and bino denoted as W̃+, W̃−, W̃ 0 and B̃0. In order to give
masses to up- and down-type quarks and to circumvent anomalies one needs two complex
Higgs doublets. After electroweak symmetry breaking and gauge fixing this results in three
neutral Higgs bosons (one CP-odd and two CP-even ones in the CP-conserving MSSM) and
two charged Higgs bosons. The superpartners of the Higgs bosons are called Higgsinos. It is
important to note that the superpartners are not necessarily mass eigenstates. For example,
the left- and the right-handed sfermions f̃L and f̃R usually mix to form the mass eigenstates
f̃1 and f̃2. Furthermore, the neutral wino and the bino mix with the neutral Higgsinos to
yield the neutralinos, while the charged winos and the charged Higgsinos mix to form the
charginos. In the MSSM there are four neutralinos and two charginos.

One problem that arises when going to a supersymmetric model like the MSSM is that if an
unbroken supersymmetry was assumed, there had to be superpartners of the same mass as

4This is the so-called graduated Lie algebra.
5Since the stop is a scalar “left-handed” does not refer to chirality in this case.
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the corresponding SM particle. Of course, no such particles have been discovered yet and
therefore SUSY has to be broken. Unfortunately, it is not yet known how this supersymmetry
breaking works. Thus “soft breaking” terms are added to the Lagrangian by hand. These soft
breaking terms provide a mass splitting between the SM particles and their superpartners,
making the latter heavier without spoiling the relation between the fermionic and bosonic
couplings to the Higgs boson which led to the cancellations solving the hierarchy problem.

After this short explanation of the core concept of supersymmetry the question arises whether
it is really worth it to introduce so many new particles and parameters. In fact, SUSY offers
solutions to several of the SM problems:

• SUSY solves the hierarchy problem by relating bosons to fermions.

• If R-parity conservation is assumed, SUSY offers a cold dark matter candidate. R-parity
is a multiplicative quantum number. SM particles are assigned R-parity R = +1 and
their superpartners have R-parity R = −1. If R-parity conservation holds, SUSY parti-
cles can only be created in pairs in SM particle collisions. Also, the lightest supersym-
metric particle (LSP) is stable, since it cannot decay any further. The LSP is typically
the lightest neutralino and a possible dark matter candidate.

• In the framework of the MSSM gauge coupling unification can be achieved at the GUT-
scale [15].

• In the electromagnetic theory local gauge invariance leads to a massless spin-1 vector
boson, the photon. Likewise, local supersymmetry leads to a massless spin-2 particle,
the graviton. This graviton would then be the gauge boson mediating gravitation. The
only drawback is that these supersymmetric theories are not renormalizable. But this
can nevertheless be seen as a hint that SUSY might somehow be connected to finding
a quantum theory of gravity.
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CHAPTER 3

The Next-to-Minimal Supersymmetric Extension of the Standard Model

The Next-to-Minimal Supersymmetric Extension of the Standard Model (NMSSM) [6, 7] is,
as the name suggests, a supersymmetric extension of the SM. It is referred to as “next-to-
minimal” since its particle content is extended by one complex singlet field compared to
the minimal possible particle content of any supersymmetric theory with the same gauge
structure as the Standard Model. This chapter will first introduce the NMSSM by presenting
the particle content and the Lagrangian. A short motivation as to why the NMSSM is
worth consideration will be followed by a detailed discussion of the Higgs sector, and of the
neutralino and the chargino sectors. For reviews of the NMSSM see for example [16] or [17].

3.1 Particle Content

The particle content of the NMSSM is given in Table 3.1. The only difference compared to
the MSSM particle content, which was described in the previous chapter, is the addition of
a complex Higgs singlet field S. The first part of the table lists all the chiral supermultiplets
while the second part lists the gauge supermultiplets. The first column gives the name of
the superfield, which is always denoted by a hat. The second column gives the superpart-
ners which form the supermultiplet. Since the NMSSM is supposed to be a supersymmetric
extension of the SM, there are of course the quarks and the leptons, as well as their corre-
sponding superpartners the squarks and the sleptons. For simplicity only the first generations
of the quarks/squarks and leptons/sleptons are included in the table. The other generations
obviously have the same gauge transformation properties as the first ones. To cover the
quark/squark sector three superfields are needed. The left-handed up- and down-type quarks
and squarks can be combined into the doublets Q and Q̃, which make up the superfield Q̂.
The right-handed up- and down-type quarks and squarks, however, have to be considered
separately and can be arranged into the two superfields û and d̂. It is common to use the
conjugate right-handed fields so that they transform as left-handed fields. The arrangement
in the lepton/slepton sector is quite similar. The left-handed electron and neutrino fields
are combined in the superfield L̂, while the right-handed electron fields are included in ê.
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chiral supermultiplets spin-0 spin-1/2 (SU(3)C ⊗ SU(2)L ⊗ U(1)Y )

quark/squark Q̂ Q̃ = (ũL, d̃L)T Q = (uL, dL)T (3,2, 1/6)

û ũ∗R u†R (3,1,−2/3)

d̂ d̃∗R d†R (3,1, 1/3)

lepton/slepton L̂ L̃ = (ν̃e, ẽL)T L = (νe, eL)T (1,2,−1/2)

ê ẽ∗R e†R (1,1, 1)

Higgs/Higgsino Ĥu Hu = (H+
u , H

0
u)T H̃u = (H̃+

u , H̃
0
u)T (1,2, 1/2)

Ĥd Hd = (H0
d , H

−
d )T H̃d = (H̃0

d , H̃
−
d )T (1,2,−1/2)

Ŝ S S̃ (1,1, 0)

gauge supermultiplets spin-1/2 spin-1 (SU(3)C ⊗ SU(2)L ⊗ U(1)Y )

gluon/gluino g̃ g (8,1, 0)

W-boson/wino W̃±, W̃ 0 W±,W 0 (1,3, 0)

B-boson/bino B̃0 B0 (1,1, 0)

Table 3.1: Particle content of the NMSSM. The upper table lists the matter particles that can be
arranged in chiral supermultiplets. The lower table displays the gauge particles in gauge supermulti-
plets. For readability the generation indices on the quark and lepton fields, as well as the color indices
on the quark fields, were omitted. For the hypercharge Y the convention Q = I3W + Y , with Q being
the electric charge and I3W the third component of the weak isospin, is used.

In the Higgs sector we have the two Higgs doublets necessary to generate masses for both
up- and down-type quarks and to avoid anomalies. They are denoted by Ĥu and Ĥd. When
acquiring a vacuum expectation value, the neutral component of the scalar superpartner of
the superfield Ĥu, namely H0

u, gives masses to the up-type quarks. Likewise H0
d generates

the masses for the down-type quarks and the charged leptons. In addition to these, there is a
complex singlet field Ŝ. The addition of this singlet field results in slightly more complicated
Higgs and neutralino sectors. Instead of three neutral Higgs bosons, as in the MSSM, there
are now five neutral Higgs bosons after gauge fixing. So including the two charged Higgs
bosons, there are a total of seven Higgs bosons in the NMSSM, compared to only five in the
MSSM. As mentioned earlier, the superpartners of the Higgs, the Higgsinos, mix with the
gauginos to form the neutralinos and charginos. The number of charged Higgs bosons in the
NMSSM is the same as in the MSSM. Hence, there is no change in the chargino sector. But
due to the addition of the singlino S̃, there are now five instead of only four neutralinos. The
Higgs sector, as well as the neutralino and chargino sector, will be considered in more detail
later in this chapter.

3.2 The NMSSM Lagrangian

The Lagrangian of the NMSSM is given by

LNMSSM = Lsusy + Lsoft + Lfix + Lghost (3.1)

Lsusy contains all kinetic terms and interactions of the theory with exact unbroken supersym-
metry. Once the particle content, the gauge structure and the superpotential are given, it can
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be constructed according to the general rules summarized in Appendix A. The gauge struc-
ture of the NMSSM is of course the same as in the SM, namely SU(3)C ⊗ SU(2)L ⊗ U(1)Y .
The particle content is given in Table 3.1 and the NMSSM superpotential W is given by

W = ûYu
(
Q̂TεĤu

)
− d̂Yd

(
Q̂TεĤd

)
− êYe

(
L̂TεĤd

)
+ λŜ

(
ĤT
u εĤd

)
+

1

3
κŜ3. (3.2)

Here the couplings Yu, Yd, Ye, λ and κ are dimensionless and

ε =

(
0 1
−1 0

)
. (3.3)

In this notation the generation indices were suppressed – written with all indices ûYu
(
Q̂TεĤu

)
reads ûiY ij

u

(
Q̂j,aεabĤ

b
u

)
with a, b ∈ {1, 2} and i, j ∈ {1, 2, 3}. Furthermore, the Yukawa

couplings Yu, Yd and Ye are taken to be diagonal 3×3 matrices. Hence, the model considered
here does not allow for generation mixing.

Lsoft contains all soft supersymmetry breaking terms. It is chosen in such a way that all terms,
which lead to a mass splitting between the masses of the SM particles and their superpartners,
and at the same time do not spoil the cancellation of the quadratic divergences in the loop
corrections to the Higgs boson masses, are included [18],

Lsoft =−m2
Q̃L
Q̃†Q̃−m2

ũR
|ũR|2 −m2

d̃R
|d̃R|2 −

(
TYu ũ

∗
R

(
Q̃TεHu

)
− TYd d̃

∗
R

(
Q̃TεHd

)
+ c.c

)
+

−m2
L̃L
L̃†L̃−m2

ẽR
|ẽR|2 +

(
TYe ẽ

∗
R

(
L̃TεHd

)
+ c.c.

)
+

−m2
HuH

†
uHu −m2

Hd
H†dHd −mS |S|2 −

(
Tλ
(
HT
u εHd

)
S +

1

3
TκS

3 + c.c.

)
+

− 1

2

(
M1B̃

0B̃0 +M2W̃
iW̃ i +M3g̃g̃ + c.c.

)
. (3.4)

In order to parametrize the unknown supersymmetry breaking mechanism, soft supersym-
metry breaking mass parameters and trilinear couplings are introduced. The SUSY breaking
mass parameters are introduced solely for the scalar superpartners in the chiral supermul-
tiplets, but not for their fermionic superpartners, as well as for the gauginos. The trilinear
breaking parameters reflect the structure appearing in the superpotential and are denoted by
Ti, with i = {λ, κ, Yu, Yd, Ye}, depending on which coupling in the superpotential they cor-
respond to. Note that this notation differs from the often used notation where the trilinear
couplings Ti are replaced by i ·Ai.

The part of the Lagrangian which contains the gauge fixing terms is given by

Lfix =− 1

2ξG
(∂µG

aµ)2 − 1

2ξA
(∂µA

µ)2 − 1

2ξZ

(
∂µZ

µ +MZξZG
0
)2

+

− 1

2ξW

∣∣∂µW+µ + iMW ξWG
±∣∣2 . (3.5)

Here Gaµ stands for the gluon fields, Aµ for the photon field, Wµ for the W -boson, Zµ

for the Z-boson and G0 and G± for the neutral and charged Goldstone boson, which will
be introduced in Section 3.4.3. Throughout this thesis the ’t Hooft-Feynman gauge will be
used, i.e. ξG = ξA = ξZ = ξW = 1. This results in the propagators of the vector bosons
being proportional to the Minkowski metric gµν . Furthermore this choice of gauge sets the
Goldstone boson masses to be mG0 = MZ and mG± = MW . Fixing the gauge leads to
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unphysical polarizations for the vector bosons. In order to eliminate those the Fadeev Popov
ghosts [19] are introduced in Lghost. Since this part is not of any importance for this thesis it
will not be considered here any further.

For a detailed discussion of the NMSSM Lagrangian and a derivation of all NMSSM Feynman
rules see [16] and [20].

3.3 Motivation for the NMSSM

After having introduced the main features of the NMSSM, it is inevitable to answer the
question of why one should go to this more complicated supersymmetric model and why we
chose the model set up as we did. As it is always done in physics one starts with the simplest
possible model. In supersymmetry this is the MSSM. But the MSSM has some shortcomings.
The main issue is the so-called “µ-problem” [21]. In order to understand this µ-problem it is
helpful to have a closer look at the MSSM superpotential

WMSSM = ûYu
(
Q̂TεĤu

)
− d̂Yd

(
Q̂TεĤd

)
− êYe

(
L̂TεĤd

)
+ µ

(
ĤT
u εĤd

)
. (3.6)

Just as in the NMSSM there are the three terms, necessary to generate masses for the quarks
and charged leptons, which couple the quarks and leptons to the Higgs doublets. However,
the mixing of the Higgs doublets Ĥu and Ĥd is generated by the term µ

(
ĤT
u εĤd

)
. The pa-

rameter µ, which has the dimension mass, is already present in the theory before electroweak
symmetry breaking (EWSB) takes place. But before electroweak symmetry breaking there
are only two natural scales: either µ = 0 or µ ≈ MPl. If, however, µ is set to zero the
two Higgs doublets do not mix at all, which causes the minimum of the Higgs potential to
occur at 〈Hd〉 = 0, which in turn leads to massless down-type fermions and is therefore not
desirable. The other choice is to take µ to be of the order of the Planck scale. Unfortunately,
this reintroduces the hierarchy problem all over again because the masses of the scalar Higgs
boson acquire corrections proportional to µ2. So, the only option we are left with is to adjust
µ by hand to be of the order of the electroweak scale. In the NMSSM this adjustment by hand
is avoided by generating the µ term dynamically via the new singlet field S. The NMSSM
scalar superpotential contains the term λS

(
HT
u εHd

)
. If S acquires a vacuum expectation

value 〈S〉, this term is comparable to the µ term of the MSSM.

λS
(
HT
u εHd

) EWSB−−−−→ λ 〈S〉
(
HT
u εHd

)
←→ µ = λ 〈S〉 (3.7)

This explains the second to last term in the NMSSM superpotential given in Eq. (3.2) and
leaves us to wonder why the last term cubic in Ŝ was introduced. Without this cubic term
the model would posses an additional U(1) symmetry, a Peccei-Quinn (PQ) symmetry [22].
In the MSSM this symmetry is explicitly broken by the µ term. In a NMSSM model without
the cubic term, however, the PQ symmetry would be spontaneously broken when S acquires
a VEV. This would lead to the appearance of a massless scalar in the Higgs sector, the
PQ-axion [23]. Since such an axion has not been observed, this would impose tremendous
constraints on the parameter space. Hence, the term cubic in Ŝ is added to the superpotential
to break the PQ symmetry explicitly and to avoid the PQ-axion.

Aside from solving the µ problem the NMSSM provides an extended Higgs sector. This is
advantageous since the Higgs sector of the MSSM is highly restricted. In the MSSM the
lightest CP-even Higgs boson is at tree-level predicted to be lighter than the Z-boson. Only
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large quantum corrections raise the mass above the LEP bounds. In the NMSSM, scenarios
with the mass of the lightest CP-even Higgs boson above the mass of the Z-boson already at
tree-level are possible. Furthermore, the Higgs sector is less restricted allowing for example
for scenarios with a CP-odd Higgs boson so light that the lightest CP-even Higgs boson can
decay into two CP-odd ones and thereby escape detection.

Finally, the MSSM Higgs sector is CP-conserving at tree-level and CP-violation is only in-
duced by higher order corrections, whereas in the NMSSM a CP-violating Higgs sector at
tree-level is possible.

3.4 The Higgs Sector at Tree-Level

In this section, the Higgs sector of the complex NMSSM will be discussed at tree-level; i.e all
parameters are taken to be complex. As the Higgs is the only SM particle not yet discovered,
although it plays a crucial role, since it generates the masses of the other particles via the
Higgs mechanism, investigating the Higgs sectors of alternative theories is of special interest,
since these theories should also be considered in the experimental searches for the Higgs
boson.

3.4.1 The Higgs Potential

The Higgs potential1 of the NMSSM consists of the F-terms, D-terms and the soft SUSY
breaking terms

V = VF + VD + Vsoft. (3.8)

The F-terms are called F-terms, since they emerge when the auxiliary field F is eliminated
from the chiral Lagrangian (see Appendix A). The auxiliary field F has no kinetic term and
therefore does not propagate. Such an auxiliary field is needed in a chiral supermultiplet
to ensure that the bosonic and fermionic degrees of freedom are equal even off-shell. When
going on-shell, the Lagrangian equations of motion for the F field can be used to eliminate
it in favor of the other fields. The F-terms of the Higgs potential can be calculated from the
scalar superpotential2 W and are given by

VF =
∑
i

∣∣∣∣δWδφi
∣∣∣∣2 with φ = (Hu, Hd, S) (3.9)

⇒ VF =|λ|2|S|2
(
H†uHu +H†dHd

)
+
∣∣λ (HT

u εHd

)
+ κS2

∣∣2 . (3.10)

The D-terms result from the elimination of the auxiliary field D, required to close the super-
symmetry of gauge supermultiplets off-shell. They can be calculated by

VD =
1

2

∑
i,j

g2
a

(
φ†iT

aφi
)(
φ†jT

aφj
)

with φ = (Hu, Hd). (3.11)

Here Ta are the generators of the gauge groups and ga are the corresponding gauge couplings.
For U(1)Y there is one generator, the hypercharge operator Y and the gauge coupling is g1.

1The Higgs potential is the part of the potential bilinear in the Higgs fields
2The scalar superpotential is obtained from the superpotential in terms of the superfields by replacing the
superfields by their scalar component fields.
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3. The Next-to-Minimal Supersymmetric Extension of the Standard Model

The generators for the SU(2)L are IaW = σa/2 (with a = 1, 2, 3 and σa the Pauli matrices)
and the gauge coupling is g2. With σaijσ

a
kl = 2δilδjk − δijδkl, this leads to the D-terms

VD =
1

2
g2

2

∣∣H†uHd

∣∣2 +
1

8

(
g2

1 + g2
2

) (
H†uHu −H

†
dHd

)2
. (3.12)

The soft SUSY breaking terms can be read from Lsoft (see Eq. (3.4))

Vsoft = m2
HuH

†
uHu +m2

Hd
H†dHd +mS |S|2 +

(
Tλ
(
HT
u εHd

)
S +

1

3
TκS

3 + c.c.

)
. (3.13)

The doubletsHu andHd each consist of one charged and one neutral component. The complex
neutral fields can be expanded around the vacuum expectation values v{u/d}/

√
2 and written

in terms of two real fields h{u/d} and a{u/d}, i.e.

Hd =

(
1√
2

(vd + hd + iad)

H−d

)
and Hu = eiφu

(
H+
u

1√
2

(vu + hu + iau)

)
. (3.14)

The same can be done for the neutral Higgs singlet field

S =
1√
2

eiφs (vs + hs + ias) . (3.15)

Due to the phases φu and φs, which were introduced in the parametrization for Hu and S,
the values for vd, vu and vs can always be chosen to be real and non-negative3. The fields
hu, hd, hs, au, ad and as are real fields whereas H+

u and H−d are complex fields, but neither
of them are mass eigenstates and are thus usually referred to as interaction eigenstates. In
the special case of the real NMSSM (i.e. if all parameters are taken to be real) the h- and
the a-fields do not mix, because the h fields are CP-even, while the a-fields are CP-odd and
CP-conservation holds for the real NMSSM.

3.4.2 The Tadpole Conditions

The vacuum expectation values of the Higgs fields are given by

〈Hd〉 =

(
vd√

2

0

)
, 〈Hu〉 = eiφu

(
0
vd√

2

)
and 〈S〉 = eiφs vs√

2
. (3.16)

They are called vacuum expectation values (VEVs) since the Higgs potential V has a global
nontrivial minimum when the fields assume their VEVs. Therefore, the first derivatives of the
Higgs potential V with respect to the Higgs fields obviously have to vanish at the minimum.
This fact immediately yields the so-called tadpole conditions:

thd :=

〈
∂V

∂hd

〉
=
|λ|2

2
vd
(
v2
s + v2

u

)
+

(
g2

1 + g2
2

)
8

vd
(
v2
d − v2

u

)
−Rλvsvu −

R

2
v2
svu + vdm

2
Hd

!
= 0 ,

thu :=

〈
∂V

∂hu

〉
=
|λ|2

2
vu
(
v2
s + v2

d

)
+

(
g2

1 + g2
2

)
8

vu
(
v2
u − v2

d

)
−Rλvsvd −

R

2
v2
svd + vum

2
Hu

!
= 0 ,

ths :=

〈
∂V

∂hs

〉
=
|λ|2

2
vs
(
v2
d + v2

u

)
+ |κ|2v3

s −Rvdvsvu −Rλvdvu +Rκv
2
s +m2

svs
!

= 0 ,

3Any phase of Hd could be rotated away by gauge transformation. Hence, φd is taken to be zero.
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tad :=

〈
∂V

∂ad

〉
= Iλvsvu +

I

2
v2
svu

!
= 0 ,

tau :=

〈
∂V

∂au

〉
= Iλvsvd +

I

2
v2
svd

!
= 0 ,

tas :=

〈
∂V

∂as

〉
= −Ivdvsvu + Iλvdvu − Iκv2

s
!

= 0 , (3.17)

where
〈
. . .
〉

denotes the vacuum. For simplicity the abbreviations

R = |λ||κ| cos (φu − 2φs + φλ − φκ) , I =|λ||κ| sin (φu − 2φs + φλ − φκ) ,

Rλ =
|Tλ|√

2
cos (φu + φs + φTλ) , Iλ =

|Tλ|√
2

sin (φu + φs + φTλ) ,

Rκ =
|Tκ|√

2
cos (3φs + φTκ) and Iκ =

|Tκ|√
2

sin (3φs + φTκ)

(3.18)

were used. In these relations the complex parameters λ, κ, Tλ and Tκ were written as

λ = |λ| · eiφλ , κ = |κ| · eiφκ , Tλ = |Tλ| · eiφTλ and Tκ = |Tκ| · eiφTκ . (3.19)

At tree-level the tadpole parameters ti (i = hd, hu, hs, ad, au, as) in Eq. (3.17) have to vanish.
As mentioned earlier, this is just the minimum condition for the Higgs potential and ensures
that no terms linear in the Higgs fields appear in the Lagrangian. The tadpole parameters
are only kept for bookkeeping reasons to keep track of where the tadpole relations were used.
This is necessary if one considers higher order corrections, since then the tadpole relations
have to be modified. The first three tadpole equations can be used to eliminate the soft
SUSY breaking mass parameters m2

Hd
, m2

Hu
and m2

s in favor of the tadpole parameters thd ,
thu and ths . In the case of the real NMSSM (i.e. all phases set to zero) the last three tadpole
conditions originating from the derivatives with respect to the CP-odd a-fields are not of any
interest because they are automatically satisfied (since I = Iκ = Iλ = 0 for real parameters).
In the complex case they allow us to eliminate Iκ and Iλ in favor of tad and tas . Note that
the equations for tad and tau are linearly dependent, hence considering only one is sufficient.

