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Table for the multiplicative non-cyclic groups of integers modulo
A033949

Wolfdieter Lan g !

The multiplicative group of integers modulo n is denoted by (Z/Z,)*, the group with elements
from a restricted residue system modulo n under multiplication modulo n. The smallest positive such
system is chosen, and this set of relatively prime numbers is called RRS(n) with its number of elements
@(n) =A000010(n). This group is isomorphic to the Galois group Gal(Q(¢(n))/Q) with ¢(n) = exp(2=?)

n
(see, e.g.,[1], p. 235, Theorem 9.1.11). This is also called the cyclotomic group belonging to the cyclotomic
polynomials, the minimal polynomials of the algebraic number ¢(n) with extension field Q(¢(n)). These

groups are abelian.

For n from A033948 this group is the cyclic group C),, generated by a primitive root modulo n. See
A279398 for the smallest prime primitive roots for these n. Here we are interested in the non-cyclic cases,
i.e., n is from A033949. These groups are direct products of cyclic groups.

For the Table the non-negative powers modulo n of each element of RRS(n) are considered. Negative
powers are then included because the inverse of each elements of RRS(n) is again an element of RRS(n).
(See A038566 and A124224). The orders of these elements with n from A033949 are proper divisors of
©(n) (no primitive root exist) and a set of independent cycles is given in the third column. Independent
means that all other cycles generated by elements of RRS(n) are subsets of the recorded ones, and no
recorded cycle is a subset of another one. Here we follow the strategy to look first for prime elements
from RRS(n) ordered increasingly. See A279399 for these primes, and A279401 for their orders modulo
n, i.e., the primitive cycle lengths (in the following we just write cycle length). These orders appear as
subscripts. In general it will, however, not be possible to use only primes for finding the independent
cycles; also composite numbers with their cycles will be needed. This happens for the first time for
n = 32 where also the cycle of length 2 (a 2-cycle in short) generated by 15, i.e., [15, 1], is needed. Such
composite numbers which be underlined.

The number of independent cycles has been given in [3] in Table 7 in the fourth column, also given
as A282623. In the third column of that table the structure of the independent cycles is given, where,
e.g.,4o means that two 4-cycles are present. Such independent cycles are important for drawing cycle
graphs of the groups appearing in the last column of the present table (see the examples for cycle graphs
in [3], Figure 4, where the vertices have to be labeled with the RRS(n) numbers appearing in these
cycles. The root has label 1).

In the fourth column of the present table the generators of the Galois group Gal(Q(¢(n))/Q) or
(Z ] Zy,)™ are given. At least two elements of RRS(n) will be needed in the considered non-cyclic case.
For the largest proper factor f of ¢(n) we check if cycle lengths f and ¢(n)/ f are present among the
orders modulo n of the primes of RRS(n) and test if their nonnegative powers generate all elements of
RRS(n). E.g. for n = 20 with ©(20) = 8 one tries f = 4 and finds a 4-cycle for 3 and a 2-cycle for 7,
and these two elements provide indeed the generators. If, however, no prime element of RRS(n) has the
largest proper factor of ¢(n) as order modulo n then smaller factors are tested. E.g., for n = 24 with
©(24) = 8 there are no 4-cycles for primes, but only 2—cycles. A possible generator set turns out to be
5, 7, 13, corresponding to the factorization 2 - 2 - 2 of 8.
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Note that not only elements of the independent cycles appear as generators. FE.g., for n = 21 with
©(21) = 12 the 2—cycle from 13 is used together with the 6—cycle from 2. This is because 13 is the only
prime element of RR.S(21) which generates a 2-cycle, and all the elements of the independent cycles have
order 6 (mod 21).