3.4.3 The Mass Matrices for the Neutral Higgs States

Using the tadpole conditions and the fact that the tadpole parameters vanish at Born level,
the part of the Lagrangian bilinear in the Higgs fields can be rewritten in the basis(

φT
a ,φ

T
h

)
= (ad, au, as, hd, hu, hs) as

L
∣∣∣
bil,Higgs

= −1

2

(
φT
a ,φ

T
h

)
MHiggs

(
φa
φh

)
= −1

2

(
φT
a ,φ

T
h

)(Ma Mah

Mha Mh

)(
φa
φh

)
.

(3.20)

The mass matrix can be split into three submatrices: one for the CP-odd Higgs states Ma,
which reads

Ma =

(2Rλ +Rvs)
vsvu
2vd

(2Rλ +Rvs)
vs
2 (Rλ −Rvs) vu

(2Rλ +Rvs)
vs
2 (2Rλ +Rvs)

vdvs
2vu

(Rλ −Rvs) vd
(Rλ −Rvs) vu (Rλ −Rvs) vd (Rλ + 2Rvs)

vdvu
vs
− 3Rκvs

 , (3.21)
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one for the CP-even Higgs states Mh given by

Mh =

m
(11)
h m

(12)
h m

(13)
h

m
(12)
h m

(22)
h m

(23)
h

m
(13)
h m

(23)
h m

(33)
h

 ,

m
(11)
h =

(
g2

1 + g2
2

)
4

v2
d + (Rvs + 2Rλ)

vsvu
2vd

,

m
(12)
h =

(
4|λ|2 − g2

1 − g2
2

)
4

vdvu −Rλvs −R
v2
s

2
,

m
(13)
h =|λ|2vdvs − vu (Rvs +Rλ) ,

m
(22)
h = (2Rλ +Rvs)

vdvs
2vu

+

(
g2

1 + g2
2

)
4

v2
u ,

m
(23)
h =|λ|2vsvu − (Rvs +Rλ) vd ,

m
(33)
h =2|κ|2v2

s +Rλ
vdvu
vs

+Rκvs ,

(3.22)

and one which indicates the mixing of the CP-even and CP-odd states

Mah =MT
ha =

I

2
·

 0 0 vsvu
0 0 vdvs

−3vsvu −3vdvs 4vdvu

 . (3.23)

It can easily be seen that in general the CP-even and the CP-odd Higgs bosons mix. Only
for the case I = 0, there is no mixing and CP is conserved. I = 0 holds for example for real
parameters, but some special phase combinations (e.g. φu = 2φs = φλ = φκ) conserve CP as
well, at least at tree-level.

In order to simplify the Higgs mass matrix further, the vacuum expectation values vu and vd
are usually replaced by the two parameters tanβ and v. tanβ is the ratio of vu and vd and
v2 is the sum of the squares

tanβ =
vu
vd
, v2 = v2

d + v2
u, ⇐⇒ vd = v · cosβ, vu = v · sinβ . (3.24)

The Goldstone Boson

Applying a basis change of the form(
ad
au

)
=

(
−cosβn sinβn

sinβn cosβn

)(
G
a

)
, (3.25)

will enable us to decouple the massless Goldstone boson G from the Higgs sector. The mass
matrix can be written in this new basis φ′a = (G, a, as)

L
∣∣∣
bil,higgs

= −1

2

(
φ′Ta ,φ

T
h

)
M′Higgs

(
φ′a
φh

)
= −1

2

(
φ′Ta ,φ

T
h

)(M′a M′ah
M′ha Mh

)(
φ′a
φh

)
. (3.26)

At Born level the rotation angle βn is equal to the angle β from the relation tanβ = vu/vd.
The distinction, however, is necessary if one wants to perform the renormalization procedure
(see Chapter 4), since β is renormalized whereas βn is not. But for β = βn this rotation
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3.4. The Higgs Sector at Tree-Level

allows us to separate the massless Goldstone boson G. The resulting mass matrices are given
by

M′a =

0 0 0
0 (2Rλ +Rvs) vs/ sin(2β) (Rλ −Rvs) v
0 (Rλ −Rvs) v cosβ sinβ (Rλ + 2Rvs)

v2

vs
− 3Rκvs

 (3.27a)

and M′ah =
(
M′ha

)T
=
Iv

2
·

 0 0 0
0 0 vs

−3vssinβ −3vscosβ 2v sin(2β)

 . (3.27b)

Since the Goldstone boson decouples completely, it is sufficient to consider a 5×5 mass matrix
in the basis (a, as, hd, hu, hs)

T, instead of the 6×6 matrix which includes the Goldstone boson.
In the following the prime will be omitted and the 5 × 5 matrix will be denoted by MHiggs.
It can once again be split into the submatrices Ma (2× 2), Mh (3× 3) and Mah (2× 3).

Diagonalizing the Mass Matrices

Let R be the matrix that diagonalizesMHiggs. Even in the case of the complex NMSSM the
mass matrix MHiggs is always real and symmetric. Hence, the rotation matrix R can always
be chosen to be a real orthogonal matrix (i.e. R−1 = RT).

RMHiggs RT = diag
(
m2
h1 ,m

2
h2 ,m

2
h3 ,m

2
h4 ,m

2
h5

)
⇒ hi = Rij φj (3.28)

with m2
h1 ≤ m

2
h2 ≤ m

2
h3 ≤ m

2
h4 ≤ m

2
h5 and φ = (a, as, hd, hu, hs)

T

The mass eigenstates are denoted as hi, with i = 1 . . . 5. The eigenvalues of the mass matrix,
which are of course the squares of the tree-level Higgs masses, are ordered by ascending mass.
Hence, h1 is the lightest neutral Higgs boson.

In the case of the real NMSSM, it is convenient to consider only Ma and Mh separately.
The rotation matrices diagonalizing these will be denoted as ZA and ZH .

ZAMa (ZA)T = diag
(
m2
a1 ,m

2
a2

)
⇒ ai = (ZA)ij (φa)j with φa = (a, as)

T

(3.29a)

ZH Mh (ZH)T = diag
(
m2
h1 ,m

2
h2 ,m

2
h3

)
⇒ hi = (ZH)ij (φh)j with φh = (hd, hu, hs)

T

(3.29b)

An analytic expression for the eigenvalues of the Higgs mass matrix, as well as for the elements
of the mixing matrix, is only available for special parameter regions which allow simplifying
assumptions (see [24]). Hence, we resort to calculating the eigenvalues and mixing matrix
elements numerically in our analysis.

3.4.4 The Charged Higgs Boson

So far only the neutral Higgs bosons were taken into consideration. The mass matrix for the
charged Higgs boson can also be read from the Higgs potential. In the basis

(
(H−d )∗, H+

u

)
MH± is given by

MH± =

[
(2Rλ +Rvs)

vs
2

+ sin (2β) (g2
2 − 2|λ|2)

v2

8

]
·
(

tanβ 1
1 cotβ

)
. (3.30)
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3. The Next-to-Minimal Supersymmetric Extension of the Standard Model

Here the tadpole relations and the abbreviations defined in Eq. (3.18) were already applied.
MH± can be diagonalized using the real orthogonal rotation matrix

ZT =

(
−cosβn sinβn

sinβn cosβn

)
with

(
(H−d )∗

H+
u

)
= ZT

(
G+

H+

)
. (3.31)

As before, the rotation angle βn equals β at Born level. This leads to a complete decoupling
of the charged Goldstone boson G+. The mass squared of the charged Higgs boson is

M2
H± = (2Rλ +Rvs)vs/ sin(2β) + (g2

2 − 2|λ|2)
v2

4
. (3.32)

3.4.5 Parameters of the Higgs Sector

Since it will be essential to have a good overview of all the parameters appearing in the Higgs
sector when calculating higher order corrections the parameter dependencies discussed above
will be summarized briefly here. In the special case of the real NMSSM we start out with the
following 12 parameters:

g1, g2, vu, vd, vs, |κ|, |λ|, |Tκ|, |Tλ|, m2
Hd
, m2

Hu and m2
s. (3.33)

There are of course the gauge couplings g1 and g2, then the vacuum expectation values vu,
vd and vs and the couplings |κ| and |λ| defined in the superpotential. And finally, there
are the soft SUSY breaking parameters. If the complex NMSSM is considered, there are six
additional phases at first sight:

φu, φs, φκ, φλ, φTκ and φTλ . (3.34)

But not all of these phases appear independently. A closer look at the Higgs mass matrix
reveals that only three phase combinations appear in the Higgs sector, namely those in I, Iλ
and Iκ, which are

φI =φu − 2φs + φλ − φκ,
φIλ =φu + φs + φTλ and (3.35)

φIκ =3φs + φTκ .

The tadpole conditions for tau and tas , however, relate Iλ and Iκ to I. These relations are

Iλ = −I
2
vs and Iκ = −3I

2
· vdvu
vs

. (3.36)

Hence, the phases are not independent. If φI is given, φIλ and φIκ can be calculated via

φIλ = − arcsin

(
vs
|λ||κ|√
2|Tλ|

· sin(φI)

)
and

φIκ = − arcsin

(
3√
2
· vdvu
vs
· |λ||κ|
|Tκ|

· sin(φI)

)
.

(3.37)

Of course, this gives two possible solutions for each of the two phases. Depending on which
solution one picks the sign of Rκ and Rλ changes. Consequently, at tree-level it is sufficient
to select one physical phase and the signs of Rκ and Rλ as input values. The relevance of the
different phases at higher orders will be discussed in Section 4.9.1.
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When calculating the higher order corrections later on, we will use a slightly different param-
eter set than that given in Eq. (3.33). First of all, the soft SUSY breaking masses (m2

Hu
, m2

Hd

and m2
s) and |Tλ| will be replaced by the tadpole parameters (thd , thu and ths) and the mass

of the charged Higgs MH± . The substitution rules for this are

|Tλ| =
(

2v3|λ|2s2βc
2
β−βn − 4v|κ||λ|v2

sc
2
β−βncφI − g

2
2v

3s2βc
2
β−βn − 8cβc

2
βnthu+

− 8sβs
2
βnthd + 4vM2

H±s2β

)/(
4
√

2vvsc
2
β−βncφIλ

)
, (3.38a)

m2
Hd

=
(
− 4v|λ|2v2

sc
2
β−βn + thd

(
16cβnsβsβn + 8cβc

2
βn

)
− 8c2

βnsβthu + 8vM2
H±s

2
β+

− g2
1v

3c2βc
2
β−βn − g

2
2v

3c2
β−βn

)/(
8vc2

β−βn

)
, (3.38b)

m2
Hu =

(
− 4v|λ|2v2

sc
2
β−βn − 8cβs

2
βnthd + thu

(
16cβcβnsβn + 8sβs

2
βn

)
+ 8vc2

βM
2
H±+

+ g2
1v

3c2βc
2
β−βn − g

2
2v

3c2
β−βn

)/(
8vc2

β−βn

)
, (3.38c)

m2
s =
(

4v2|κ||λ|v2
ss2βc

2
β−βncφI + v2|λ|2

(
−8v2

sc
2
β−βn + v2c2

β−βn − v
2c4βc

2
β−βn

)
+

− 16|κ|2v4
sc

2
β−βn − 8

√
2|Tκ|v3

sc
2
β−βncφIκ − g

2
2v

4s2
2βc

2
β−βn − 16vc2

βc
2
βnsβthu+

+ 16vsc
2
β−βnths − 8vsβs2βs

2
βnthd + 4v2M2

H±s
2
2β

)/(
16v2

sc
2
β−βn

)
. (3.38d)

For brevity we used sx = sinx and cx = cosx. Also, the distinction between β originating
from the ratio of the VEVs and βn originating from the mixing matrices was kept. Although
βn = β at tree-level, we will later on introduce counterterms only for β but not for βn.

Furthermore, the gauge couplings and v can be replaced by the electric charge e and the
vector boson masses MW and MZ via the following relations:

v =
2MW

e

√
1−

M2
W

M2
Z

, g1 =
eMZ

MW
and g2 = e

/√
1−

M2
W

M2
Z

. (3.39)

After these substitutions the Higgs mass matrix remains a function of the following parame-
ters:

MW , MZ , e, tanβ, vs, |κ|, |λ|, |Tκ|, M2
H± , thd , thu , ths and all phases. (3.40)

3.5 The Neutralino and Chargino Sectors at Tree-Level

After electroweak symmetry breaking all particles with the same electric charge, the same
color charge and the same spin mix. This leads to the neutral Higgsinos (H̃0

u, H̃0
d and S̃) and

neutral gauginos (W̃ 0 and B̃0) mixing to yield five neutralinos. The mass eigenstates of the
neutralinos will be denoted by χ0

i (i = 1...5). The neutralino mass part of the Lagrangian is
given by

Lχ0mass = −1

2
(ψ0)TMχ0ψ0 + c.c. with ψ0 =

(
B̃0, W̃ 0, H̃0

d , H̃
0
u, S̃

)T
(3.41)

and Mχ0 =


M1 0 −g1vd

2
g1vu

2 e−iφu 0
0 M2

g2vd
2 −g2vu

2 e−iφu 0

−g1vd
2

g2vd
2 0 −λvs√

2
eiφs −λvu√

2
eiφu

g1vu
2 e−iφu −g2vu

2 e−iφu −λvs√
2

eiφs 0 −λvd√
2

0 0 −λvu√
2

eiφu −λvd√
2

√
2κvse

iφs

 . (3.42)
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M1 and M2 are the gaugino soft SUSY breaking mass parameters which were introduced in
Eq. (3.4). Note that generally the parameters M1, M2, as well as λ and κ can be complex.
With the relations given in Eq. (3.39) the neutralino mass matrix can be written in terms of
the following parameters: M1, M2, MZ , MW , e, tanβ, λ, κ, vs, φu and φs. Using the basis
transformation

ψ0
i = Njiχ

0
j ⇒ N∗Mχ0 N † = diag

(
mχ0

1
,mχ0

2
,mχ0

3
,mχ0

4
,mχ0

5

)
(3.43)

Mχ0 can be diagonalized. Here N is a unitary matrix. Once again the convention mχ0
i
≤

mχ0
i+1

is adopted. SinceMχ0 is a fermionic mass matrix4, the eigenvalues of the mass matrix

correspond to the masses. In general the eigenvalues can of course be negative. This is not
really a problem though, since fermions are allowed to have negative masses. If, however, one
wants to avoid negative masses, it is possible to do so by redefining the rotational matrix

N ′ij =

{
Nij if mχ0

i
·mχ0

j
> 0

iNij if mχ0
i
·mχ0

j
< 0.

(3.44)

It might be argued that allowing negative masses is advantageous, since in this case the matrix
N is real.

Likewise, the charged Higgsinos and charged gauginos mix to form the two charginos. The
mass eigenstates of the charginos will be denoted by χ±i (i = 1, 2). The chargino mass part
of the Lagrangian is given by

Lχ±mass = −1

2

(
ψ±
)T( 0 MT

χ±

Mχ± 0

)
ψ± with ψ± =

(
W̃+, H̃+

u , W̃
−, H̃d

−)T
(3.45)

and Mχ± =

(
M2

g2vu√
2

e−iφu

g2vd√
2

λvs√
2

eiφs

)
. (3.46)

Of courseMχ± can be written asMχ±
(
M2,MW , tanβ, λ, vs, φu, φs

)
and it can be diagonalized

using two unitary matrices, denoted by U and V

U∗Mχ± V
† = diag

(
mχ±1

,mχ±2

)
with

(
χ−1
χ−2

)
= U

(
W̃−

H̃−d

)
and

(
χ+

1

χ+
2

)
= V

(
W̃+

H̃+
u

)
.

(3.47)

4In fact, the neutralinos are Majorana fermions, which is why one rotation matrix is sufficient to diagonalize
the neutralino mass matrix.
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CHAPTER 4

Renormalization and Calculation of the One-Loop Higgs Boson Masses

In this chapter the renormalization procedure, which has to be performed when calculating
the one-loop corrected masses of the neutral Higgs bosons, is explained. First of all, there
are some general remarks on renormalization. Then the counterterm formalism and general
renormalization conditions are introduced. After presenting a list of all the counterterms
necessary for the renormalization of the NMSSM Higgs sector, the methods used to calculate
the one-loop masses and the one-loop mixing matrix in terms of the self-energies of the Higgs
sector and the counterterms are described in detail. Finally, a renormalization scheme, which
fixes the counterterms, is chosen. The one-loop masses and the choice of renormalization
scheme are discussed separately for the real and the complex NMSSM.

4.1 General Remarks on Renormalization

When going beyond Born level and considering higher order corrections usually UV-divergent
integrals1 are encountered. However, it turns out that these UV-divergences always cancel
each other when relations of observable parameters (i.e. parameters with physical meaning)
are considered. The free2 parameters in the original Lagrangian, usually referred to as “bare
parameters” are at tree-level directly related to measurable quantities, i.e. physical masses
and coupling constants. By going to higher orders this direct relation is destroyed due to
the divergent loop integrals. To deal with these divergences, one regularizes the divergent
integrals by introducing one or several regularization parameters. There are several possible
regularization methods:

Pauli-Villar regularization: This is the simplest method. In the Pauli-Villar regularization [25]
one argues that the theory is only valid up to a certain scale and therefore introduces
a cutoff parameter. So, if the original upper integration limit was infinity, this infinity
is simply replaced by a cutoff parameter, which is taken to be fairly large but finite.

1For a short summary on loop integrals see Appendix B
2In this context ”‘free”’ means that they are undetermined by the theory.
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4. Renormalization and Calculation of the One-Loop Higgs Boson Masses

Although this method is straightforward, it has a considerable flaw: it breaks gauge
invariance.

Dimensional Regularization: This is the method usually used in SM calculations, since it
preserves Lorentz and gauge invariance. In dimensional regularization [26] the four
dimensions of spacetime are extended to D = 4 − ε dimensions and the divergences
are expressed as powers of 1/ε. For supersymmetric calculations, however, this method
is not appropriate. By extending the spacetime to D dimensions, additional bosonic
degrees of freedom are introduced and supersymmetry is broken thereby.

Dimensional Reduction: This method is a modification of dimensional regularization. The
general idea, however, is the same. But instead of considering both the fields and
the momenta in D dimensions, only the momenta are treated in D dimensions, while
the fields are kept four dimensional. This way dimensional reduction [27] conserves
supersymmetry, and is therefore the method of choice for supersymmetric calculations.

The regularization parameters have of course no physical meaning. So, if one wants to pre-
dict a physical parameter in terms of other physical parameters, one needs a renormalization
procedure which systematically removes parameters with no physical meaning. One possi-
ble approach is to first calculate physical quantities in terms of the bare parameters. These
equations can be solved for the bare parameters. The expressions for the bare parameters
in terms of the physical quantities can be reinserted into the original relations between the
physical quantities and the bare parameters. If there are more physical observables than
bare parameters this results in relations between the physical quantities or rather a predic-
tion for a physical observable in terms of other observables. If the theory is renormalizable
these relations do not depend on the regularization method anymore, i.e. the divergences can-
cel. Although this approach to renormalization always works it can get really complicated.
Therefore a different method which is more formalized is used: the so-called counterterm
formalism.

4.1.1 Counterterm Formalism

In the counterterm formalism each bare parameter (e.g. pbare) of the original Lagrangian is
split into the so-called “renormalized parameter” pren, which is finite and a counterterm δip
which contains the divergent part corresponding to the corrections of ith order

pbare = pren + δ1p+ δ2p+ . . . . (4.1)

Since we only deal with one-loop corrections here, the superscript will be omitted from now
on and δp will denote the first order counterterm. Now, one has to choose renormaliza-
tion conditions which link the renormalized parameters to physical observables by fixing the
counterterms. There are different kinds of renormalization conditions. The two types of
renormalization conditions that are relevant for this thesis are:

On-Shell Renormalization: Applying on-shell renormalization conditions fixes the counter-
terms, so that the renormalized parameters are equal to the physical observables to all
orders of perturbation theory. So, for example if one of the parameters is a mass, the
counterterm δm is chosen so that mren is equal to the physical mass3. Then δm consists

3Physical mass in this context means that the square of the mass is given by the real part of the momentum
squared at which the propagator has its pole.
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4.1. General Remarks on Renormalization

of a finite and a divergent part. If on-shell renormalization is used for all parameters
the result does not depend on the renormalization scale4 Q.

DR Renormalization: Only the part of the bare parameter proportional to ∆ is absorbed
by the counterterm. ∆ consists of the divergent part of the bare parameter and the
constants γE and ln 4π:

∆ =
2

ε
− γE + ln 4π . (4.2)

Here γE is the Euler-Mascheroni constant, γE ≈ 0.5772. If DR renormalization is used
the result still depends on the renormalization scale Q. DR conditions are nevertheless
useful when the parameters cannot easily be connected to physical observables or if
the observables cannot be measured with good accuracy. The DR renormalization is
in principle the same as the MS renormalization, which is usually used in the SM. The
only difference is that DR renormalization uses dimensional reduction, whereas MS
renormalization uses dimensional regularization.

The choice of the set of independent parameters and renormalization conditions for these
parameters is called a renormalization scheme. If the calculations were performed up to
all orders, all renormalization schemes would yield the same results. Of course, this is not
possible. Therefore the difference between several renormalization schemes is a measure for
the theoretical uncertainty due to missing higher order corrections.

Defining the counterterms for all the independent parameters in the Lagrangian is sufficient to
obtain finite S-matrix elements. If one, however, also desires finite Green functions the fields
have to be renormalized as well. In order to do that, the bare field (e.g. φbare) is replaced by
the renormalized field φren multiplied with the square root of a so-called field renormalization
constant Zφ

φbare =
√
Zφ φ

ren =
√

1 + δ1Zφ + δ2Zφ + . . . φren

⇒ φbare =

(
1 +

1

2
δ1Zφ +

1

8
(δ1Zφ)2 +

1

2
δ2Zφ + . . .

)
φren .

(4.3)

Combining the parameter and field renormalization the bare Lagrangian L0 can be split into
the renormalized Lagrangian L and the counterterm Lagrangian δL

L0 = L+ δL . (4.4)

The bare Lagrangian and the renormalized Lagrangian are generally of the same form. The
only difference is that the former depends on bare parameters, whereas the latter depends on
renormalized parameters. Thus, the renormalized Lagrangian is finite and all the divergences
of the bare Lagrangian are absorbed into the counterterm Lagrangian.

4.1.2 Renormalization Conditions

As already mentioned above we need renormalization conditions which tell us what parts
of the bare parameters are to be absorbed into the counterterms, i.e. these renormalization
conditions fix the counterterms. This is usually done by using one-particle irreducible two-
point functions. The two-point function is basically equivalent to the inverse propagator.
Hence, the statement that the real part of the pole of the propagator is at p2 = m2, is

4Appendix B explains why this scale is introduced.
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equivalent to the statement that the real part of the two-point vertex function vanishes if the
external momentum p2 is equal to the mass m2. The renormalized5 two-point function Γ̂S
for a scalar with the physical mass mS is given by

Γ̂S =
p2 p2

S S = i(p2 −m2
S) + iΣ̂S(p2) . (4.5)

Here Σ̂S(p2) is the renormalized self-energy, which consists of the self-energy ΣS(p2) creating
the UV-divergent loop corrections to the mass mS and the counterterm part, which includes
the counterterm δm2

S and the field renormalization constant δZS

Σ̂S(p2) = ΣS(p2) +
(
p2 −m2

S

)
δZS − δm2

S . (4.6)

The form of Σ̂S(p2) can be understood, when considering the bare Lagrangian

L =
1

2

(
p2 −m2

S

)
S2 + . . . , (4.7)

and making the replacements

m2
S → m2

S + δm2
S and S →

(
1 + 1

2δZS
)
S . (4.8)

The counterterms δm2
S and δZS have to be chosen in such a manner that they cancel the

divergences of the loop integrals in the unrenormalized self-energy ΣS(p2), so that the renor-
malized self-energy Σ̂(p2) is finite. If m2

S is to be renormalized on-shell the renormalization
condition reads

Re Γ̂S(m2
S)

!
= 0 ⇒ Re Σ̂S(m2

S) = 0 ⇒ δm2
S = Re ΣS(m2

S) . (4.9)

So, if an on-shell renormalization condition is applied the mass counterterm for a scalar is
determined by the real part of the self-energy evaluated at m2

S .

Similar relations can be derived for vector bosons and fermions. The two-point function
Γ̂Vµν for vector bosons with the mass MV displays an additional Lorentz structure. In the
’t Hooft-Feynman gauge the two-point function reads

Γ̂Vµν(p2) =
p2 p2

Vµ Vν = −igµν(p2 −M2
V )− iΣ̂V

µν(p2) . (4.10)

The on-shell renormalization condition for vector bosons is given by

Re Γ̂Vµν(p2)εν(p2)
∣∣∣
p2=M2

V

!
= 0 . (4.11)

Here εν is the polarization vector. The renormalized self-energy for the vector bosons Σ̂V
µν(p2)

can be split into a transverse and a longitudinal part

Σ̂V
µν(p2) =

(
gµν −

pµpν
p2

)
Σ̂T
V (p2) +

pµpν
p2

Σ̂L
V (p2) . (4.12)

5Renormalized parameters are always denoted by a hat.
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Σ̂T
V (p2) and Σ̂L

V (p2) have the same form as the scalar renormalized self-energy. Thus condi-
tion (4.11) together with pνε

ν = 0 leads to the mass counterterm for the vector bosons

δM2
V = Re ΣT

V (M2
V ) . (4.13)

Finally, the two-point function for fermions is given by

Γ̂F (p) =
p2 p2

F F = i(/p−mF ) + iΣ̂(p) . (4.14)

The on-shell renormalization condition for fermions with the mass mF is

Re Γ̂F (p)u(p)
∣∣∣
p2=m2

F

!
= 0 . (4.15)

Here u(p) denotes the spinor. The fermionic self-energy can be written in the following form

Σ̂(p) = /pωLΣ̂VL(p) + /pωRΣ̂VR(p) + ωLΣ̂SL(p) + ωRΣ̂SR(p) , (4.16)

where ωL = 1−γ5
2 and ωR = 1+γ5

2 are the left- and right-handed projection operators. Σ̂VL and

Σ̂VR are called the left- and right-handed vectorial self-energies, while Σ̂SL and Σ̂SR are called
the left- and right-handed scalar self-energies6. This decomposition can be performed both for
the renormalized and the unrenormalized self-energy. The components of the renormalized
self-energy can be expressed in terms of the unrenormalized self-energy components, the mass
counterterm δmF and the field renormalization constants7 δZR and δZL

Σ̂VL(p) = ΣVL(p) +
1

2

(
δZ∗L + δZL

)
,

Σ̂VR(p) = ΣVR(p) +
1

2

(
δZ∗R + δZR

)
,

Σ̂SL(p) = ΣSL(p) − 1

2
mF

(
δZR + δZL

)
− δmF ,

Σ̂SR(p) = ΣSR(p) − 1

2
mF

(
δZ∗R + δZ∗L

)
− δmF .

(4.18)

Using the relations

/pωL = ωR/p, /pωR = ωL/p and /pu(p)
p2→m2

F−−−−−→ mFu(m2
F ) (4.19)

it can be derived that the mass counterterm has to be fixed to

δmF =
1

2

(
mF Re ΣVL(mF ) +mF Re ΣVR(mF ) + Re ΣSL(mF ) + Re ΣSR(mF )

)
(4.20)

in order to renormalize the fermion mass on-shell.

Note that during this whole discussing of general renormalization conditions, all parameters
were taken to be real. The subtleties that arise when working with complex parameters
will be considered later on when needed. A nice overview of these general renormalization
conditions is given in [28].

6“vectorial” and “scalar” might be misleading here. Of course the “vectorial” self-energy is still a scalar.
7It is necessary to introduce two field renormalization constants, one for the left-handed field and one for the
right-handed field.
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4.2 Counterterms in the NMSSM Higgs Sector

When calculating the one-loop Higgs masses the renormalization procedure for the Higgs
sector has to be performed. So, all bare parameters appearing in the Higgs mass matrix are
split into a renormalized parameter and a counterterm as described in Section 4.1.1. The
parameters of the Higgs sector are listed in Eq. (3.40). For real parameters (e.g. the vector
boson masses) it is straightforward to introduce one counterterm which is automatically real.
For complex parameters (e.g. λ or κ), however, it is possible to introduce either one complex
counterterm or two real counterterms. Here we take the latter choice. All complex parameters
are split into their absolute value and their phase. Then one real counterterm for the absolute
value and one real counterterm for the phase is introduced. All necessary counterterms are
listed in Table 4.1. As mentioned earlier only three different phase combinations (φI , φIλ

real parameters and absolute values phases

e→ e(1 + δZe)

M2
W →M2

W + δM2
W

M2
Z →M2

Z + δM2
Z

M2
H± →M2

H± + δM2
H±

thd → thd + δthd
thu → thu + δthu

ths → ths + δths

|λ| → |λ|+ δλ

|κ| → |κ|+ δκ

|vs| → |vs|+ δvs

|Tκ| → |Tκ|+ δTκ

tanβ → tanβ + δtanβ

φλ → φλ + δφλ

φκ → φκ + δφκ

φTκ → φTκ + δφTκ

φTλ → φTλ + δφTλ
φu → φu + δφu

φs → φs + δφs

or

φI → φI + δφI

tad → tad + δtad
tas → tas + δtas

Table 4.1: Counterterms of the Higgs sector.

and φIκ) appear in the Higgs sector. Hence, it is sufficient to introduce counterterms for
these three phase combinations. Using the tadpole equations for tad and tas Eq. (3.17) the
counterterms δφIλ and δφIκ can be replaced by δtad and δtas . Obviously, δφI , δtad and δtas
are just functions of the counterterms of the initial six phases.

In order to obtain the counterterm mass matrix δMHiggs one has to:

1. Express the Higgs mass matrix in terms of the parameters

MW , MZ , e, tanβ, vs, |κ|, |λ|, |Tκ|, M2
H± , thd , thu , ths , φI , φIλ and φIκ . (4.21)

The necessary substitution rules for this are given in Eq. (3.38a-3.38d) and Eq. (3.39).
Note that it is important to distinguish between βn coming from the rotation matrices
and β coming from the ratio of the VEVs, since in contrast to tanβn, tanβ receives a
counterterm.

2. Carry out the replacements listed in Table 4.1.
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4.3. One-Loop Higgs Masses in the Real NMSSM

3. Expand around the counterterms and keep only the terms linear in the counterterms. All
terms of higher order in the counterterms are only needed for higher order calculations.
Thus, we obtain

MHiggs →MHiggs + δMHiggs (4.22)

and can read off the counterterm mass matrix δMHiggs.

4. Insert the tree-level relations

thu = thd = ths = 0 and βn = β. (4.23)

The resulting counterterm mass matrix δMHiggs is given in Appendix D.

We already mentioned several times that the angle β originating from the ratio of the VEVs
is renormalized, whereas the angle βn appearing in the rotation matrices to separate the
charged and neutral Goldstone bosons is not. The reason for this distinction is that the whole
renormalization procedure could also be performed for the interaction eigenstates, i.e. before
the separation of the Goldstone bosons. But the angle βn has not even entered the calculation
before the separation of the Goldstone bosons, therefore it does not need to be renormalized.

Note, that in the special case of the real NMSSM the counterterm mass matrices δMh and
δMa are given by

δMa =

δMHiggs

∣∣∣
11

δMHiggs

∣∣∣
12

δMHiggs

∣∣∣
21

δMHiggs

∣∣∣
22


δφI=δtad=δtas=0

(4.24a)

and δMh =


δMHiggs

∣∣∣
33

δMHiggs

∣∣∣
34

δMHiggs

∣∣∣
35

δMHiggs

∣∣∣
43

δMHiggs

∣∣∣
44

δMHiggs

∣∣∣
45

δMHiggs

∣∣∣
53

δMHiggs

∣∣∣
54

δMHiggs

∣∣∣
55


δφI=δtad=δtas=0

(4.24b)

The other matrix elements of δMHiggs vanish in the real case and naturally the counterterms
for the phases are not needed.

In addition to the counterterms for the parameters, it is necessary to introduce field renor-
malization constants. Here we will introduce one single field renormalization constant for
each Higgs doublet and one for the singlet field

Hd →
√
ZHd Hd, Hu →

√
ZHu Hu and S →

√
ZS S. (4.25)

4.3 One-Loop Higgs Masses in the Real NMSSM

For now we restrict ourselves to the special case of the real NMSSM. Hence, there is no
mixing between the CP-even and CP-odd eigenstates and they can be considered separately.
In contrast to the simple examples given in Section 4.1.2 the renormalized two-point functions
in the Higgs sector are matrices instead of scalars. The renormalized two-point functions for
the CP-even and CP-odd Higgs mass eigenstates are

Γ̂h = i

p2 −m2
h1

+ Σ̂h1h1(p2) Σ̂h1h2(p2) Σ̂h1h3(p2)

Σ̂h2h1(p2) p2 −m2
h2

+ Σ̂h2h2(p2) Σ̂h2h3(p2)

Σ̂h3h1(p2) Σ̂h3h2(p2) p2 −m2
h3

+ Σ̂h3h3(p2)

 (4.26)
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and

Γ̂a = i

(
p2 −m2

a1 + Σ̂a1a1(p2) Σ̂a1a2(p2)

Σ̂a2a1(p2) p2 −m2
a2 + Σ̂a2a2(p2)

)
. (4.27)

Here p2 is the external momentum, mhi and mai are the tree-level masses and Σ̂hihj and

Σ̂aiaj are the renormalized self-energies. The matrix valued renormalized self-energy for the
CP-even mass eigenstates is given by

Σ̂
(1)
h (p2) = Σ

(1)
h (p2) +

1

2
p2
(
δZ̃†h + δZ̃h

)
− 1

2

(
δZ̃†hM

dia
h +Mdia

h δZ̃h

)
−ZHδMhZTH

with δZ̃h = ZH

δZHd 0 0
0 δZHu 0
0 0 δZS

 ZT
H .

(4.28)

Since the field renormalization constants were introduced for the interaction eigenstates, it
is necessary to apply the rotation matrix ZH , which diagonalizes Mh, to obtain the field
renormalization constants δZ̃h for the mass eigenstates. The unrenormalized self-energy
Σhihj (p

2) = Σh(p2)
∣∣
ij

can be obtained by calculating all contributing one-loop diagrams with
external particles hi and hj . The generic diagrams are given in Fig. 4.1. If one inserts the

hi hj

S

hi hj

V

hi

hj

F

F

hi

hj

S

S

hi

hj

U

U

hi

hj

V

V

hi

hj

S

V

Figure 4.1: Generic diagrams contributing to Σhihj
(p2). There are scalars (S), vector bosons (V),

fermions (F) or ghosts (U) in the loop.

particles, this results in a total of 126 diagrams at particle level, which have to be calculated
to obtain one component of the self-energy matrix. The one-loop self-energies are calculated
analytically in terms of the loop functions A0 and B0 (for more details see Appendix B). The
particles to be inserted are:

• scalars (S): Higgs particles (hi, ai and H±), Goldstone bosons (G and G±),
sleptons (ẽ and ν̃) and squarks (ũ and d̃)

• vector bosons (V): Z- and W -bosons (Z and W±)

• fermions (F): charged leptons (e), quarks (u and d), neutralinos (χ0)
and charginos (χ±)

• ghosts (U): ghost corresponding to the Z- and W-bosons (ηZ and η±)

For the CP-odd Higgs fields the renormalized self-energy is given by

Σ̂
(1)
a (p2) = Σ

(1)
a (p2) +

1

2
p2
(
δZ̃†a + δZ̃a

)
− 1

2

(
δZ̃†aMdia

a +Mdia
a δZ̃a

)
−ZAδMaZTA

with δZ̃a = ZA
(

cos2β δZHu + sin2β δZHd 0
0 δZS

)
ZT
A .

(4.29)
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The generic diagrams for Σaiaj are the same as for Σhihj .

Now that we understand the structure of the two-point functions, it remains to explain how the
one-loop masses can be derived from it. Since the two-point function has a matrix structure
the physical masses are given by the real part of the roots of the determinant of Γ̂(p2). Since
the momentum p2 appears not only in the diagonal elements, but also as an argument of the
self-energies, it is impossible to solve the resulting equations analytically. There are different
approximations which can be applied to obtain numerical results.

p2 = 0 Approximation: In this approximation the momentum appearing in the self-energies
is set to zero. So, the two-point function for the CP-even fields becomes

Γ̂h = i

p2 −m2
h1

+ Σ̂h1h1(0) Σ̂h1h2(0) Σ̂h1h3(0)

Σ̂h2h1(0) p2 −m2
h2

+ Σ̂h2h2(0) Σ̂h2h3(0)

Σ̂h3h1(0) Σ̂h3h2(0) p2 −m2
h3

+ Σ̂h3h3(0)

 . (4.30)

The condition det
(
Γ̂h(p2)

)
= 0 results in a polynomial cubic in p2. The three possible

solutions for p2 are the one-loop masses for the CP-even Higgs fields we have been
looking for. This approximation is only suitable if one is interested in the masses of the
light Higgs bosons.

On-Shell Approximation: In the on-shell approximation the momentum dependence in the
self-energy Σ̂hihj is replaced by 1

2(m2
hi

+ m2
hj

). This has the convenient effect that
the dependence on the field renormalization constants in the renormalized self-energies
drops out completely. To avoid complex contributions the real part of Σh is taken. The
condition det

(
Γ̂h(p2)

)
= 0 once again results in a cubic equation for p2. In fact solving

this equation is the same as determining the eigenvalues of the following matrix

Mdia
h + ZH δMhZT

H − Re Σh(p2)
∣∣∣
p2→ 1

2
(m2

hi
+m2

hj
)
. (4.31)

Iterative Approximation: Since this is the most exact approximation of those listed here,
this is the one used throughout this thesis. As the name already suggest, an iterative
procedure is applied to determine the one-loop masses. Let’s say we are interested in the
one-loop mass of the k-th Higgs boson. First of all, the p2 appearing in the self-energies
has to be set to a starting value. One possible choice is to set p2 equal to the tree-level
mass (p2 = m2

hk
). Then the k-th eigenvalue M2

hk
of the matrix

M1loop
h =Mdia

h − Σ̂h(p2)
∣∣∣
p2→m2

hk

(4.32)

yields the first approximation for the one-loop mass of the k-th Higgs boson. The idea
now is to take this first approximation, set p2 to M2

Hk
and once again calculate the k-th

eigenvalue of M1loop
h . However, there is a slight complication because the eigenvalue

M2
Hk

can be complex. The physical mass is of course given by the square root of the
real part of the eigenvalue. But for the iterative procedure we actually keep using
the complex value M2

Hk
. Since LoopTools [29], the program used to evaluate the loop

functions, is not able to deal with complex arguments in the loop functions, we use the
following expansion

M1loop
h ≈Mdia

h − Σ̂h

(
Re(M2

Hk
)
)
− i Im(M2

Hk
)
∂Σ̂h(p2)

∂p2

∣∣∣∣∣
p2→Re(M2

Hk
)

(4.33)
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Now, the k-th eigenvalue gives a new approximation, which we can reenter into Eq. (4.33).
This procedure is repeated until the physical mass remains the same to a certain preci-
sion which we chose to be 10−9 in our analysis.

Note that all of the above approximations are not strict one-loop calculations. In fact all
of them include terms quadratic in the self-energies, which are formally of higher order. All
of the above approximations were explained using the example of the CP-even Higgs sector.
Of course the procedures for the CP-odd Higgs sector are analogous. Explanations of the
different approximations can also be found e.g. in [30] and [31].

4.4 Mixing Matrix Elements at One-Loop in the Real Higgs Sector

The fact that Γ̂h and Γ̂a as given in Eq. (4.26) and Eq. (4.27) are non-diagonal matrices
reveals that the tree-level mass eigenstates hi and ai mix to the one-loop mass eigenstates Hi

and Aj . Since we already know how the interaction eigenstates mix to the tree-level mass
eigenstates, the mixing of the interaction eigenstates to the one-loop mass eigenstates can
easily be inferred. This mixing shall be described by the mixing matrices Z1-loop

H and Z1-loop
A ,H1

H2

H3

 = Z1-loop
H

hdhu
hs

 and

(
A1

A2

)
= Z1-loop

A

(
a
as

)
. (4.34)

Knowing these mixing matrices is essential, when discussing Higgs phenomenology, as the
elements of the mixing matrices are a strong indicator of how a particular Higgs boson couples
to the other particles of the model. By construction the Higgs singlet, which is of course an
interaction eigenstate, does not couple at all to the gauge bosons or to the quarks and leptons.
A Higgs state which is mostly singlet-like can therefore escape detection even if it is light.
(Z1-loop

H )2
i3 is a measure for the strength of the singlet component in the i-th CP-even Higgs

boson just like (Z1-loop
A )2

i2 is a measure for the strength of the singlet component in the i-th
CP-odd Higgs boson.

p2 = 0 Approximation

One way to calculate the mixing matrix is to use the p2 = 0 approximation. Here the one-
loop mixing matrices are defined as the matrices that diagonalize the one-loop corrected mass
matrices with the external momentum in the one-loop corrections set to zero:

Z1-loop
H

(
Mh −

(
ZH
)T

Σ̂h(0) ZH

)(
Z1-loop
H

)T
= diag

(
M2
H1
, M2

H2
, M2

H3

)
, (4.35a)

Z1-loop
A

(
Ma −

(
ZA
)T

Σ̂a(0) ZA

)(
Z1-loop
A

)T
= diag

(
M2
A1
, M2

A2

)
. (4.35b)

Setting the external momentum to zero guarantees that the one-loop corrections are real,
which in turn leads to an orthogonal mixing matrix. It is obvious that the relation

3∑
i=1

(
Z1-loop
H

)2

i3
= 1 (4.36)
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4.4. Mixing Matrix Elements at One-Loop in the Real Higgs Sector

holds for an orthogonal matrix. This relation is equivalent to the statement that all singlet
components of the one-loop mass eigenstates add up to one. The mixing elements obtained
in the p2 = 0 approximation are equivalent to those obtained in an effective field approach.

External On-Shell Higgs Bosons

The p2 = 0 approximation does, however, not take care of correctly normalizing the S-matrix.
But if one is working with external Higgs bosons this is crucial. The correct normalization can
be achieved by finite wave function normalization constants. Having to introduce these here,
could be avoided by applying an on-shell scheme to the field renormalization constants instead
of the DR renormalization we will use. The formulas to determine the mixing matrices which
account for the correct external on-shell properties were taken from [30], where the mixing
matrices for the case of two and three mixing particles are derived.

CP-odd Higgs Bosons: As there are two CP-odd Higgs Bosons, we need to consider two
particle mixing. Let

Γ̂ij = iδij
(
p2 −m2

ai

)
+ iΣ̂ij with i, j = a1, a2 (4.37)

be the renormalized two-point function for the tree-level mass eigenstates ai going to aj .
To abbreviate the notation the index a on Σ̂ and Γ̂ and their p2 dependence will be
omitted in the following. After inverting the matrix valued two-point function the so-
called effective self-energy can be read off the diagonal elements by presuming that the
diagonal elements should read(

Γ̂−1
)
ii

=
−i

p2 −m2
ai + Σ̂eff,ii

. (4.38)

The effective self-energy is then given by

Σ̂eff,ii = Σ̂ii + i
Γ̂2
ij

Γ̂jj
. (4.39)

There is no summation over j here. Instead j is given by j 6= i (i.e. if i = 1 then j = 2
and vice versa). The mixing matrix is given by

(
Z1-loop
A

)
il

=
2∑
j=1

√
Ẑi Ẑij

(
ZA
)
jl
. (4.40)

With the wave function normalization constants

Ẑi =

(
1

1 + Re Σ̂′eff,ii(p
2)

)∣∣∣∣∣
p2=M2

Ai

, (4.41)

Ẑij
i 6=j
=

(
−Σ̂ij(p

2)

M2
Ai
−m2

aj + Σ̂jj(p2)

)∣∣∣∣∣
p2=M2

Ai

and Ẑii = 1. (4.42)

Here Σ̂′eff,ii denotes the derivative of the effective self-energy with respect to the external

momentum squared which is set to the one-loop mass M2
Ai

.
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CP-even Higgs Bosons: For the CP-even Higgs bosons we have to consider the mixing of
three particles. The renormalized two-point function for hi going to hj is denoted by

Γ̂ij = iδij
(
p2 −m2

hi

)
+ iΣ̂ij with i, j = h1, h2, h3 . (4.43)

In the case of three particle mixing the effective self-energy is slightly more complicated
and reads

Σ̂eff,ii = Σ̂ii − i
Γ̂2
ijΓ̂kk + Γ̂2

ikΓ̂jj − 2Γ̂ijΓ̂ikΓ̂jk

Γ̂2
jk − Γ̂jjΓ̂kk

. (4.44)

Again there is no summation over any of the indices here. The index i is given and j
and k are determined by the demand that all indices need to differ (e.g. i = 1 leads to
j = 2 and k = 3 or j = 3 and k = 2, which one does not matter due to symmetry). The
mixing matrix is then given by

(
Z1-loop
H

)
il

=
3∑
j=1

√
Ẑi Ẑij

(
ZH
)
jl
. (4.45)

With the wave function normalization constants

Ẑi =

(
1

1 + Re Σ̂′eff,ii

)∣∣∣∣∣
p2=M2

Hi

, (4.46)

Ẑij
i 6=j
=

 Σ̂ij

(
M2
Hi
−m2

hk
+ Σ̂kk

)
− Σ̂jkΣ̂ki

Σ̂2
jk −

(
M2
Hi
−m2

hj
+ Σ̂jj

)(
M2
Hi
−m2

hk
+ Σ̂kk

)
∣∣∣∣∣∣

p2=M2
Hi

and Ẑii = 1.

(4.47)

Note that the mixing matrices determined this way cannot be regarded as rotation matrices,
since they are not unitary let alone orthogonal. But still the matrix elements (Z1-loop

H )2
i3 and

(Z1-loop
A )2

i2 can be used to determine the singlet component of the one-loop mass eigenstates.
However, the relation given in Eq. (4.36) is only fulfilled approximately

3∑
i=1

(
Z1-loop
H

)2

i3
≈ 1 . (4.48)

But since the imaginary parts of the mixing matrix determined by the approximation for
external on-shell Higgs bosons are relatively small compared to the real part the deviation
from the exact relation is small.

4.5 Mixing with the Goldstone Boson at One-Loop

In the two previous sections we always neglected the mixing with the Goldstone boson which
takes place at one-loop level when calculating the one-loop masses and mixing matrix ele-
ments. To be more precise we neglected the mixing of the CP-odd Higgs bosons with the
Goldstone boson. Since CP is conserved in the real NMSSM, the CP-even Higgs bosons do
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4.5. Mixing with the Goldstone Boson at One-Loop

not mix with the Goldstone boson. But for the CP-odd Higgs bosons we should really have
considered the 3× 3 two-point function

Γ̂G,a = i

p2 + Σ̂GG Σ̂Ga1 Σ̂Ga2

Σ̂a1G p2 −m2
a1 + Σ̂a1a1(p2) Σ̂a1a2(p2)

Σ̂a2G Σ̂a2a1(p2) p2 −m2
a2 + Σ̂a2a2(p2)

 , (4.49)

in the basis (G, a1, a2). The additional subscript G indicates that the respective 3× 3 matrix
is considered. The renormalized self-energy in this case is given by

Σ̂
(1)
G,a(p2) = Σ

(1)
G,a(p2) +

1

2
p2
(
δZ̃†G,a + δZ̃G,a

)
− 1

2

(
δZ̃†G,aM

dia
G,a +Mdia

G,aδZ̃G,a

)
−ZAδMG,aZTA

with δZ̃G,a = ZA

 c2
βδZHd + s2

βδZHu sβcβ(δZHu − δZHd) 0

sβcβ(δZHu − δZHd) s2
βδZHd + c2

βδZHu 0

0 0 δZS

 ZT
A . (4.50)

So, on the one hand the mixing occurs due to contributions of one-loop diagrams such as

ai G and G ai

with any particles in the loop. On the other hand we argued that the Goldstone boson
decouples since the first row and the first column ofMa (see Eq.(3.27a)) vanish after applying
the rotation with the angle βn. However, this is only the case if the tree-level relations βn = β,
thd = thu = ths = 0 are inserted. Before these relations are inserted the element of the mass
matrix that describes the mixing of the Goldstone boson G and the interaction eigenstate a
reads

MG,a

∣∣∣
12

=
M2
W s2∆β

2

(
1−

s2
θW
λ2

e2

)
−M2

H±t∆β +
e

2MW sθW c∆β

(
thu cβn − thd sβn

)
, (4.51)

where we used the abbreviations sinx = sx, cosx = cx, tanx = tx and ∆β = β − βn. The
Weinberg angle θW is given by cos θW = MZ/MW . It can easily be seen that the above
expression vanishes at tree-level. If we now perform the expansion around the counterterms
and then plug in the simplifying tree-level relations, we obtain

δMG,a

∣∣∣
12

= δtanβ c2β

[
M2
W

(
1−

2s2
θW
λ2

e2

)
−M2

H±

]
+

e

2MW sθW

(
δthu cβ − δthd sβ

)
. (4.52)

The other elements of δMG,a can be derived accordingly.

These mixing terms were not presented in Section 4.3, since including them only led to minor
changes in the one-loop masses. Actually, the effect was less than 10−4. Therefore, although
implemented, these terms were neglected in the standard calculation. The fact that they are
so small is not really a surprise as this is already known for the MSSM.
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4.6 Renormalization Schemes for the Real Higgs Sector

Before we can actually calculate the one-loop masses and mixing matrix elements, it is nec-
essary to fix the counterterms. In other words: we need to adopt a renormalization scheme,
which defines renormalization conditions for the twelve counterterms of the real Higgs sector.
The main renormalization scheme we use is a scheme that mixes on-shell and DR renor-
malization conditions, therefore it is referred to as “mixed scheme”. To get a grasp on the
theoretical uncertainties a pure on-shell scheme and a pure DR scheme were implemented as
well for comparison. The different schemes will be described in more detail in the follow-
ing. The renormalization procedures presented here are inspired by the procedures used for
the renormalization of the Higgs sector, as well as of the neutralino and chargino sectors as
performed for the MSSM in [32] and [33].

4.6.1 Mixed Renormalization Scheme

In the mixed scheme the parameters with a clear physical meaning are renormalized on-shell,
whereas the parameters which cannot be linked to a physical observable straightaway are
renormalized using DR conditions.

e, MW , MZ , MH± , thd , thu , ths︸ ︷︷ ︸
on-shell

, λ, κ, vs, Tκ, tanβ︸ ︷︷ ︸
DR

(4.53)

From the twelve parameters which need to be renormalized in the real Higgs sector seven can
be linked to physical observables and are therefore renormalized on-shell. These parameters
are: the electric charge, the vector boson masses MZ and MW , the mass of the charged Higgs
boson and the tadpole parameters thd , thu and ths . Hence, we are left with five parameters to
be DR renormalized, see Eq. (4.53). To fix these five DR counterterms it would be sufficient
to employ renormalization conditions solely from the Higgs sector. But in order to have a
nontrivial crosscheck we will use renormalization conditions from the Higgs, the neutralino
and the chargino sector. For convenience the parameters which are renormalized on-shell are
taken to be on-shell input parameters, whereas the parameters which are DR renormalized
are taken to be DR input parameters.

Charge Renormalization

The charge counterterm is chosen so that the corrections to the electron-electron-photon
vertex vanish for on-shell external particles, i.e. vanishing photon momentum. This is the
so-called Thomson limit. The renormalization condition

u(p)Γ̂Aeeµ (p, p′)u(p′)
∣∣∣
p2=p′2=m2

e

= eu(p)γµu(p′)
∣∣∣
p2=p′2=m2

e

, (4.54)

with

Γ̂Aeeµ (p, p′) = Aµ

e, p′2

e, p2

(4.55)
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finally leads to

δZe =
1

2

∂ΣT
AA(k2)

∂k2

∣∣∣∣∣
k2=0

+
sin θW
cos θW

ΣT
AZ(0)

M2
Z

. (4.56)

Hence, δZe is determined by the derivative of the transverse self-energy for photon going
to photon and by the transverse self-energy for photon going to Z-boson both evaluated at
vanishing momentum8. The angle θW is the electroweak breaking angle and is given by

cos θW =
MW

MZ
. (4.57)

Since this is the usual way to renormalize the electric charge, which is also used in most SM
and MSSM calculations, derivations can be found in many textbooks and papers, e.g. in [28].

Counterterms for the Masses of the Charged Higgs Boson and the Gauge Bosons

Using the on-shell renormalization conditions for scalars and vector bosons given in Eq. (4.9)
and Eq. (4.13), it is straightforward to see that the counterterms for the masses of the charged
Higgs boson and the gauge bosons are given by

δM2
W = Re ΣT

W (M2
W ) , (4.58)

δM2
Z = Re ΣT

Z(M2
Z) , (4.59)

δM2
H± = Re ΣH±(M2

H±) . (4.60)

So, in order to calculate these counterterms the transverse self-energies for the W - and the
Z-boson and the self-energy for the charged Higgs boson have to be calculated.

Tadpole Counterterms

At one-loop level the tadpole conditions given in Eq. (3.17) have to be modified. As explained
in Section 3.4.2 the tadpole parameters represent the terms of the Lagrangian linear in the
corresponding Higgs fields. When going from tree-level to one-loop the Lagrangian is split
into the renormalized tadpoles and the tadpole counterterms

L+ δL = . . .− (thd + δthd)− (thu + δthu)− (ths + δths). (4.61)

The one-loop tadpole corrections for the CP-even mass eigenstates hi (with i = 1, 2, 3) are
given by

Thi =
hi

(4.62)

It is convenient to demand that the renormalized tadpole parameters vanish, since this implies
that diagrams of the form

hi hj
(4.63)

8Note that the sign in front of the second term depends on the conventions used in the Feynman rules and can
therefore differ in the literature.
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do not need to be considered in the Higgs self-energies. Note that the one-loop corrections
are given in terms of the mass eigenstates, whereas the tadpole parameters are given in terms
of the interaction eigenstates. Hence, the rotation matrix appears in the renormalization
conditions δthdδthu

δths

 =
(
ZH
)TTh1Th2

Th3

 . (4.64)

Field Renormalization Constants

The field renormalization constants are renormalized in the DR scheme to circumvent un-
physically large corrections, since in the MSSM this has proven to be numerically stable even
close to thresholds [30,32,34]. They are chosen so that the residua of the poles of the propa-
gators of the CP-even Higgs fields are set to one. This is equivalent to the demand that the
derivative of the renormalized self-energy with respect to the momentum squared vanishes
on-shell (i.e. p2 = m2

hi
). Since we renormalize the field renormalization constants in the DR

scheme we only take the divergent part

Re

(
∂Σ̂hihi(p

2)

∂p2

)∣∣∣∣∣
div

p2=m2
hi

= 0. (4.65)

With the renormalized self-energies as given in Eq. (4.28) this yields the following three
equations

Re

(
∂Σhihi(p

2)

∂p2

)∣∣∣∣∣
div

p2=m2
hi

+
∣∣(ZH)i1

∣∣2δZHd +
∣∣(ZH)i2

∣∣2δZHu +
∣∣(ZH)i3

∣∣2δZS = 0 (4.66)

with i = 1, 2, 3. The field renormalization constants can be obtained by solving these equa-
tions for δZHu , δZHd and δZS and then taking the divergent part only.

The Counterterm δtanβ

The counterterm δtanβ is fixed using the DR-scheme. Since tanβ was introduced as the ratio
of the VEVs vu and vd, it is apparent that

δtanβ = tanβ

(
1

2

(
δZHu − δZHd

)
+
δvu
vu
− δvd

vd

)∣∣∣∣∣
div

. (4.67)

The divergent parts δvu
vu

∣∣
div

and δvd
vd

∣∣
div

are equal as shown for the MSSM in [35, 36]. Hence
these two terms cancel and we are left with

δtanβ =
1

2
tanβ

(
δZHu − δZHd

)∣∣∣
div
. (4.68)

So, δtanβ is determined by the field renormalization constants which in turn are given by the
solution to Eq. (4.66).
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The Counterterm δλ

To fix δλ we search for an entry in the Higgs mass matricesMh andMa in which λ appears
as isolated as possible. The (1,1) entry of Ma fulfills this requirement

Ma

∣∣∣
11
≡M2

a,a = M2
H± −M

2
W +

2λ2M2
W

e2

(
1−

M2
W

M2
Z

)
. (4.69)

Although this is an interaction eigenstate, one can still apply the renormalization condition
for scalars given in Eq. (4.9)

δM2
a,a = Re Σa,a(M

2
a,a). (4.70)

Here Σa,a is the self-energy in the interaction eigenstates. The Feynman rules being given
in mass eigenstates implies that we usually obtain the self-energies in the basis of the mass
eigenstates (denoted as Σa for the CP-odd Higgs fields). But these two are related by

Σa,a =
(

(ZA)T Σa ZA
)∣∣∣

11
. (4.71)

The counterterm δMa,a can be expressed in terms of the counterterms δMH± , δZe, δM
2
W

and δM2
Z (see Eq. (D.3)), all of which were already determined in the renormalization con-

ditions above. Eventually this provides an expression for δλ in terms of the already known
counterterms and the self-energies of the CP-odd Higgs sector:

δλ =
1

4λM2
W sin2θW

[
e2
(

(ZA)T Re Σa(M2
a,a) ZA

)∣∣∣
11
− e2δM2

H± + 4λ2M2
W sin2θW δZe+

+
(
e2 − 2λ2

(
1− 2 cos2θW

))
δM2

W − 2λ2 cos4θW δM
2
Z

]∣∣∣∣∣
div

(4.72)
Since λ is to be DR renormalized, we only take the divergent part as indicated by the subscript
div.

The Counterterm δvs

Applying the renormalization condition for fermions given in Eq. (4.20) to the counterterm
of the (2,2) element of the chargino mass matrix (see Eq. (3.46)) fixes δvs. The counterterm
of the (2,2) entry of the chargino mass matrix is given by

δMχ±

∣∣∣
22
≡ δmχ±22

= δ

(
λvs√

2

)
. (4.73)

Solving for δvs and taking only the divergent part results in

δvs =

(√
2

λ
δmχ±22

− vs
λ
δλ

)∣∣∣∣∣
div

, (4.74)

where δmχ±22
is given by

δmχ±22
=

1

2

(
mχ±22

Re ΣVL
χ±22

(mχ±22
) +mχ±22

Re ΣVR
χ±22

(mχ±22
) + Re ΣSL

χ±22
(mχ±22

) + Re ΣSR
χ±22

(mχ±22
)

)
.

(4.75)
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The self-energies ΣVL
χ±22

, ΣVR
χ±22

, ΣSL
χ±22

and ΣSR
χ±22

are once again in the basis of the interaction

eigenstates. The following relations link them to the self-energies of the mass eigenstates:

ΣVL
χ±22

= ΣVL
χ±,int

∣∣∣
22

=
(
V † ΣVL

χ±,mass V
)∣∣∣

22
, (4.76a)

ΣVR
χ±22

= ΣVR
χ±,int

∣∣∣
22

=
(
UT ΣVR

χ±,mass U
∗
)∣∣∣

22
, (4.76b)

ΣSL
χ±22

= ΣSL
χ±,int

∣∣∣
22

=
(
UT ΣSL

χ±,mass V
)∣∣∣

22
, (4.76c)

ΣSR
χ±22

= ΣSR
χ±,int

∣∣∣
22

=
(
V † ΣSR

χ±,mass U
∗
)∣∣∣

22
. (4.76d)

Here the matrices U and V are the unitary matrices introduced in Section 3.5 to diagonalize
the chargino mass matrix. Σχ±,int is the 2 × 2 chargino self-energy matrix the basis of the
interaction eigenstates, whereas Σχ±,mass is the 2× 2 chargino self-energy matrix in the basis
of the mass eigenstates.

Thus, if the four self-energies of the chargino sector are known, the counterterm δvs is known,
as δλ has already been determined.

The Counterterm δκ

The neutralino sector offers a nice solution to fix δκ. The (5,5) entry of the neutralino mass
matrix depends only on κ and vs

Mχ0

∣∣∣
55
≡ mχ0

55
=
√

2κvs. (4.77)

We choose to fix δmχ0
55

by the renormalization condition for fermions

δmχ0
55

=
1

2

(
mχ0

55
Re ΣVL

χ0
55

(mχ0
55

) +mχ0
55

Re ΣVR
χ0
55

(mχ0
55

) + Re ΣSL
χ0
55

(mχ0
55

) + Re ΣSR
χ0
55

(mχ0
55

)

)
(4.78)

where
ΣJ
χ0
55

=ΣJ
χ0,int

∣∣∣
55

=
(
N † ΣJ

χ0,mass N
)∣∣∣

55
for J = VL, SR

ΣJ
χ0
55

=ΣJ
χ0,int

∣∣∣
55

=
(
NT ΣJ

χ0,mass N
∗
)∣∣∣

55
for J = VR, SL .

(4.79)

Here N is the unitary matrix introduced in Section 3.5 to diagonalize the neutralino mass
matrix. Since there are 5 neutralinos in the NMSSM the self-energy is a 5 × 5 matrix. The
counterterm δκ is given in terms of the already known counterterms δvs and δmχ0

55
, with the

latter depending on the 25 self-energies of the neutralino sector:

δκ =

(
1√
2vs

δmχ0
55
− κ

vs
δvs

)∣∣∣∣∣
div

(4.80)

The Counterterm δTκ

Finally, the only counterterm left to fix is δTκ. Tκ was introduced as the trilinear SUSY
breaking parameter in Eq. (3.4). It appears only in combination with the Higgs singlet field.
Hence, we are left with two options: either fix δMa

∣∣
22

or δMh

∣∣
33

, i.e. the singlet components
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of the CP-odd or CP-even fields. They are given in Eq. (D.8) and Eq. (D.17), respectively.
Unfortunately both expressions are very lengthy. Here we choose to fix δMa

∣∣
22

by

δMa

∣∣
22
≡ δM2

as,as =
(

(ZA)T Σa(M2
as,as) ZA

)∣∣∣
22
. (4.81)

Solving this equation for δTκ and taking only the divergent part yields the last missing
counterterm

δTκ =

{
−
√

2

3vs

[(
(ZA)T Σa(M2

as,as) ZA
)∣∣∣

22
− δf

]
− Tκ

δvs
vs

}∣∣∣∣∣
div

, (4.82)

with

f =
ths
vs
−

2MW sθW sβc
2
βc

2
βn

ev2
sc

2
∆β

[thu + thdtβt
2
βn ] +

M2
W s

2
θW
s2

2β

e2v2
sc

2
∆β

[M2
H± −M

2
W c

2
∆β]

+
λM2

W s
2
θW
s2β

e4v2
s

[2λM2
W s

2
θW
s2β + 3κe2v2

s ] , (4.83)

where ∆β = β − βn.

4.6.2 DR Renormalization Scheme

The DR renormalization scheme uses the same renormalization conditions as the mixed
scheme with the only difference that the finite parts of all counterterms are discarded. Now,
if one takes the experimentally determined values for the electric charge and the vector boson
masses as input values, these are in fact on-shell values. But since we now use DR conditions
for these parameters we need to convert the on-shell input values to DR input values. The
same applies to the tadpole parameters and the mass of the charged Higgs boson. They also
need to be converted, if we want to compare the mixed renormalization scheme, where they
were taken to be on-shell input values, to the DR scheme. The bare parameter p can either be
split into an on-shell parameter pOS and an on-shell counterterm δpOS or into a DR parameter
pDR and a DR counterterm δpDR. The on-shell counterterm δpOS also includes a finite part,
whereas the DR counterterm δpDR consists only of a divergent part

p = pOS + δpOS = pDR + δpDR . (4.84)

Since the divergent parts of the on-shell and DR counterterms are equal (δpOS
∣∣
div

= δpDR
∣∣
div

),

this leads to the following relation to convert an on-shell input to a DR input

pDR = pOS + δpOS
∣∣
fin

(4.85)

The input conversion enters the calculation of the one-loop Higgs masses in the Higgs mass
matrix. As described in Section 4.3 the one-loop masses are calculated starting from

M1loop
h = ZH Mh (ZH)T − Σ̂h(p2). (4.86)

The mass matrixMh depends on the twelve parameters of the Higgs sector. Since all of these
parameters are renormalized in the DR scheme the DR values need to be entered to obtain
the numerical mass matrix

Mh

(
eDR,MDR

W ,MDR
Z ,MDR

H± , t
DR
hd
, tDR
hu , t

DR
hs , λ

DR, κDR, vDR
s , TDR

κ , tanβDR
)
. (4.87)

As mentioned above the on-shell values for e, MW , MZ , MH± , thd , thd and thd have to be
converted to DR input values.
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4. Renormalization and Calculation of the One-Loop Higgs Boson Masses

4.6.3 On-Shell Renormalization Scheme

In the on-shell scheme all parameters except tanβ are renormalized on-shell. For tanβ the
same DR renormalization condition as in the mixed scheme is used

δtanβ =
1

2
tanβ

(
δZHu − δZHd

)∣∣∣
div

(4.88)

to avoid unphysically large corrections close to threshold. The field renormalization constant
are also DR renormalized as in Eq. (4.66). Furthermore, we can reuse the following on-shell
renormalization conditions from the mixed scheme:

δM2
W = Re ΣT

W (M2
W ), δM2

Z = Re ΣT
Z(M2

Z), δM2
H± = Re ΣH±(M2

H±),

δZe =
1

2

∂ΣT
AA(p2)

∂p2

∣∣∣∣∣
p2=0

+
sin θW
cos θW

ΣT
AZ(0)

M2
Z

and

δthdδthu
δths

 =
(
ZH
)T

Th1Th2
Th3

 .
(4.89)

Now, we have to find on-shell renormalization conditions for the five parameters which were
DR renormalized in the mixed scheme. On-shell renormalization conditions are applied to
mass eigenstates, in contrast to the interaction eigenstates we used for the DR renormal-
ization. If we once again include conditions originating from the chargino and neutralino
sectors, the counterterms for the soft SUSY breaking gaugino masses M1 and M2 will enter
the equations as well. So, we need to find a set of equations to solve for the six counterterms:
δλ, δκ, δTκ, δvs, δM1 and δM2. We choose to renormalize the two CP-odd Higgs bosons,
both charginos and the two lightest neutralinos on-shell. The renormalization conditions then
read:(
ZA δMa (ZA)T

)∣∣∣
11

= Re Σa1a1(m2
a1) ,

(
ZA δMa (ZA)T

)∣∣∣
22

= Re Σa2a2(m2
a2) ,(

U∗ δMχ± V
†
)∣∣∣

11
=

1

2

[
mχ±1

(
Re ΣVL

χ±1 χ
±
1

(mχ±1
) + Re ΣVR

χ±1 χ
±
1

(mχ±1
)
)

+

+ Re ΣSL
χ±1 χ

±
1

(mχ±1
) + Re ΣSR

χ±1 χ
±
1

(mχ±1
)
]
,(

U∗ δMχ± V
†
)∣∣∣

22
=

1

2

[
mχ±2

(
Re ΣVL

χ±2 χ
±
2

(mχ±2
) + Re ΣVR

χ±2 χ
±
2

(mχ±2
)
)

+

+ Re ΣSL
χ±2 χ

±
2

(mχ±2
) + Re ΣSR

χ±2 χ
±
2

(mχ±2
)
]
,(

N∗ δMχ0 N †
)∣∣∣

11
=

1

2

[
mχ0

1

(
Re ΣVL

χ0
1χ

0
1
(mχ0

1
) + Re ΣVR

χ0
1χ

0
1
(mχ0

1
)
)

+

+ Re ΣSL
χ0
1χ

0
1
(mχ0

1
) + Re ΣSR

χ0
1χ

0
1
(mχ0

1
)
]
,(

N∗ δMχ0 N †
)∣∣∣

22
=

1

2

[
mχ0

2

(
Re ΣVL

χ0
2χ

0
2
(mχ0

2
) + Re ΣVR

χ0
2χ

0
2
(mχ0

2
)
)

+

+ Re ΣSL
χ0
2χ

0
2
(mχ0

2
) + Re ΣSR

χ0
2χ

0
2
(mχ0

2
)
]
.

(4.90)
Here δMχ± and δMχ0 are the counterterm matrices to the chargino and neutralino mass
matrices. They are given explicitly in Appendix E. The self-energies are in the basis of the
mass eigenstates and for the fermionic self-energies we once again assumed the decomposition

Σ(p) = /pωLΣVL(p) + /pωRΣVR(p) + ωLΣSL(p) + ωRΣSR(p) . (4.91)
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4.7. One-Loop Higgs Masses in the Complex NMSSM

This system of equations can be solved for δλ, δκ, δTκ, δvs, δM1 and δM2. When comparing
the on-shell scheme to the mixed scheme all input values given as DR values need to be
converted to on-shell input values:

λOS = λDR − δλOS
∣∣
fin
, κOS = κDR − δκOS

∣∣
fin

TOS
κ = TDR

κ − δTOS
κ

∣∣
fin
, vOS

s = vDR
s − δvOS

s

∣∣
fin
.

(4.92)

These on-shell values are the ones to be inserted into the Higgs mass matrix

Mh

(
eOS,MOS

W ,MOS
Z ,MOS

H± , t
OS
hd
, tOS
hu , t

OS
hs , λ

OS, κOS, vOS
s , TOS

κ , tanβOS
)

(4.93)

when calculating the one-loop masses.

4.7 One-Loop Higgs Masses in the Complex NMSSM

In the case of the complex NMSSM CP-violation occurs and the mixing of all five Higgs
bosons needs to be taken into account. The elements of the 5×5 two-point function are given
by (

Γ̂Higgs(p
2)
)
ij

= iδij
(
p2 −m2

hi

)
+ iΣ̂hihj (p

2) with i = 1...5; j = 1...5 . (4.94)

With the renormalized self-energy

Σ̂hihj (p
2) =Σhihj (p

2) +
1

2
p2
(
δZ̃† + δZ̃

)∣∣∣
ij

+

− 1

2

(
δZ̃†Mdia

Higgs +Mdia
HiggsδZ̃

)∣∣∣
ij
−
(
R δMHiggs RT

)∣∣∣
ij
. (4.95)

Here Mdia
Higgs is the diagonal matrix with the square of the tree-level Higgs masses m2

hi
on

the diagonal and δMHiggs is the counterterm mass matrix as given in Appendix D. The field
renormalization constants for the mass eigenstates read

δZ̃ = R diag
(

cos2 βδZHu + sin2 βδZHd , δZS , δZHd , δZHu , δZS
)
RT , (4.96)

where R is the orthogonal matrix that diagonalizes the Higgs mass matrix as defined in
Eq. (3.28). The squared one-loop masses of the neutral Higgs bosons, which will be denoted
by M2

Hi
in the following and ordered by ascending mass (i.e. M2

Hi
< M2

Hj
if i < j), are given

by the roots of the determinant of the renormalized two-point function Γ̂Higgs. Of course, the
same approximations as described in Section 4.3 can be used. The only difference being that
we need to work with a 5× 5 matrix instead of a 2× 2 (real case, CP-odd Higgs bosons) or
a 3 × 3 matrix (real case, CP-even Higgs bosons). In the numerical analysis in Chapter 5
we will always apply the iterative procedure if not noted otherwise. Once again, the mixing
with the Goldstone boson is negligible as we explicitly verified and is therefore not taken into
account in the actual calculation.
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4. Renormalization and Calculation of the One-Loop Higgs Boson Masses

4.8 Mixing Matrix Elements at One-Loop in the Complex Higgs
Sector

For the complex NMSSM we will generally use the p2 = 0 approximation to determine the
one-loop Higgs mixing matrix R1-loop. In this approximation R1-loop is defined as the unitary
matrix that diagonalizes (

MHiggs −RT Σ̂Higgs(0) R
)

(4.97)

with MHiggs being the 5 × 5 mass matrix in the basis of the interaction eigenstates and
Σ̂Higgs(0) the renormalized self-energy at vanishing external momentum.

The formalism for external Higgs bosons as described for the real NMSSM gets quite com-
plicated for the mixing of five particles. Therefore the explicit formulas are not given here,
although they were derived and implemented. The results, however, hardly differed from the
p2 = 0 approximation. Since the latter runs a lot faster than the former, this is the one we
applied in the actual calculations.

4.9 Renormalization of the Complex Higgs Sector

As listed in Table 4.1 fifteen counterterms are required to renormalize the Higgs sector of the
complex NMSSM. Now, we have to define a renormalization scheme to fix these fifteen coun-
terterms. We once again choose a scheme which mixes on-shell and DR renormalization. The
parameters with a clear physical meaning are renormalized on-shell and all other parameters
are DR renormalized:

e, MW , MZ , MH± , thd , thu , ths , tad , tas︸ ︷︷ ︸
on-shell

, λ, κ, vs, Tκ, tanβ, φI︸ ︷︷ ︸
DR

(4.98)

On-Shell Conditions

The renormalization conditions for the on-shell parameters only need to be slightly modified
in comparison to the real NMSSM. What basically needs to be done, is to replace all “Re”
appearing in the renormalization conditions by “R̃e”. R̃e is defined to act only on the loop
functions. So, if it acts on the product of any complex number with a loop function, R̃e
ensures that the imaginary part of the loop function is discarded while the imaginary part of
the complex number is kept, e.g.

R̃e
(
c ·B0(p2,m2

1,m
2
2)
)

= c · ReB0(p2,m2
1,m

2
2) with c ∈ C . (4.99)

Hence, the counterterms for the vector boson masses, the mass of the charged Higgs boson
and the electric charge read

δM2
W = R̃eΣT

W (M2
W ), δM2

Z = R̃eΣT
Z(M2

Z), δM2
H± = R̃eΣH±(M2

H±),

and δZe =
1

2

∂ΣT
AA(p2)

∂p2

∣∣∣∣∣
p2=0

+
sin θW
cos θW

ΣT
AZ(0)

M2
Z

.
(4.100)
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The counterterms for the tadpole parameters read

δtad = sinβ Ri1 Ti, δtas = Ri2 Ti, δthd = Ri3 Ti
δthu = Ri4 Ti and δths = Ri5 Ti .

(4.101)

Here Ti is the one-loop tadpole diagram in the basis of the mass eigenstates with the external
Higgs boson hi.

DR Conditions

We once again want to use the neutralino and chargino sectors, as well as the Higgs sector, to
determine the remaining counterterms. However, in the chargino and neutralino sector the
phases φu, φs, φλ and φκ appear on their own and not only in the combination

φI = φu + φλ − 2φs − φκ

as they do in the Higgs sector. This can easily be seen in the mass matrices given in Eq. (3.42)
and Eq. (3.46). Therefore, we will introduce the counterterms δφu, δφs, δφλ and δφκ explic-
itly. Furthermore, the additional counterterms δM1, δφM1 , δM2 and δφM2 are required for
the chargino and neutralino sectors. The field renormalization constants and tanβ are fixed
similarly to the renormalization scheme for the real Higgs sector. So, this leaves the coun-
terterms

δλ, δκ, δvs, δTκ, δM1, δM2, δφu, δφs, δφλ, δφκ, δφM1 and δφM2 (4.102)

to be fixed via renormalization conditions from the Higgs, chargino and neutralino sectors.

Field Renormalization Constants and tanβ

The field renormalization constants are once again fixed by DR conditions. The residuum of
the pole of the propagator is set to one by

R̃e

(
∂Σ̂hihi(p

2)

∂p2

)∣∣∣∣∣
div

p2=m2
hi

= 0. (4.103)

With Σ̂hihi(p
2) as given in Eq. (4.95) this leads to the following five equations

R̃e

(
∂Σhihi(p

2)

∂p2

)∣∣∣∣∣
div

p2=m2
hi

+ δZ̃
∣∣∣
ii

= 0 i = 1...5 ,

with δZ̃ = R diag
(
cos2β δZHu + sin2β δZHd , δZS , δZHd , δZHu , δZS

)
RT .

(4.104)

This is a overdetermined set of equations, which yields a solution for δZHu , δZHd and δZS .
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4. Renormalization and Calculation of the One-Loop Higgs Boson Masses

Chargino Sector

The chargino sector provides four renormalization conditions. When Eq. (4.20) is modified
for the 2× 2 chargino mass matrix including complex parameters, it reads(

U∗ δMχ± V
†
)∣∣∣div

ii
=

1

2

(
mχ±i

(
R̃eΣVL

χ±i χ
±
i

(mχ±i
)
)∗

+mχ±i
R̃eΣVR

χ±i χ
±
i

(mχ±i
)+

+ R̃eΣSL
χ±i χ

±
i

(mχ±i
) +

(
R̃eΣSR

χ±i χ
±
i

(mχ±i
)
)∗)div (4.105)

with i = 1, 2. Here δMχ± is the counterterm mass matrix for the charginos (see Appendix E),
which is rotated to mass eigenstates with the matrices U and V . The self-energy of χ±i going
to χ±i is denoted by Σχ±i χ

±
i

and mχ±i
is the tree-level mass of χ±i . Eq. (4.105) yields four

equations, since the real part and the imaginary part of the equations for the two mass
eigenstates have to be satisfied individually.

Neutralino Sector

The neutralino sector provides ten renormalization conditions. They are given by the real
and imaginary parts of the following five equations(

N∗ δMχ0 N †
)∣∣∣div

ii
=

1

2

(
mχ0

i

(
R̃eΣVL

χ0
iχ

0
i
(mχ0

i
)
)∗

+mχ0
i

R̃eΣVR
χ0
iχ

0
i
(mχ0

i
)+

+ R̃eΣSL
χ0
iχ

0
i
(mχ0

i
) +

(
R̃eΣSR

χ0
iχ

0
i
(mχ0

i
)
)∗)div (4.106)

with i = 1...5. The counterterm mass matrix δMχ0 is rotated to mass eigenstates with the
matrix N . The tree-level mass of χ0

i is denoted by mχ0
1

and Σχ0
iχ

0
i

stands for the self-energy

of χ0
i going to χ0

i .

Higgs Sector

The Higgs Sector provides only five renormalization conditions. Of course there are five mass
eigenstates, so we can impose the five conditions(

R δMHiggs RT
)∣∣∣div

ii
= R̃eΣdiv

hihi
(m2

hi
) with i = 1...5 . (4.107)

But in contrast to the chargino and neutralino sector these conditions are always real for the
Higgs sector and therefore only yield five equations.

Combining the Chargino, Neutralino and Higgs Sector Conditions

On the one hand we have altogether nineteen renormalization conditions form these sectors,
on the other hand we only need twelve to fix the remaining counterterms listed in Eq. (4.102).
Hence, we are dealing with an overdetermined system of equations. We solved this by first
taking a subset of twelve equations and then later on verifying that the remaining seven
equations were satisfied as well. Since the parameter Tκ only appears in the Higgs sector, we
need at least one condition from the Higgs sector. Furthermore, we chose all four conditions
of the chargino sector and seven of the neutralino conditions.
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4.9.1 Remark on the Counterterms of the Phases

After performing the numerical analysis, it turned out that the counterterms for the phases
δφu, δφs, δφλ, δφκ, δφM1 and δφM2 were always zero. In other words: these counterterms are
not needed to renormalize the Higgs sector. These phases remain at their tree-level values
and can be interpreted as mixing parameters. Just like the rotation matrices introduced
to diagonalize the mass matrices these mixing parameters do not have to be renormalized9.
Hence, when going from the real NMSSM to the complex NMSSM only two more counterterms
are needed, namely δtad and δtas . It remains to be seen whether a conclusive explanation for
this observation can be found.

9In [37] a similar conclusion for the neutralino and chargino sector of the MSSM is presented.
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CHAPTER 5

Numerical Analysis

Finally, everything we need to proceed to the numerical analysis has been presented. In this
chapter some example scenarios will be analyzed. We will always fix all input parameters
except for one and then investigate the dependence of the tree-level and one-loop masses of
the neutral Higgs bosons on this parameter. First, we consider three scenarios for the Higgs
sector of the real NMSSM. For the real NMSSM we also apply the exclusion limits set by the
experimental data acquired at LEP, Tevatron and LHC. Then, we move on to the Higgs sector
of the complex NMSSM. On the one hand, the complex NMSSM allows for CP-violation in
the Higgs sector already at tree-level. On the other hand, CP-violation in the Higgs sector
can also be induced at one-loop level by setting a phase of a parameter that does not appear
in the Higgs sector but enters only in the higher order corrections. Both kinds of scenarios
will be discussed later on.

But before diving into the actual analysis, let us shortly summarize how the calculation was
performed, i.e. which programs were used, etc. The Feynman rules needed for the calcula-
tion of the self-energies were derived using the Mathematica package Sarah [38]. Provided
with the particle content of any supersymmetric theory and the superpotential Sarah can
derive all mass matrices and all Feynman rules analytically. The Feynman rules can be writ-
ten to a Feynarts [39] model file. The Feynman rules derived this way were cross-checked
against those given in [16] and [20]. Using the Feynarts and FormCalc [40] packages, the
analytic self-energies required for the renormalization procedure could be calculated. Since
these analytic self-energies are very lengthy, they are not given here. To perform the nu-
merical evaluation a Mathematica program was written. Provided with the input values (see
Section 5.1) it calculates the whole NMSSM spectrum, i.e. all particle masses and all mixing
matrices. Furthermore, the different renormalization schemes as described in Section 4.6 and
Section 4.9 and the procedures to determine the one-loop masses and mixing elements (see
Section 4.3 and Section 4.4, respectively Section 4.7 and Section 4.8) were implemented. The
program LoopTools [29] was used to evaluate the loop functions appearing in the self-energies
numerically. In the end this resulted in a Mathematica program which, starting from some
input parameters, calculates the whole tree-level spectrum of the NMSSM, the one-loop Higgs
masses and the one-loop Higgs mixing matrices. The output is provided in SUSY Les Houches
Accord (SLHA) [41] compliant form.
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5. Numerical Analysis

5.1 Input Parameters

To perform the numerical analysis we need to set all input parameters. First of all, there are
the SM input values such as the gauge boson masses, the quark masses, the lepton masses
and the electroweak and strong coupling constants. The SM input values were taken from
the “Review of Particle Physics” by the “Particle Data Group” [42]. The SM input values are
given by:

• Electroweak Input Values
If the Fermi coupling constant GF , the mass of the Z-boson MZ and the electromagnetic
coupling constant αem are given1, the W -boson mass MW and the electric charge e can
be inferred from those.

GF = 1.16637 · 10−5 GeV−2 , MZ = 91.1876 GeV , αem = 1/137 .

⇒ MW = 80.9388 GeV and e = 0.302822 .

• Strong coupling constant
The strong coupling αs at the scale MZ is given by

αs(MZ) = 0.1184 ⇒ gs(MZ) =
√

4παS = 1.21978 .

• Quark Masses
The quark masses are given by:

mt(pole) = 173.3 GeV , mMS
b (mb) = 4.19 GeV , mc(2GeV) = 1.27 GeV ,

ms(2GeV) = 101 MeV , mu(2GeV) = 2.5 MeV , md(2GeV) = 4.95 MeV.

For the top quark the pole mass is given. The bottom mass is given as the MS running
mass at the scale of the bottom mass. The masses of the light quarks are given at
the scale of 2 GeV. If not stated otherwise we use the pole masses for the top quark
and the bottom quark2 and the masses for the light quarks as given above throughout
this thesis. Only when comparing our results to those of [44], we set the masses of
the light quarks to zero and calculate the running DR top and bottom masses at the
renormalization scale Q (for further details see Appendix C).

• Lepton Masses
The masses of the charged leptons are given by:

me = 511 keV , mµ = 105.7 MeV , mτ = 1.777 GeV.

The neutrinos are taken to be massless. When comparing to [44] the masses of the light
generations are set to zero, i.e. me = 0 and mµ = 0.

All other input parameters cannot be linked directly to any observables. With the exception
of the mass of the charged Higgs boson, we take all other input values to be DR input values
at the renormalization scale Q. To simplify matters even further, we assume a restricted
scenario, in which all soft breaking parameters can be calculated from the three parameters

1Here we follow the SLHA convention, which suggests these three parameters as input values from which the
other electroweak input values can be derived.

2The conversion of the MS bottom mass to the pole mass was done using SUSY-HIT [43], mb(pole) = 4.88 GeV.
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5.2. Real Higgs Sector

MSUSY, M0 and A0. The parameter MSUSY is a common soft SUSY breaking mass parameter
which fixes all soft SUSY breaking mass parameters of the squarks and sleptons

m2
Q̃L

= m2
ũR

= m2
d̃R

= m2
L̃L

= m2
ẽR

= M2
SUSY. (5.1)

The parameter M0 determines the absolute value of the gaugino mass parameters

M1 = 1
3M0 · eiφM1 , M2 = 2

3M0 · eiφM2 , M3 = 2M0 · eiφM3 . (5.2)

Their phases are denoted by φM1 , φM2 and φM3 . The parameter A0 fixes the absolute values
of the trilinear breaking parameters TYu , TYd and TYe

TYu = A0 · Yu · eiφAu with Yu =

√
2

vu
· diag

(
mu, mc, mt

)
,

TYd = A0 · Yd · eiφAd with Yd =

√
2

vd
· diag

(
md, ms, mb

)
,

TYe = A0 · Ye · eiφAe with Ye =

√
2

vd
· diag

(
me, mµ, mτ

)
.

(5.3)

Note that the Yukawa couplings are assumed to be diagonal. Hence, we do not allow for
generation mixing. The Yukawa couplings are determined by the squark and slepton masses
and the VEVs vu and vd. As discussed in Section 3.4.5 the absolute values for six of the
Higgs sector parameters have to be provided. We choose to set tanβ, |λ|, |κ|, |Tλ|, |Tκ| and
|µ| as input values with |µ| given by |µ| = |λ|vs/

√
2. Furthermore, the four phases φu, φs,

φλ and φκ are assigned values. Setting these phases automatically determines the phases φTκ
and φTλ up to an ambiguity which can be resolved by defining the sign of Rλ and Rκ (see
Eq. (3.37)). Moreover, it is necessary to choose a renormalization scale Q, which enters the
one-loop calculation due to the regularization procedure.

Hence, we need to assign numerical values to the following parameters in order to calculate
the one-loop masses at a specific parameter point:

the absolute values of the Higgs sector parameters tanβ, |λ|, |κ|, |Tλ|, |Tκ|, |µ|

the phases of the Higgs sector parameters φu, φs, φλ, φκ, sgnRλ, sgnRκ

the absolute values of the soft breaking parameters MSUSY, M0, A0

the phases of the soft breaking parameters φM1 , φM2 , φM3 , φAu , φAd , φAe

the renormalization scale Q

In the following the values for the phases will only be stated explicitly if they are nonzero.

5.2 Real Higgs Sector

In this section the results of three different scenarios which exemplify some of the various
higher order effects are presented. First, we adopt the scenario presented in [44] and analyze
the differences between the different renormalization schemes as well as the influence of the
top mass and the renormalization scale on the one-loop masses. Then, we adopt two more
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5. Numerical Analysis

scenarios. In the first we examine the dependence of the one-loop Higgs boson masses on Tκ.
In the second we investigate the dependence on the mass of the charged Higgs boson MH± .
Finally, we apply LEP, Tevatron and LHC exclusion limits to these scenarios.

For all scenarios the VEV of the singlet vs is chosen to be of the order of the vacuum
expectation value v ≈ 246 GeV. Furthermore, to avoid violation of unitary bounds the
parameters λ and κ are nearly always chosen so that

√
λ2 + κ2 . 0.7.

To cross-check our calculation, the whole procedure to obtain the one-loop Higgs boson masses
in the NMSSM was also implemented independently by Thorben Graf [20]. Other scenarios
can be found in his diploma thesis. The results presented here for the real NMSSM can also
be found in [45].

5.2.1 Variation of λ

In [44] the one-loop masses of the two lightest CP-even Higgs bosons of the real NMSSM
were calculated in dependence on λ using a DR renormalization scheme. To verify that we
reproduce their results we adopt their parameter settings

tanβ = 2, κ = λ/5, Tλ = (500 GeV) · λ, Tκ = (−10 GeV) · κ, µ = 250 GeV

MSUSY = 300 GeV, M0 = 300 GeV, A0 = −450 GeV, Q = 300 GeV.

The parameter λ is varied between 0 and 1. Furthermore, the masses of the light generations
of quarks and leptons are set to zero and we use the running DR top and bottom masses (see
Appendix C) as input values. Here the DR scheme is considered as the main renormalization
scheme. Hence, Tλ is taken to be a DR input value at the renormalization scale Q. Since the
mixed and on-shell renormalization schemes require the mass of the charged Higgs boson as
an input value instead of Tλ, the input values need to be converted accordingly.
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Figure 5.1: The mass MH1
of the lightest (left) and the mass MH2

of the next-to-lightest (right)
CP-even Higgs boson in dependence on λ at tree-level (orange/solid) and at one-loop in the DR
(blue/dotted), the mixed (red/dashed) and the on-shell (green/small dotted) renormalization scheme.

Fig. 5.1 shows the masses of the lightest and next-to-lightest CP-even Higgs boson at tree-level
and at one-loop in the different renormalization schemes. The one-loop masses were obtained
using the iterative procedure described in Section 4.3. We find agreement with [44] for the
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5.2. Real Higgs Sector

one-loop masses. Both masses increase with λ at tree-level and at one-loop. The difference in
the renormalization schemes is negligible except for small λ. In fact, for small λ the on-shell
renormalization scheme becomes unstable and is therefore only plotted for λ ≥ 0.1. This
numerical instability is probably due to the finite parts of some of the counterterms going
with 1/λ which blow up for small λ and cause a problem when converting the DR input
values to on-shell values for the on-shell scheme. For small values of λ the mass of the lightest
CP-even Higgs boson MH1 receives corrections of up to 55% compared to the tree-level mass,
i.e.

∆MH1 =
|M1loop

H1
−M tree

H1
|

M tree
H1

. 55% . (5.4)

For small λ these corrections lift MH1 from ∼ 55 GeV at tree-level to ∼ 85 GeV at one-loop.
For bigger λ, the correction relative to the tree-level mass of H1 is smaller but still about 15%.
For this parameter variation the tree-level mass of the next-to lightest CP-even Higgs boson
MH2 ranges from about 98 GeV to 162 GeV, whereas the one-loop mass ranges from 98 GeV
to 176 GeV. For small λ the next-to-lightest Higgs boson mass MH2 is hardly corrected at
all, while the correction for larger values of λ is up to 11%.
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Figure 5.2: The singlet component of the lightest (left) and next-to-lightest (right) CP-even Higgs
boson at tree-level (orange/solid) and at one-loop obtained using the p2 = 0 approximation in the DR
(blue/dotted), the mixed (red/dashed) and the on-shell (green/small dotted) renormalization scheme.

This behavior can be explained when considering the singlet components of H1 and H2. The
singlet component is given by the square of the corresponding element of the mixing matrix,
i.e. by (ZH)2

13 and (ZH)2
23, respectively. Here the mixing matrix was calculated using the

p2 = 0 approximation to be consistent with the calculation of [44]. The singlet component is
of interest because it is an indicator for the strengths with which the Higgs boson couples to
the other particles. By construction the singlet does not couple to the SM fermions or gauge
bosons at all. The coupling to all the other particles (i.e. sfermions, neutralinos, charginos and
Higgs bosons) is proportional to λ. Hence, if a Higgs boson is mostly singlet-like, it can only
receive corrections from these other particles and these corrections are roughly proportional
to λ2. As can be seen in Fig. 5.2, H2 is mostly singlet like for small values of λ. Therefore,
it receives hardly any corrections. But as λ increases the singlet component of H2 decreases
and with this the corrections increase. H1 on the other hand is dominantly MSSM-like3 for

3By MSSM-like we mean that it mainly consists of hu and hd, which originate from the Higgs doublets also
present in the MSSM.
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small λ and becomes more singlet-like with increasing λ, so that the corrections get smaller.

The corrections to the Higgs boson masses and the strength of the singlet component strongly
depend on the top quark mass. To investigate this dependence, we calculated the one-loop
masses in the DR scheme, one time using the pole mass and another time using the running
mass as an input value. Fig. 5.3 shows the tree-level and one-loop masses for the light-
est and next-to-lightest CP-even Higgs boson for the input values mpole

t = 173.3 GeV and

mDR
t = 150.6 GeV. It is apparent that the corrections are larger for the larger value of the

top quark mass. In fact, the strong influence of the top quark mass on the one-loop masses
suggests that the main corrections originate from top loops just as in the MSSM.
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Figure 5.3: The mass MH1
of the lightest (left) and the mass MH2

of the next-to-lightest (right)
CP-even Higgs boson in dependence on λ at tree-level (orange/solid) and at one-loop in the DR scheme
with the top and bottom pole masses (blue/dotted) and running top and bottom masses (red/dashed)
as input.
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Figure 5.4: The singlet component of the lightest (left) and next-to-lightest (right) CP-even Higgs
boson at tree-level (orange/solid) and at one-loop obtained using the p2 = 0 approximation in the
DR scheme with the top and bottom pole masses (blue/dotted) and running top and bottom masses
(red/dashed) as input.
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The strength of the singlet components of H1 and H2 for the different top quark masses are
plotted in Fig. 5.4. At tree-level H1 is mostly MSSM-like and H2 is mostly singlet-like for
small λ. For the running top mass this still holds true at one-loop. For the top pole mass,
however, this is reversed. In fact, this is simply due to our convention of ordering the one-loop
masses by ascending mass. For the top pole mass the one-loop corrections to H1 are so large
that they get shifted above the one-loop corrections to H2. So the one-loop corrected mass
to the tree-level H1 is assigned to the one-loop H2 and vice versa.

The influence of the renormalization scale Q on the results provides an estimate of the missing
higher order corrections. Fig. 5.5 shows the masses of the lightest and next-to-lightest CP-
even Higgs boson at tree-level and at one-loop for the renormalization scales Q = 150 GeV,
Q = 300 GeV and Q = 600 GeV. Taking half or double of the renormalization scale Q =
300 GeV changes the mass of the lightest CP-even Higgs boson up to ∼ 7% relative to the
one-loop mass at 300 GeV, whereas the mass of the next-to-lightest CP-even Higgs boson is
only changed by about 3% at most. The mixing matrix elements (not plotted here) are even
more sensitive to the scale variation. But all in all, the residual theoretical uncertainties due
to missing higher order corrections are below 10%.
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Figure 5.5: The mass MH1
of the lightest (left) and the mass MH2

of the next-to-lightest (right) CP-
even Higgs boson in dependence on λ at tree-level (orange/solid) and at one-loop in the DR scheme for
the renormalization scales Q = 150 GeV (blue/dotted), Q = 300 GeV (red/dashed) and Q = 600 GeV
(green/small dotted).

The masses of the CP-odd Higgs bosons A1 and A2 as well as the mass of the heavy CP-even
Higgs bosonH3 are not plotted here, since they are hardly affected by the one-loop corrections.
The mass of the light CP-odd Higgs boson MA1 increases with λ and ranges from 40 GeV to
140 GeV at tree-level. It receives small negative corrections which amount to 2% of the tree-
level value at their maximum. The light CP-odd Higgs boson is nearly completely singlet-like,
leaving the heavy CP-odd Higgs boson to be mainly MSSM-like. Both heavy Higgs bosons
H3 and A2 receive small negative mass corrections of the order of 0.5% and their one-loop
masses are between 580 GeV and 600 GeV.
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5.2.2 Variation of Tκ

In this section the dependence of the Higgs boson masses and the mixing matrix elements on
the parameter Tκ is investigated. We choose the following parameter set:

tanβ = 2, λ = 0.6, κ = λ/3, Tλ = 325 GeV, µ = 275 GeV

MSUSY = 1.1 TeV, M0 = 600 GeV, A0 = −900 GeV, Q = 300 GeV.

The soft breaking parameters M0 and MSUSY were chosen, so that the resulting squark masses
of the first two generations and the gluino mass are in agreement with the current exclusion
limits set by the LHC [46]. Furthermore we work with the pole masses for the top and the
bottom quark mass and the masses for the light quarks as given in Section 5.1. From these
input parameters we calculate the mass of the charged Higgs boson, which is then taken to
be an on-shell input value.
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Figure 5.6: The mass (left) and the singlet component (right) of the lightest (blue/dark gray) and
next-to-lightest (red/light gray) CP-even Higgs boson at tree-level (dashed) and at one-loop (solid)
in dependence on Tκ. The one-loop masses were calculated in the mixed renormalization scheme and
the method for external on-shell Higgs bosons was used to calculate the one-loop mixing.

On the left of Fig. 5.6 the masses of the lightest and next-to-lightest CP-even Higgs boson
are plotted at tree-level and at one-loop. The one-loop masses were calculated using the
mixed renormalization scheme. The singlet components plotted on the right of Fig. 5.6 were
obtained using the method for external on-shell Higgs bosons to determine the mixing matrix
elements as described in Section 4.4. But we also checked that the difference to the p2 = 0
approximation is negligible here. It is striking that the mass of the lightest CP-even Higgs
boson steadily increases with increasing Tκ up to a certain value of Tκ and then remains more
or less constant. The opposite happens for the mass of the next-to-lightest CP-even Higgs
boson, which starts out as a constant and then starts to increase at the same value of Tκ
from where on MH1 is constant. This behavior appears both at tree-level and at one-loop.
However, the value of Tκ at which this happens is shifted. Once again, the singlet component
is the key to understanding this behavior. Tκ was introduced as the trilinear soft SUSY
breaking parameter. It appears in the Lagrangian in the form

Lsoft = . . .− 1

3
TκS

3. (5.5)
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5.2. Real Higgs Sector

Hence, only the masses of Higgs bosons with a sizeable singlet component dependent on Tκ.
At tree-level H1 is mostly singlet like below Tκ ≈ −59 GeV, while H2 is mostly MSSM-like.
At Tκ ≈ −59 GeV there is a cross-over and H1 becomes MSSM-like whereas H2 becomes
singlet-like. As long as it is mainly singlet-like the mass of the corresponding Higgs boson
increases with increasing Tκ and if it is mainly MSSM-like the mass remains constant. At one-
loop the cross-over is shifted to Tκ ≈ −48 GeV. The one-loop corrections are quite sizeable
especially for MH1 . At the low end of the Tκ range the lightest CP-even Higgs boson is very
light (only about 18 GeV) but receives corrections of ∼ 48 GeV.The corrections for MH2 are
not as large, but they still amount to 37% of the tree-level mass at their maximum.

The lightest CP-odd Higgs boson is mostly singlet-like and therefore its mass (not plotted
here) depends strongly on Tκ. Its mass decreases with rising Tκ from around 345 GeV down
to 110 GeV. The one-loop corrections to MA1 are around 3−7 GeV and negative. The heavy
Higgs bosons H3 and A2 are both dominantly MSSM-like. Hence, their masses are nearly
constant. Both masses are around 640 GeV in the considered Tκ range. The corrections to
the mass of the heavy Higgs bosons are only about 1 GeV.

5.2.3 Variation of MH±

Now, we set all parameters except for Tλ:

tanβ = 2, λ = 0.65, κ = λ/3, Tκ = (−10 GeV) · κ, µ = 225 GeV

MSUSY = 1.1 TeV, M0 = 600 GeV, A0 = −900 GeV, Q = 300 GeV.

With all other parameters fixed, varying Tλ is equivalent to varying the mass of the charged
Higgs boson, since MH± can be written as a function of Tλ:

M2
H±(Tλ) = M2

W

[
1− 2λ2

e2

(
1−

M2
W

M2
Z

)]
+

vs
sin(2β)

(
√

2Tλ + λκvs

)
. (5.6)
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Figure 5.7: The mass (left) and the singlet component (right) of the lightest (blue/dark gray) and
next-to-lightest (red/light gray) CP-even Higgs boson at tree-level (dashed) and at one-loop (solid) in
dependence on MH± .The one-loop masses were calculated in the mixed renormalization scheme and
the method for external on-shell Higgs bosons was used to calculate the one-loop mixing.
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The masses of the lightest and next-to-lightest CP-even Higgs boson as well as their singlet
components are shown in Fig. 5.7. The one-loop masses were calculated using the mixed
renormalization scheme and we applied the method for external Higgs bosons to determine
the mixing matrix elements. Both at tree-level and at one-loop the mass of the lightest CP-
even Higgs boson first increases with MH± , until it reaches a maximum somewhere between
MH± ≈ 515 GeV and MH± ≈ 520 GeV and then decreases again. The mass of the next-
to-lightest CP-even Higgs boson decreases at first, displays a minimum and increases again.
For the entire MH± range H2 is mostly singlet-like. However, its singlet component becomes
maximal when MH2 reaches its minimum and mixing with the non-singlet-components is
increased away from this minimum. Furthermore, the maximum in the singlet component of
MH2 becomes more pronounced at one-loop. But note that although its singlet component is
maximal, H2 is not completely singlet-like. Since H1 is more or less completely MSSM-like
at this point, the remaining singlet component is taken over by H3. Due to the fact that it
is mainly MSSM-like the corrections to the mass of H1 are fairly large. This holds especially
for small tree-level masses of H1, for which the one-loop corrections nearly triple the mass.
For H2 the one-loop mass corrections are between 5% and 7% of the corresponding tree-level
value.

The influence of the different renormalization schemes on the one-loop Higgs boson masses
is shown in Fig. 5.8. The mixed and the on-shell renormalization scheme differ only slightly,
but MH1 in the DR scheme differs by up to 8 GeV from the other schemes. This difference
turned out to originate from the conversion of the input parameters; to be more precise from
the conversion of the tadpole parameters. In the DR scheme the tadpole parameters are
renormalized using DR conditions, but since they are on-shell input values, they have to be
converted. If one defines a renormalization scheme that uses DR conditions for all parameters
with the exception of the tadpole parameters, this difference we observed does not occur.
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Figure 5.8: The mass MH1 of the lightest (left) and the mass MH2 of the next-to-lightest (right)
CP-even Higgs boson in dependence on MH± at tree-level (orange/solid) and at one-loop in the DR
(blue/dotted), the mixed (red/dashed) and the on-shell (green/small dotted) renormalization scheme.

In Fig. 5.9 the masses of two CP-odd Higgs bosons at tree-level and at one-loop are displayed.
The mass of the light CP-odd Higgs boson MA1 receives negative corrections of up to 6.5 GeV
which amount to 5% of the corresponding tree-level value. So the tree-level mass of A1

which ranges between 118.4 GeV and 125 GeV is corrected to a mass range of 116.5 GeV to
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Figure 5.9: The mass of the lightest MA1 (left) and next-to-lightest MA2 (right) CP-odd Higgs boson
at tree-level (blue/dashed) and at one-loop (red/solid).

119.2 GeV. The mass of the heavy CP-odd Higgs boson, which is nearly mass degenerate with
the heavy CP-even Higgs boson, ranges from 420 GeV to 620 GeV and receives corrections
of maximally 1.5 GeV.

5.2.4 Exclusion Limits

After discussing several example scenarios it is inevitable to check the exclusion limits set by
the experiments for these scenarios. Note that we do not perform a sophisticated analysis
here, but consider only the dominant channels. For LEP these are e+e− → ZH → bb and
e+e− → ZH → γγ. For the Tevatron we consider Higgs production via vector boson fusion
(VBF) or gluon-gluon fusion with the Higgs decaying into W−W+ or τ−τ+ subsequently.
For the LHC we use combined exclusion limits, which set a limit on the cross-section relative
to the SM, σ/σSM.

The NLO SM cross sections and branching ratios required for the calculation were obtained
using HIGLU [47] and HDECAY [48]. The NMSSM couplings and branching ratios were taken
from NMSSMHDECAY [49], which is a version of HDECAY modified for the NMSSM.

LEP exclusion ZH → bb:

A 95% CL upper limit on the normalized cross-section e+e− → ZH, assuming that the
Higgs exclusively decays into bb pairs, relative to the corresponding SM value is provided in
Table 14 (b) of [50]. Hence,

Qobs =
σ(ZH) BR(bb)

σ(ZH)SM
(5.7)

is given. Qobs is the observed upper bound on the cross-section σ(ZH) times the branching
ratio of the Higgs decaying into a bb pair (denoted by BR(bb)) normalized to the SM cross-
section4 σ(ZH)SM. To check if a parameter point is excluded we have to calculate

Qmodel =
σ(ZH)NM BR(bb)NM

σ(ZH)SM
=
(
gNM
ZZHi

)2
BR(bb)NM. (5.8)

4The SM branching ratio BR(bb)SM does not appear in the denominator since it is assumed to be one.
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Here the superscript NM stands for the NMSSM. The ratio of the NMSSM cross-section
σ(ZH)NM and the SM cross-section is given by

(
gNM
ZZHi

)2
which denotes the squared coupling

of the NMSSM Higgs boson to two Z-bosons normalized to the SM coupling.

If Qmodel
Qobs

> 1, the respective parameter point is excluded.

LEP exclusion ZH → γγ:

For this channel the 95% CL upper limit on cross-section times branching ratio for a Higgs
boson decaying into a photon pair relative to the SM is given in [51]. Hence, [51] provides

Qobs =
σ(ZH) BR(γγ)

σ(ZH)SM
. (5.9)

We calculate
Qmodel =

(
gNM
ZZHi

)2
BR(γγ)NM . (5.10)

If Qmodel
Qobs

> 1, the respective parameter point is excluded.

Tevatron exclusion H → WW

The 95% CL upper limit on cross-section times branching ratio relative to the SM for a
Higgs boson produced in vector boson or gluon-gluon-fusion, which subsequently decays into
a W -boson pair is given in [52], i.e.

Qobs =

(
σ(gg) + σ(VBF)

)
BR(WW )(

σ(gg)SM + σ(VBF)SM
)

BR(WW )SM
. (5.11)

Hence we need to calculate

Qmodel =

(
σ(gg)NM + σ(VBF)NM

)
BR(WW )NM(

σ(gg)SM + σ(VBF)SM
)

BR(WW )SM
(5.12)

with

σ(gg)NM =
(
gNM
ttHi

)2 · σ(gg)SM and σ(VBF)NM =
(
gNM
WWHi

)2 · σ(VBF)SM . (5.13)

Here gNM
ttHi

denotes the coupling of the i-th Higgs boson of the NMSSM to the top quark

normalized to the SM coupling and gNM
WWHi

denotes the coupling of the i-th Higgs boson of
the NMSSM to the W boson normalized to the SM coupling. Note that we only included
the dominant contributions for the gluon-gluon-fusion cross-section. Since we always chose
small values for tanβ the dominant contributions come from the top loops. The respective
parameter point is excluded if Qmodel is bigger than Qobs.

Tevatron exclusion H → ττ

D0 and CDF [52] provide limits on the cross-section times branching ratio for the H → ττ
decay channel. So they give Qobs as

Qobs = σ BR(ττ). (5.14)

We have to calculate
Qmodel = σNM BR(ττ)NM (5.15)
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with the NMSSM cross-section given by

σNM =
(
gNM
WWHi

)2(
σ(WH)SM + σ(ZH)SM + σ(VBF)SM

)
+

+
(
gNM
ttHi

)2
σ(gg)SM ,

(5.16)

where gNM
ttHi

and gNM
WWHi

once again denote the NMSSM coupling of Hi to the top quark and
to the W -boson, respectively, normalized to the SM coupling. If Qmodel is bigger than Qobs

the parameter point is excluded.

LHC exclusion

For the LHC exclusion limits we refer to [53], wherein the results from Atlas and CMS are
combined to a 95% CL limit on σ/σSM. We rescale σ/σSM to σ/σNM by multiplying with
σSM/σNM. If the value obtained in this way is smaller than one the corresponding parameter
point is excluded. The total SM and NMSSM cross-sections necessary for the rescaling are
given by

σSM =σ(WH)SM + σ(ZH)SM + σ(VBF)SM + σ(gg)SM + σ(ttH)SM

σNM =
(
gNM
WWHi

)2 (
σ(WH)SM + σ(ZH)SM + σ(VBF)SM

)
+

+
(
gNM
ttHi

)2
σ(ttH)SM + σ(gg)NM

(5.17)

with
σ(gg)NM = σ(gg)NM

top

(
gNM
ttHi

)2
+ σ(gg)NM

bot

(
gNM
bbHi

)2
+

+
(
σ(gg)NM

total − σ(gg)NM
top − σ(gg)NM

bot

) (
gNM
ttHi

gNM
bbHi

)
.

In contrast to Eq. (5.16), all contributions to the gluon-gluon-fusion cross-section are con-
sidered. On the one hand there are the contributions from top and from bottom loops, but
on the other hand there are also interference effect, which are taken into account in the last
term of σ(gg)NM. The NMSSM couplings normalized to the SM coupling of Hi to the top or
bottom quark are denoted by gNM

ttHi
and gNM

bbHi
. Furthermore, σ(gg)NM

total denotes the total cross-

section of gg → H, whereas σ(gg)NM
top and σ(gg)NM

bot denote the top and bottom contributions
to this cross-section.

The exclusion limits applied

Now, we can apply the exclusion limits to the one-loop results of our scenarios. It turns out
that part of the parameter range of the λ and MH± variation has already been excluded by
LEP, more precisely by the channel ZH → bb. The exclusion limits for these scenarios are
shown in Fig. 5.10 (compare to Fig. 5.1 and Fig. 5.7).

For the λ variation all parameter points at which the mass of the lightest Higgs boson is
smaller than 113 GeV (at one-loop) are excluded. This corresponds to the region λ ≤ 0.6.
The SM Higgs is already excluded for MH ≤ 114.4 GeV [50]. But the fact that in our case this
limit is lowered is not surprising, since the NMSSM Higgs boson has a reduced HZZ-coupling.

For the MH± variation the regions of MH± . 452 GeV (corresponds to MH1 . 112.5 GeV)
and MH± & 585 GeV (corresponds to MH1 . 113.5 GeV) are excluded. Furthermore, the
maximal value of MH1 in the MH± variation is approximately 140.5 GeV, which is just below
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Figure 5.10: Excluded parameter regions for the λ (left) and MH± (right) variation. The exclusion
limits were applied to the one-loop masses.

the newest LHC exclusion limits. But taking the uncertainties of the one-loop calculation and
the fact that our exclusion limits are only a rough estimate into account, part of the MH±

region around MH± ≈ 515 GeV might actually be excluded.

For all three scenarios the Tevatron results do not exclude any parameter points. In fact, for
the scenario of the Tκ variation the complete parameter range is not excluded yet by any of
the channels investigated here.

Moreover, we checked our exclusion limits against those obtained with HiggsBounds [54] and
found complete agreement.

5.3 Complex Higgs Sector

When introducing complex parameters, CP-violation is introduced simultaneously. As dis-
cussed earlier, we can set any of the phases φu, φs, φλ, φκ, φAe , φAd , φAu , φM1 , φM2 and φM3

to a nonzero value. Depending on which of these phases we choose, different effects can be
observed in the tree-level and one-loop Higgs boson masses. For example setting the phase
φM3 , so that the soft SUSY breaking gluino mass parameter becomes complex has no effect
at all, neither on the tree-level Higgs boson masses nor on the one-loop Higgs boson masses.

That φM3 cannot have any effect on the tree-level masses is obvious, since it does not appear
in the tree-level mass matrices of the Higgs sector. That it does not affect the one-loop masses
can also be understood easily, since the one-loop corrections to the Higgs boson masses do not
include gluinos in the loop. Hence, choosing a complex M3 can only have an effect for two-
loop or even higher order Higgs masses. Following the same arguments it can be concluded
that choosing the other soft SUSY breaking gaugino mass parameters or the trilinear soft
SUSY sfermion breaking parameters complex by setting an appropriate phase φMi (i = 1, 2)
or φAj (j = e, d, u), does not influence the tree-level Higgs boson masses but induces CP-
violation at one-loop order, since the neutralinos, charginos and sfermions contribute to the
one-loop corrections of the Higgs boson masses. This leaves the phases which appear in the
tree-level Higgs mass matrix φu, φs, φλ and φκ. Any of these can create CP-violation already
at tree-level.
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In the following we will first discuss two scenarios within which CP-violation occurs already
at tree-level. The dependence of the tree-level and one-loop Higgs boson masses on the values
of the phases is investigated as well as the extent of the CP-violation. Then we have a closer
look at a scenario where CP-violation is induced at one-loop level.

5.3.1 CP-Violation at Tree-Level

In contrast to the MSSM, the NMSSM presents the possibility of CP-violation at tree-level.
In the MSSM the only phase in the Higgs sector is the relative phase of the Higgs doublets.
Due to the tadpole conditions this phase is forced to be a multiple of π. Since the matrix
elements of the Higgs mass matrix which are responsible for the mixing of the CP-even and
CP-odd states are proportional to the sine of this phase, no mixing between the CP-even
and CP-odd states can occur at tree-level in the MSSM. A closer look at Mah as given in
Eq. (3.27b) reveals that the matrix elements responsible for the mixing of the CP-even and
CP-odd states at tree-level in the NMSSM are all proportional to I ∝ sin(φI) which was
defined in Eq. (3.18). So at tree-level not the explicit individual values of the phases φu, φs,
φλ and φκ matter but only the phase combination

φI = φu − 2φs + φλ − φκ. (5.18)

However, at one-loop the explicit values for the individual phases should make a differ-
ence, since these phases appear separately in the chargino and neutralino mass matrices,
see Eq. (3.46) and Eq. (3.42). So for example changing φu and φλ while keeping φI constant
has no effect on the tree-level masses of the Higgs bosons, but does have an effect on the
tree-level masses and couplings of the neutralinos and charginos which enter the calculation
of the one-loop Higgs boson masses. However, the effects in the one-loop Higgs boson masses
due to the changing neutralino and chargino tree-level masses and couplings are tiny.

In the following, two scenarios displaying CP-violation at tree-level will be investigated. In
the first scenario we start from a real parameter point and then vary the phase φλ and discuss
the dependence of the Higgs boson masses on this phase. For the second scenario we pick a
different real starting point and then allow nonzero values for φu.

Variation of φλ

To investigate the dependence of the Higgs boson masses on the phase φλ we fix the other
parameters to

tanβ = 8, |λ| = 0.1, |κ| = 0.05, |Tλ| = 10 GeV, |Tκ| = 0.5 GeV, |µ| = 100 GeV,

sgnRλ = +1, sgnRκ = −1, MSUSY = 1.1 TeV, M0 = 600 GeV, A0 = 1000 GeV,

Q = 300 GeV, φu = φs = φκ = φAi = φMj = 0 for i = u, d, e and j = 1, 2, 3.

To be able to explain the resulting Higgs boson masses, it is helpful to consider two more
quantities. By setting the phase φλ to a non-zero value we introduce CP-violation. Therefore
we cannot distinguish between CP-even and CP-odd Higgs mass eigenstates anymore. A
measure for the CP-violation, however is provided by the quantity

R2
i3 +R2

i4 +R2
i5. (5.19)
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Figure 5.11: The CP-even component of the Higgs bosons at one-loop (left) and the squared coupling
ZZHi normalized to the corresponding SM coupling at one-loop (right) in dependence on φλ.

Where Rij is the (i, j) element of the mixing matrix. One can either consider the tree-level
quantities, in which case the mixing matrix is defined as the matrix that diagonalizes the
Higgs mass matrix (see Eq. (3.28)). Or one can consider the one-loop mixing matrix as
defined in Section 4.8. The matrix element squared R2

i3 is a measure for the strength of the
hd component. Correspondingly, R2

i4 and R2
i5 are a measure for the strength of the hu and

hs component. Without CP-violation the sum of the squares of these three matrix elements
is either 0 or 1, depending on whether the Higgs mass eigenstate is CP-odd or CP-even. So if
the“CP-even component”R2

i3+R2
i4+R2

i5 deviates from 0 and 1 this is a sign for CP-violation.
In the special case of the real NMSSM we used the singlet component of the Higgs fields to
make a statement about their coupling strength to other particles. Here we will make use
of the coupling of the i-th Higgs boson to two Z-bosons normalized to the SM value. The
square of this normalized coupling will be denoted as |CZZHi |2 in the following. It is given
by

|CZZHi |2 =
[
cosβRi3 + sinβRi4

]2
. (5.20)

When we refer to the one-loop ZZHi coupling, we actually mean the coupling as given above
but with the one-loop mixing matrix elements instead of the tree-level mixing matrix elements.
We did not calculate the loop corrections to this vertex. If |CZZHi |2 = 1 the Higgs boson Hi

couples to the Z-boson with the same strength as the SM-Higgs, if |CZZHi |2 < 1 Hi has a
reduced coupling. The CP-even component and |CZZHi |2 are plotted in Fig. 5.11 and will be
discussed in the following.

The obtained Higgs boson masses at tree-level and at one-loop for this parameter choice are
shown in Fig. 5.12 and Fig. 5.13. Note that MH5 is not depicted explicitly, since it displays the
same behavior as MH4 and has always almost the same mass as MH4 (the biggest difference
in the two masses is less than 2 GeV). In this scenario all Higgs bosons are comparatively
light. The mass of the lightest one ranges between ∼ 40 GeV and ∼ 34 GeV both at tree-level
and at one-loop and decreases with increasing φλ. At the borders of the φλ range, i.e. for
φλ = 0 and φλ = π the mass MH1 receives hardly any corrections. Its CP-even component
vanishes at these points, i.e. it is CP-odd, whereas for the φλ values in between CP-violation5

5By CP-violation we mean the deviation of the CP-even component from zero in this case.
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Figure 5.12: The masses of the lightest and next-to-lightest Higgs boson, MH1 (left) and MH2 (right)
at tree-level (blue/dashed) and one-loop (red/solid) as a function of φλ.
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Figure 5.13: The masses MH3
(left) and MH4

(right) at tree-level (blue/dashed) and one-loop
(red/solid) as a function of φλ.

of maximally 0.5% occurs (see Fig. 5.11 on the left) and the mass corrections amount to
2% of the tree-level value. Since H1 is mostly CP-odd its coupling to the Z-boson all but
vanishes (see Fig. 5.11 on the right). The mass of the next-to-lightest Higgs boson MH2

receives corrections of up to 27% of its tree-level mass, so that its one-loop mass ranges from
90 − 93 GeV. H2 is mostly CP-even (its CP-odd component is always less than 0.2%), but
nevertheless its coupling to the Z-boson is drastically reduced to only 9% − 15% of the SM
coupling. This is essential if one considers exclusion limits, since such a light Higgs boson
can only escape LEP exclusion if its Z-coupling is reduced. The Higgs boson H3 which is
mostly CP-even, however, couples with 84%− 91% of the strength of the SM coupling to the
Z-boson and is therefore the most interesting one for phenomenology, since it is the likeliest
to be discovered at the LHC. Its one-loop mass ranges from 131 GeV to 133 GeV and the
mass corrections are maximally 25 GeV.

The heaviest and next-to-heaviest Higgs bosons H4 and H5 cover a broader mass range from
200 GeV to 350 GeV. The mass corrections are tiny and are less than 2% of the tree-level
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mass. H4 and H5 display the maximal CP-violation occurring in this scenario, which is up
to 2.3%. H4 is mainly CP-odd and H5 is mainly CP-even. Both have a tiny Z-coupling.

For the complex NMSSM the exclusion limits cannot yet be applied since the decays for the
Higgs bosons in the complex NMSSM are not yet implemented in the respective programs.
Nevertheless, the scenario discussed here seems plausible as the mass of the SM-like Higgs
boson is around 132 GeV. It is surely interesting since it exhibits a mass spectrum which
offers the possibility of the SM-like Higgs boson H3 decaying into the lightest one H1. In
phenomenological discussions this additional decay channel has to be taken into account.

Variation of φu

In the following scenario we choose the parameter set

tanβ = 3, |λ| = 0.14, |κ| = 0.07, |Tλ| = 70 GeV, |Tκ| = 14 GeV, |µ| = 275 GeV,

sgnRλ = +1, sgnRκ = −1, MSUSY = 1.1 TeV, M0 = 600 GeV, A0 = −900 GeV,

Q = 300 GeV, φs = φλ = φκ = φAi = φMj = 0 for i = u, d, e and j = 1, 2, 3,

and vary the phase φu.

In Fig. 5.14 the CP-even components of the Higgs fields and the normalized Z-coupling
squared for this scenario are plotted. For this parameter choice there is only one Higgs boson
with noteworthy Z-coupling, namely H1. The Higgs bosons H1, H2 and H5 are mainly CP-
even whereas H4 and H5 are mainly CP-odd. At φu = 0 there is no CP-violation and H1

is CP-even. With increasing φu, however, H1 obtains a small CP-odd component and at
the same time its coupling to the Z-boson decreases slightly. At φu ≈ 0.54π the CP-odd
component of H1 is approximately 0.8%.
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Figure 5.14: The CP-even component of the Higgs bosons at one-loop (left) and the squared coupling
ZZHi normalized to the corresponding SM coupling at one-loop (right) in dependence on φu.

The Higgs boson masses MH1 and MH2 are shown in Fig. 5.15, while MH3 and MH4 are
depicted in Fig. 5.16. Once again MH5 is not plotted, because it displays the same behavior
as MH4 . First of all, it is notable that the only Higgs boson that receives any major corrections
from tree-level to one-loop is the SM-like H1. For MH1 the mass corrections are positive and
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can be up to 48 GeV and maximally 55% of the tree-level mass. For all the other Higgs boson
masses the corrections are always rather small. The absolute value of the mass corrections is
well under 1 GeV and thus less than 0.3% of the respective tree-level masses. The mass of
the lightest, i.e. the SM-like Higgs boson, decreases with increasing φu. At one-loop it ranges
between 110 GeV and 120 GeV. Therefore it seems likely that at least part of this parameter
space might already be excluded by the experiments. But at the same time this emphasizes
the importance of the one-loop corrections, as the tree-level mass of H1 is surely below the
exclusion bounds. The mass of the next-to-lightest Higgs boson MH2 is around 221 GeV and
displays only a slight dependence on φu. The same holds for MH3 , which is around 287 GeV.
The masses of the two heaviest Higgs bosons exhibit a stronger dependence on φu and range
between 655 GeV and 766 GeV. Qualitatively the dependence of the masses on the phase φλ
is nearly the same at tree-level as at one-loop. Hence, the main dependence on φλ already
enters in the tree-level mass, whereas varying φλ does not have such a big effect on the size
of the loop corrections.

M
H

1
[G

eV
]

φu/π

one-loop
tree-level

60

70

80

90

100

110

120

0 0.1 0.2 0.3 0.4 0.5

M
H

2
[G

eV
]

φu/π

one-loop
tree-level

219.0

219.5

220.0

220.5

221.0

221.5

222.0

222.5

223.0

0 0.1 0.2 0.3 0.4 0.5

Figure 5.15: The masses of the lightest and next-to-lightest Higgs boson, MH1
(left) and MH2

(right)
at tree-level (blue/dashed) and one-loop (red/solid) as a function of φu.
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Figure 5.16: The masses MH3
(left) and MH4

(right) at tree-level (blue/dashed) and one-loop
(red/solid) as a function of φu.
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5.3.2 CP-Violation Induced at One-Loop Level

To investigate CP-violation induced at one-loop level, we choose a scenario in which the phase
of the trilinear soft SUSY breaking parameter for the up-type squarks φAu is varied. Instead
we could also have varied φMi (i = 1, 2) or φAj (j = e, d). But in the example scenarios
we considered for those, the effects achieved by varying the phases were marginal. Therefore
they will not be presented here.

Variation of φAu

We vary φAu and fix all other parameters to

tanβ = 10, |λ| = 0.1, |κ| = 0.05, |Tλ| = 49.8 GeV, |Tκ| = 2.5 GeV, |µ| = 1000 GeV,

sgnRλ = −1, sgnRκ = −1, MSUSY = 1.1 TeV, M0 = 600 GeV, A0 = 2000 GeV,

Q = 300 GeV, φu = φs = φλ = φκ = φAi = φMj = 0 for i = d, e and j = 1, 2, 3.
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Figure 5.17: The CP-even component of the Higgs bosons at one-loop (left) and the squared coupling
ZZHi normalized to the corresponding SM coupling at one-loop (right) in dependence on φAu .

In this scenario there are two Higgs bosons with a sizeable coupling to the Z-boson. H2 couples
to the Z-boson with ∼ 65% of the strength of the SM coupling squared and H3 couples with
∼ 35% of the strength of the SM coupling squared, whereas all other Higgs bosons posses
a vanishing Z-coupling (see Fig. 5.17 on the right). Both H2 and H3 are mainly CP-even,
but the CP-odd component of H2 can be up to 0.8%, which is - although not very large, the
maximal CP-violation occurring in this scenario (see Fig. 5.17 on the left).

Of course the tree-level masses of the Higgs bosons do not depend on φAu . But they are plotted
nevertheless for reference. The masses of the lightest and next-to-lightest Higgs boson MH1

and MH2 are shown in Fig. 5.18. The lightest Higgs boson which is mainly CP-odd and
therefore has a vanishing coupling to the Z-boson has a tree-level mass of ∼ 82 GeV which
receives corrections amounting to maximally 22% of the tree-level mass. This leads to a
one-loop mass slightly below 100 GeV. The mass of the next-to-lightest Higgs boson receives
corrections of ∼ 34% of the tree-level mass value (MH2 ≈ 99 GeV). Thus, its one-loop mass
ranges from 126− 132 GeV and the one-loop corrections lift the Higgs mass above the LEP
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Figure 5.18: The masses of the lightest and next-to-lightest Higgs boson, MH1 (left) and MH2 (right)
at tree-level (blue/dashed) and one-loop (red/solid) as a function of φAu .

exclusion bounds, which of course need to be modified to account for the reduced Z-coupling.
Figure 5.19 displays MH3 and MH4 as a function of φAu . The mass of H3 receives only small
corrections of less than 5%. The tree-level mass of MH3 ≈ 143 GeV is shifted to 147−150 GeV
at one-loop. If H3 were the SM-Higgs, it would already be excluded by LHC data. But its
reduced coupling, both to the vector bosons and the quarks (not explicitly discussed here),
might actually save it from exclusion. Of course a thorough investigation of the exclusion
limits is inevitable and has to be performed sooner or later. The next-to-heaviest Higgs boson
H4 has a tree-level mass of MH4 ≈ 292 GeV, which receives corrections of less than 0.5%.
The mass of the heaviest Higgs boson is not plotted here. MH5 is approximately 987 GeV,
displays quasi no dependence on φAu and receives tiny corrections of less than 0.05%.
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Figure 5.19: The masses MH3
(left) and MH4

(right) at tree-level (blue/dashed) and one-loop
(red/solid) as a function of φAu .

Even though the phase φAu enters only in the one-loop corrections and not in the tree-level
mass, the one-loop masses clearly display a dependence on φAu . In fact, the one-loop masses
can be changed by several GeV by varying φAu .
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CHAPTER 6

Summary and Conclusion

In this thesis the full one-loop calculation of the Higgs boson masses in the complex NMSSM
was presented. To this end, the Higgs sector of the NMSSM was firstly discussed at tree-level
and later on the full renormalization procedure of the Higgs sector necessary to obtain the
one-loop masses was described. This theoretical part was followed by the numerical analysis
conducted for some example scenarios.

Although, in contrast to the MSSM, the NMSSM allows for tree-level Higgs boson masses
above the mass of the Z-boson, our analysis shows that the inclusion of the one-loop correc-
tions to the Higgs boson masses is nevertheless crucial, since they lift the mass of the light
CP-even Higgs boson above the LEP limits. The one-loop corrections can be quite large,
especially for Higgs bosons with a small tree-level mass. For some parameter points they can
more than triple the tree-level mass. As our discussion of the exclusion limits provided by the
collider experiments proves, the NMSSM provides phenomenologically valid scenarios, which
should be taken into consideration in the Higgs searches, since they predict Higgs bosons with
different properties than those of the MSSM or the SM.

For the special case of the real NMSSM three different renormalization schemes were imple-
mented: a pure DR scheme to make contact to the calculations existing in the literature,
a scheme that mixes on-shell and DR renormalization conditions as well as a pure on-shell
scheme. For the example scenarios considered here the results obtained employing the dif-
ferent renormalization schemes differed by at most 10%. As an indication for the coupling
strength of the Higgs bosons to the other particles we considered the corresponding singlet
components. Since the coupling of the Higgs boson to the SM particles decreases with increas-
ing singlet component, a Higgs boson with a large singlet component can escape detection at
the collider experiments due to its reduced couplings, even if the SM Higgs boson of the same
mass is already excluded. Hence, the singlet component is a useful quantity, which allows
to draw conclusions about the properties of the respective Higgs boson. As the investigation
of the dependence on the top quark mass revealed, the main part of the corrections for the
light CP-even MSSM-like Higgs boson stems from the top sector. The variation of the renor-
malization scale, which enters the one-loop calculation, provides an estimate for the missing
higher order corrections, which are O(10%).
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6. Summary and Conclusion

For the more general case of the CP-violating NMSSM, i.e. the complex NMSSM, we found
that in comparison to the CP-conserving NMSSM only two more counterterms have to be
introduced to renormalize the Higgs sector. We showed that setting any of the phases ap-
pearing in the Higgs sector at tree-level leads to CP-violation at tree-level. As an indicator
for the strength of the CP-violation we used the CP-even component of the respective Higgs
boson. If CP is conserved the CP-even component of a Higgs boson can either be zero or
one. In the investigated example scenarios the maximal deviation of the CP-even component
from these two values was 2.3%. This mixing of the CP-even and CP-odd interaction eigen-
states to the one-loop mass eigenstates can reduce the couplings of the mass eigenstates to
the SM particles even further. In addition to CP-violation at tree-level, we also discussed
CP-violation induced at one-loop level. We found that even though these phases enter only
in the one-loop corrections and not in the tree-level Higgs boson masses their variation can
have an effect of several GeV on the resulting one-loop masses.

Altogether this thesis contributes to the effort of providing phenomenological predictions for
the Higgs sector of the complex NMSSM that might open a new perspective for the ongoing
Higgs search at the LHC. Calculating the one-loop masses is only a first step. To obtain
the full picture it will, amongst other things, be helpful to calculate the Higgs masses at
higher orders. In fact, for the real NMSSM the leading logarithmic O(αtαs + αbαs) two-
loop corrections to the Higgs boson masses in the effective potential approach are discussed
in [44]. For the complex NMSSM the logarithmically enhanced two-loop effects employing
the renormalization-group improved approach are presented in [55]. Furthermore, it would be
desirable to have the one-loop corrected vertices involving Higgs bosons at our disposal. Once
all these different pieces are merged, we will be able to make phenomenological predictions
for the NMSSM Higgs bosons that will hopefully enable us to clearly distinguish the NMSSM
Higgs sector from the MSSM or SM Higgs sectors.
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APPENDIX A

The Supersymmetric Lagrangian

The Lagrangian of an arbitrary supersymmetric theory can be constructed once the particle
content, the gauge structure and the superpotential of the theory are provided. Let us assume
a theory which contains chiral supermultiplets formed by a scalar field φi, its superpartner
the Weyl-fermion ψi and an auxiliary field Fi. The auxiliary field does not propagate and is
therefore no physical field. Its purpose is to close SUSY off-shell. When going on-shell Fi can
be eliminated using the equations of motion for Fi. Furthermore there are gauge bosons Aaµ,
the corresponding gaugino λa and an auxiliary field Da which can be grouped into a gauge
supermultiplet. A general scalar superpotential for such a theory would look like this:

W =
1

2
µijφiφj +

1

6
λijkφiφjφk. (A.1)

The supersymmetric Lagrangian is then given by

LSUSY = Lchiral + Lchiral,int + Lgauge + Lyukawa. (A.2)

The individual parts of the Lagrangian read

Lchiral = − (Dµφi)
† (Dµφi)− iψi∗σµDµψi + F i∗Fi, (A.3a)

Lchiral,int = −1

2
W ijψiψj +W iFi + c.c, (A.3b)

Lgauge = −1

4
F aµνF

µνa − iλa†σµDµλ
a +

1

2
DaDa, (A.3c)

Lyukawa = −
√

2g

((
φ∗T aψ

)
λa + λa†

(
ψ†T aφ

))
+ g
(
φ∗T aφ

)
Da. (A.3d)

Lchiral is of the same form as the free Lagrangian for the supersymmetric theory which is made
up of chiral supermultiplets only. However, here we wrote down the gauge invariant form.
Hence, the gauge interactions of the chiral supermultiplets have already been incorporated
by applying the covariant derivatives

Dµφi = ∂µφi + igAaµ(T aφ)i and Dµψi = ∂µψi + igAaµ(T aψ)i. (A.4)
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Here g denotes the gauge coupling and T a are the generators of the gauge group. The index
a denotes the adjoint representation. All other renormalizable interactions can be derived
from the superpotential and are given by Lchiral,int with the abbreviations

W i =
δW

δφi
and W ij =

δ2W

δφi δφj
. (A.5)

Using Lchiral and Lchiral,int the equations of motion for Fi can be derived. It turns out that
Fi can be replaced by

Fi = −W ∗i and F i∗Fi =

∣∣∣∣∣δWδφi
∣∣∣∣∣
2

. (A.6)

The gauge field part of the supersymmetric Lagrangian is given by Lgauge. Here F aµν is the
Yang-Mills field strength tensor

F aµν = ∂µA
a
ν − ∂νAaµ − gfabcAbµAcν with the structure constants fabc. (A.7)

The covariant derivative of the gaugino fields is

Dµλ
a = ∂µλ

a − gfabcAbµλc. (A.8)

Finally, the only interactions left, which are not forbidden by renormalizability or gauge
invariance are summarized in Lyukawa. Using Lgauge and Lyukawa we can express the auxiliary
field Da via

Da = −g(φ∗T aφ). (A.9)

The derivation presented here follows the approach presented in [10].
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APPENDIX B

Loop Functions

When calculating the one-loop self-energies and tadpole diagrams we always come across
integrals over the loop momentum. There is a formalism for the treatment of these integrals.
These methods were introduced by Passarino and Veltman [56], t’Hooft and Veltman [57] and
Melrose [58]. We stick to the conventions as used in LoopTools [40] and in [59].

The following loop integrals are encountered when calculation one-loop corrections:

A0(m2) = 16π2Q4−D
∫

dDq

i(2π)D
1

q2 −m2 + iε
(B.1)

B0(p2,m2
1,m

2
2) = 16π2Q4−D

∫
dDq

i(2π)D
1

(q2 −m2
1 + iε)((q − p)2 −m2

2 + iε)
(B.2)

Bµ(p2,m2
1,m

2
2) = pµB1(p2,m2

1,m
2
2) =

= 16π2Q4−D
∫

dDq

i(2π)D
qµ

(q2 −m2
1 + iε)((q − p)2 −m2

2 + iε)
(B.3)

Bµν(p2,m2
1,m

2
2) = gµνB00(p2,m2

1,m
2
2) + pµpνB11(p2,m2

1,m
2
2) =

= 16π2Q4−D
∫

dDq

i(2π)D
qµqν

(q2 −m2
1 + iε)((q − p)2 −m2

2 + iε)
(B.4)

As mentioned in Section 4.1.1 we use dimensional reduction to regularize the UV-divergences
of the loop integrals. Therefore, we calculate the integrals in general D dimensions instead
of in four dimensions. Here Q denotes the renormalization scale, which has mass dimension
and needs to be introduced to ensure that the overall dimension of the integral remains the
same for any D. The infinitesimal imaginary part iε is needed to regulate the singularities of
the integrand. The loop integrals are classified according to the number of external legs in
the corresponding Feynman diagrams. The loop functions with one external leg are denoted
by A and those with two external legs are denoted by B. The indices 0, µ and µν indicate
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B. Loop Functions

the Lorentz structure of the integrals. Instead of using Bµ and Bµν one can use the tensor
coefficients B1, B00 and B11. B1 is the coefficient of pµ, B00 is the coefficient of gµν and B11

is the coefficient of pµpν .

By performing the integral one obtains the following analytic expression for the scalar one-
point function A0:

A0(m2) = m2
(

∆− ln
m2

Q2
+ 1
)

with ∆ =
2

4−D
− γE + ln 4π. (B.5)

γE denotes the Euler-Mascheroni constant, γE ≈ 0.5772. It is apparent that ∆ diverges for
D → 4.

The scalar two-point function B0 can be written as

B0(p2,m2
1,m

2
2) = ∆− ln

p2

Q2
− fB(x+)− fB(x−) (B.6)

with fB(x) = ln(1− x)− x ln(1− x−1)− 1 , x± =
s±

√
s2 − 4p2(m2

1 − iε)

2p2

and s = p2 −m2
2 +m2

1.

The tensor coefficients B1, B00 and B11 can be expressed in terms of B0 and A0:

B1(p2,m2
1,m

2
2) =

1

2p2

[
A0(m2

1)−A0(m2
2)− (p2 −m2

2 +m2
1)B0(p2,m2

1,m
2
2)
]
, (B.7)

B00(p2,m2
1,m

2
2) =

1

2(D − 1)

[
A0(m2

2) + 2m2
1B0(p2,m2

1,m
2
2)+

+ (p2 −m2
2 +m2

1)B1(p2,m2
1,m

2
2) +m2

1 +m2
2 − p2/3

]
, (B.8)

B11(p2,m2
1,m

2
2) =

1

2p2(D − 1)

[
(D − 2)A0(m2

2)− 2m2
1B0(p2,m2

1,m
2
2)+

−D(p2 −m2
2 +m2

1)B1(p2,m2
1,m

2
2)−m2

1 −m2
2 + p2/3

]
. (B.9)
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APPENDIX C

Running Top and Bottom Quark Masses

In the following the formulas needed to convert the input values for the top and bottom quark
mass into the running DR masses at the renormalization scale are presented.

Running Top Mass

As input value for the top quark mass we use the pole mass mt = 173.3 GeV.

1. The pole mass is converted into the running pole mass at the scale of the top pole mass
(i.e. Q = mt). Therefore the gluon corrections, i.e. the corrections originating from
the diagram with a gluon and a top quark in the loop are included. This leads to the
running top mass

mrun,gluon
t (mt) = mpole

t + ∆mgluon
t

with ∆mgluon
t =

g2
s

6π2
mt

[
B1(m2

t , 0,m
2
t )−B0(m2

t , 0,m
2
t )
]
.

(C.1)

To obtain this correction dimensional reduction was employed. Hence, the running mass
is the DR running mass.

2. Now, the running top mass which includes the gluon corrections is evolved from the
scale mt up to the renormalization scale Q by means of the SM renormalization group
equation. The renormalization group equation can be found e.g. in [60] and reads

mrun,gluon
t (Q) = mrun,gluon

t (mt) ·

[
αs(Q)

αs(mt)

] 1
πβ0

with αs(Q) =
αs(MZ)

1 + β0 αs(MZ) ln
( Q2

M2
Z

) and β0 =
33− 2n

12π
.

(C.2)

Here n is the number of active quark flavors which is taken to be six.
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C. Running Top and Bottom Quark Masses

3. Since in the scenario where we actually use the running mass we take the renormalization
scale Q to be equal to the SUSY scale, the gluino corrections are added at this scale.
By gluino corrections we mean, the corrections due to a gluino and a top squark in the
loop. So, finally we obtain the running DR top mass which includes both the gluon and
the gluino corrections at the renormalization scale Q:

mrun,gluino
t (Q) =mrun,gluon

t (Q) + ∆mgluino
t

with ∆mgluino
t =− g2

s

12π2

[
mt

[
B1(m2

t ,m
2
g̃,m

2
t̃1

) +B1(m2
t ,m

2
g̃,m

2
t̃2

)
]
+

+mg̃ sin(2θt̃)
[
B0(m2

t ,m
2
g̃,m

2
t̃1

)−B0(m2
t ,m

2
g̃,m

2
t̃2

)
]]
.

Here mg̃ is the gluino mass, mt̃1
and mt̃2

are the top squark masses and θt̃ is the rotation
angle form the mixing matrix of the squarks defined by:(

t̃1
t̃2

)
=

(
cos θt̃ sin θt̃
− sin θt̃ cos θt̃

)(
t̃L
t̃R

)
. (C.3)

The formulas for the gluon and gluino corrections were calculated using FeynArts and
FormCalc but can also be found in the literature [59].

Running Bottom Mass

As input value for the bottom mass we take mMS
b (mb) = 4.19 GeV.

1. This MS input value has to be converted into the DR input value. How this is done is
described in [61]. The relevant formula is

mDR
b (mb) = mMS

b (mb)

(
1− 1

3π
αs(mb)−

29

72π
αs(mb)

2

)
. (C.4)

2. Using the renormalization group equation this can be evolved up to the renormalization
scale

mrun,gluon
b (Q) = mrun,gluon

b (mb) ·

[
αs(Q)

αs(mb)

] 1
πβ0

, (C.5)

where αs(Q) and β0 are as given in Eq. C.2.

3. At the renormalization scale Q the gluino corrections are included. They are given by:

mrun,gluino
b (Q) =mrun,gluon

b (Q) + ∆mgluino
b

with ∆mgluino
b =− g2

s

12π2

[
mb

[
B1(m2

b ,m
2
g̃,m

2
b̃1

) +B1(m2
b ,m

2
g̃,m

2
b̃2

)
]
+

+mg̃ sin(2θb̃)
[
B0(m2

b ,m
2
g̃,m

2
b̃1

)−B0(m2
b ,m

2
g̃,m

2
b̃2

)
]]
.

Here mb̃1
and mb̃2

denote the bottom squark masses and θb̃ is defined by the mixing of
the bottom squarks (

b̃1
b̃2

)
=

(
cos θb̃ sin θb̃
− sin θb̃ cos θb̃

)(
b̃L
b̃R

)
. (C.6)
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APPENDIXD

Counterterm Mass Matrix of the Higgs Sector

In this appendix the complete counterterm Higgs mass matrix, which one obtains after carry-
ing out the procedure as described in Section 4.2, is presented. The matrix δMHiggs is given
in the basis of the interaction eigenstates after the separation of the Goldstone boson, i.e. the
basis is (a, as, hd, hu, hs). Note that the counterterm mass matrix is symmetric

δMHiggs

∣∣∣
ij

= δMHiggs

∣∣∣
ji
. (D.1)

Hence, it is sufficient to state 15 elements of the counterterm matrix explicitly and the rest
follows from symmetry.

Here the complex parameters were written in terms of their absolute value and their phase.
In the NMSSM Higgs mass matrix only three phase combinations appear (see Eq. 3.35)

φI =φu − 2φs + φλ − φκ,
φIλ =φu + φs + φTλ and (D.2)

φIκ =3φs + φTκ .

Moreover we used the abbreviations sx = sinx, cx = cosx and tx = tanx. Once again θW
denotes the Weinberg angle.

δMHiggs

∣∣∣
11

= δM2
H± + δM2

Z

2|λ|2M4
W

e2M4
Z

+ δM2
W

2|λ|2
(

1− 2M2
W

M2
Z

)
e2

− 1

+

− δZe
4|λ|2M2

W s
2
θW

e2
+ δλ

4|λ|M2
W s

2
θW

e2
(D.3)

δMHiggs

∣∣∣
12

= δtanβ
2c2βc

2
βMW sθW

(
2|λ|2M2

W s
2
θW

+ e2
(
M2
H± −M

2
W

))
e3vs

+
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D. Counterterm Mass Matrix of the Higgs Sector

+ δλ

(
4|λ|M3

W s2βs
3
θW

e3vs
−

3|κ|MW vscφIsθW
e

)
− δκ

3|λ|MW vscφIsθW
e

+

+
δM2

W

2e3MWM4
ZvssθW

[
s2β

(
6|λ|2M2

W

(
−3M2

WM
2
Z + 2M4

W +M4
Z

)
+

+ e2M2
Z

(
−2M2

H±M
2
W +M2

H±M
2
Z − 3M2

WM
2
Z + 4M4

W

) )
+

− 3e2|κ||λ|M2
Zv

2
scφI

(
M2
Z − 2M2

W

) ]
+

+ δM2
Z

M3
W

2e3M4
ZvssθW

(
e2
(
s2β

(
M2
H± −M

2
W

)
− 3|κ||λ|v2

scφI
)

+ 6|λ|2M2
W s2βs

2
θW

)
+

− δvs
MW sθW
e3v2

s

(
e2
(
3|κ||λ|v2

scφI + s2β

(
M2
H± −M

2
W

))
+ 2|λ|2M2

W s2βs
2
θW

)
+

+ δZe
MW sθW
e3vs

(
e2
(
3|κ||λ|v2

scφI + s2β

(
M2
W −M2

H±
))
− 6|λ|2M2

W s2βs
2
θW

)
+

+ δφI
3|κ||λ|MW vssθW sφI

e
− δthu

c3
β

vs
− δthd

s3
β

vs
+ δM2

H±
MW s2βsθW

evs
(D.4)

δMHiggs

∣∣∣
13

= δtad
e

2MW tβsθW
− δtanβ

c3
β

2e2

[
e2

(
|κ||λ|v2

ssφI−φIλ
tβcφIλ

+ 2c2
β

(
M2
H± −M

2
W

)
tφIλ

)
+

+ 4|λ|2c2
βM

2
W s

2
θW
tφIλ

]
+ δM2

Z

cβM
2
W

4e2M4
Zs

2
θW

[
− 4|λ|2cβM2

W sβs
2
θW
tφIλ+

+ e2
(
tφIλ

(
|κ||λ|v2

scφI + s2β

(
M2
W −M2

H±
))
− |κ||λ|v2

ssφI

)]
+

+ δZe
cβ
2e2

[
e2
(
|κ||λ|v2

ssφI − tφIλ
(
|κ||λ|v2

scφI + s2β

(
M2
W −M2

H±
)))

+

+ 4|λ|2cβM2
W sβs

2
θW
tφIλ

]
− δM2

W

cβ
(
2M2

W −M2
Z

)
4e2M2

WM
2
Zs

2
θW
cφIλ

[
− 4|λ|2cβM2

W sβs
2
θW
sφIλ+

+ e2
(
sφIλ

(
|κ||λ|v2

scφI + s2β

(
M2
W −M2

H±
))
− |κ||λ|v2

ssφI cφIλ

)]
(D.5)

δMHiggs

∣∣∣
14

= δtad
e

2MW sθW
− δtanβ

c3
β

2e2

[
4|λ|2cβM2

W sβs
2
θW
tφIλ+

+ e2
(
|κ||λ|v2

ssφI − tφIλ
(
|κ||λ|v2

scφI + s2β

(
M2
W −M2

H±
)))]

+

+ δM2
Z

M2
W sβ

4e2M4
Zs

2
θW

[
e2
(
tφIλ

(
|κ||λ|v2

scφI + s2β

(
M2
W −M2

H±
))
− |κ||λ|v2

ssφI

)
+

− 4|λ|2cβM2
W sβs

2
θW
tφIλ

]
+ δZe

sβ
2e2

[
4|λ|2cβM2

W sβs
2
θW
tφIλ+
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+ e2
(
|κ||λ|v2

ssφI − tφIλ
(
|κ||λ|v2

scφI + s2β

(
M2
W −M2

H±
)))]

+

− δM2
W

sβ
(
2M2

W −M2
Z

)
4e2M2

WM
2
Zs

2
θW
cφIλ

[
− 4|λ|2cβM2

W sβs
2
θW
sφIλ+

+ e2
(
sφIλ

(
|κ||λ|v2

scφI + s2β

(
M2
W −M2

H±
))
− |κ||λ|v2

ssφI cφIλ

)]
(D.6)

δMHiggs

∣∣∣
15

= δM2
Z

|κ||λ|M3
W vssφI

2eM4
ZsθW

+ δtanβ
c2
βMW sθW
e3vstβcφIλ

[
− 4|λ|2cβM2

W sβs
2
θW
sφIλ+

+ e2
(
sφIλ

(
|κ||λ|v2

scφI + s2β

(
M2
W −M2

H±
))
− |κ||λ|v2

ssφI cφIλ

)]
+

+ δvs
MW sθW tφIλ

e3v2
s

[
e2
(
|κ||λ|v2

scφI + s2β

(
M2
W −M2

H±
))
− 2|λ|2M2

W s2βs
2
θW

]
+

+ δφI
|κ||λ|MW vscφIsθW

e
+ δκ

|λ|MW vssθW sφI
e

+ δλ
|κ|MW vssθW sφI

e
+

+ δM2
W

|κ||λ|vs
(
M2
Z − 2M2

W

)
sφI

2eMWM2
ZsθW

− δZe
|κ||λ|MW vssθW sφI

e
+ δtad

1

vssβ
(D.7)

δMHiggs

∣∣∣
22

= −δthu
2MW sβsθW c

4
β

ev2
s

+ δtad
6MW sθW tφIκ cβ

ev2
s

− δthd
2MW s

4
βsθW cβ

ev2
s

+

+ δtanβ
M2
W s

2
θW
c2
β

2e4v2
s

{[
4
(
sβc

3
β − s3

βcβ
) (
M2
H± −M

2
W

) (
3tφIκ tφIλ + 4

)
+

− 6|κ||λ|v2
sc

2
β

(
5sφI tφIκ + cφI

(
tφIκ tφIλ − 2

))
+

+ 3

(
2|κ||λ|cφIv

2
s

((
tφIκ tφIλ − 2

)
s2
β + tφIκ tφIλ

)
+

+ tφIκ

(
2
(
M2
W −M2

H±
)
s2βtφIλ − |κ||λ| (5c2β − 3) sφIv

2
s

))]
e2+

+ 4|λ|2M2
W s

2
θW

(
2
(
sβc

3
β − s3

βcβ
) (

3tφIκ tφIλ + 4
)
− 3s2βtφIκ tφIλ

)}
+

+ δM2
Z

M4
W sβcβ

e4M4
Zv

2
s

[(
− 15|κ||λ|sφI tφIκv

2
s − 3|κ||λ|cφIv

2
s

(
tφIκ tφIλ − 2

)
+

+ 2cβsβ
(
M2
H± −M

2
W

) (
3tφIκ tφIλ + 2

))
e2 + 2|λ|2M2

W s2βs
2
θW

(
3tφIκ tφIλ + 4

)]
+

− δφI
6|κ||λ|M2

W sβs
2
θW
cβ
(
cφIκsφI + 3cφIsφIκ

)
e2cφIκ

+ δM2
H±

M2
W s

2
2βs

2
θW

e2v2
s

+

+ δM2
W

s2β

4e4M4
Zv

2
s

{
6
(
2M2

W −M2
Z

)
M2
Z

tφIκ
cφIλ

[
5e2|κ||λ|cφIλsφIv

2
s+
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+ sφIλ

(
e2
(
|κ||λ|cφIv

2
s +

(
M2
W −M2

H±
)
s2β

)
− 2|λ|2M2

W s2βs
2
θW

) ]
+

+ 4

[
3e2|κ||λ|cφIM

2
Z

(
M2
Z − 2M2

W

)
v2
s +

(
4|λ|2

(
2M4

W − 3M2
ZM

2
W +M4

Z

)
M2
W+

+ e2M2
Z

(
3M4

W − 2M2
H±M

2
W − 2M2

ZM
2
W +M2

H±M
2
Z

))
s2β

]}
+

+ δκ
3|λ|M2

W s2βs
2
θW

(
cφI cφIκ − 3sφIsφIκ

)
e2cφIκ

+ δλ
M2
W s2βs

2
θW

e4v2
s

[
4|λ|M2

W s2βs
2
θW

+

+ 3e2|κ|
(
cφI − 3sφI tφIκ

)
v2
s

]
− δtas

3tφIκ
vs

+
δths
vs
− δTκ

3vs√
2cφIκ

+

+
δvs

2e4v3
s

[
2M2

W s
2
θW
e2

(
12c2

βtφIκ tφIλs
2
β

(
M2
W −M2

H±
)
− 2s2

2β

(
M2
H± −M

2
W

)
+

+ 3|κ||λ|s2βtφIκ

(
cφI tφIλ − 4sφI

)
v2
s

)
+

3√
2cφIκ

|Tκ|
(
cφIκ − 3

)
v3
se

4+

− 8|λ|2M4
W s

4
θW

(
6c2
βtφIκ tφIλs

2
β + s2

2β

)]
+ δZe

M2
W s2βs

2
θW

e4v2
s

[
e2

(
15|κ||λ|sφI tφIκv

2
s+

+ 3|κ||λ|cφIv
2
s

(
tφIκ tφIλ − 2

)
− 2cβsβ

(
M2
H± −M

2
W

) (
3tφIκ tφIλ + 2

))
+

− 2|λ|2M2
W s2βs

2
θW

(
3tφIκ tφIλ + 4

)]
(D.8)

δMHiggs

∣∣∣
23

=
δtad
vs
− δtanβ

3|κ||λ|c3
βMW vssθW sφI
e

− δφI
3|κ||λ|MW vssβsθW cφI

e
+

+ δvs
MW sβsθW
e3v2

scφIλ

[
e2

(
sφIλ

(
|κ||λ|v2

scφI + s2β

(
M2
W −M2

H±
))

+

− 4|κ||λ|v2
ssφI cφIλ

)
− 4|λ|2cβM2

W sβs
2
θW
sφIλ

]
− δM2

Z

3|κ||λ|M3
W vssβsφI

2eM4
ZsθW

+

− δM2
W

3|κ||λ|vssβsφI
(
M2
Z − 2M2

W

)
2eMWM2

ZsθW
+ δZe

3|κ||λ|MW vssβsθW sφI
e

+

− δκ
3|λ|MW vssβsθW sφI

e
− δλ

3|κ|MW vssβsθW sφI
e

(D.9)

δMHiggs

∣∣∣
24

=
δtad
vstβ

+ δtanβ
cβMW sθW
2e3vstβcφIλ

[
− 8|λ|2cβM2

W sβs
2
θW
sφIλ+

+ e2

(
2sφIλ

(
|κ||λ|v2

scφI + s2β

(
M2
W −M2

H±
))
− |κ||λ| (3c2β − 1) v2

ssφI cφIλ

)]
+

+ δvs
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APPENDIX E

Chargino and Neutralino Counterterm Mass Matrices

In this appendix the counterterm mass matrices for the charginos and neutralinos are given.
The chargino mass matrix (see Eq. (3.46)) can be written in terms of the following parame-
ters: |M2|, MW , tanβ, |λ|, vs, φM2 , φλ, φu and φs. If one now introduces counterterms for
these parameters and expands the mass matrix around the counterterms, one obtains the
counterterm chargino mass matrix:
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Here
(
Mχ±

)
ij

denotes the respective element of the chargino mass matrix. Also keep in mind

that δλ and δM2 denote the counterterms to the absolute values |λ| and |M2|, whereas λ and
M2 are complex (λ = |λ| eiφλ and M2 = |M2| eiφM2 ).

The neutralino mass matrix (see Eq. (3.42)) can be written in terms of the parameters |M1|,
|M2|, MW , MZ , tanβ, e, |λ|, |κ|, vs, φM1 , φM2 , φλ, φκ, φu and φs. After introducing countert-
erms for these parameters and expanding around these, we obtain the following counterterm
mass matrix:
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, (E.13)
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=

[
√

2δκvs +
√

2κδvs

]
eiφs + i (δφs + δφκ)

(
Mχ0

)
55
, (E.14)

δMχ0

∣∣∣
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=δMχ0

∣∣∣
15

= δMχ0

∣∣∣
25

= δMχ0

∣∣∣
33

= δMχ0

∣∣∣
44

= 0 . (E.15)

All other elements follow from the symmetry

δMχ0

∣∣∣
ij

= δMχ0

∣∣∣
ji
. (E.16)

(
Mχ0

)
ij

denotes the respective matrix element of the neutralino mass matrix.
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