Amazingly, it will not always be possible to find a generator set with primes only. The first instance is
n = 51 with ¢(51) = 32. The primes have only cycle lengths 16, 8, 6, 4, but never 2, and no combination
of an 8— with a 4—cycle, like 2 with 13 or 2 with 47 provides a basis. Therefore one needs also a composite
number from RRS(n), e.g. the 2-cycle of 35 (the smallest number) or 50. Indeed, a generator set with
smallest numbers is then {2, 35}. The only other case for n from A033949 between 8 and 130 is n = 69
with ©(69) = 44. Here the primes with cycle length 22 and 2, e.g.,2 and 47 will not generate the group.
There is no prime with cycle length 4. Then the smallest composite number with a 2-cycle is 22 but 2
and 22 do not generate the group, but 2 and 68 will do it. We call these n values whose generating set
necessarily contains composite elements exceptional cases. Such composite elements will be underlined
and colored in the table.

With this procedure to find a generating set, where always the smallest elements of RRS(n) which
do the job are chosen, scanning the orders modulo n for decreasing factors of ¢(n), the fourth column of
the present table will result. The generators are also given in the irregular triangle A282624.

This table is not always in accordance with the one given in Wikipedia [6]. There the product of the
orders of the elements of the generating set sometimes overshoots ¢(n), which is never the case in the
present table. E.g., Wikipedia has for n = 72 with ¢(72) = 24 the generators 5, 7g, 11g but 63 > 24.
We have 5¢, 172, 199 which is minimal in this sense. (The case n = 70 where this overshooting also
appears is in fact wrong, because 312, 113 provides in fact no basis. This Wikipedia entry will have to be
corrected.)

In the Wikipedia table there are also composite generators used when they are not necessary. FE.g.,
for n = 15 with ¢(15) = 8 the generators are 24, 145 but in our table they are 24, 115. As mentioned
above only n = 51 and 69 (in the table up to n = 130) do need composite generators.

The groups given in the present table in the last column are totally factorized. This means that
the orders of the cyclic factors are always powers of primes (power 1 included). In the Wikipedia table
factors like Cg, Chg, Ch2, Cis, ... appear, but they can be factored further, whenever the factors of the
order are relatively prime. So, Cg = C3 x (o, Cg = C5 x (5, etc. For some more examples see the list
of abelian groups in [5]. Therefore the number of factors of cyclic groups in the direct product for the
group (Z / Zy)* depends on the definition of the factors. E.g., A046072 uses as definition of the factors
Ci, x Gy, -+ x C;,, that i; divides iy, for i; < 4;. This means that, e.g.,for n = 35 with ¢(35) = 24
the factorization is there, like in the Wikepedia table, Cy x Cio with A046072(35) = 2, In the total
factorization this is Cy x C3 x Co with 3 factors. (Note that the direct product is always associative,
and in the abelian group case it is also commutative).

For the non-cyclic case the table of the orders of the cyclic factors in the total factorization are given
also in A281854. The number of these factors is given in A281855, and the number of factors in this
factorization for all groups, including the cyclic ones, is given in A282625.

One of the reasons for listing the generators for the non-cyclic multiplicative groups of integers modulo
A033949 was to give a recipe to compute the Dirichlet character tables X(n; r, m), r = 1,2, ..., p(n),
m = 1,2, ..., n. Davenport [2] gives a prescription first for powers of primes (also for powers > 3 of
2 which have no primitive root) and then employs the usual multiplicativity (not the strong one) of
characters for general n > 2 (the case n = 1 is trivial).

Here we distinguish between the cyclic and non-cyclic case. The cyclic case is trivial due to the
existence of a primitive root modulo n. For the non-cyclic case one considers first the columns m values
given by the generators. If the order modulo n (with n from A033949) of a generator g is L(g) (the cycle
length generated by ¢) then one takes all the roots ((L(g); j) = exp(27ij/L(g)),j = 0, 1, ..., (L(g)—1)
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as first entries of column m = g. Together with the roots belonging to the order of the other generators
one can then fill the character table for all values m given by the generators. One has to obtain all
direct products of these roots in the ¢(n) rows. For the other columns with m from the set RRS(n)
one determines the exponents of the generators which give m (modn), and uses strong multiplicity of
the characters. All other columns are filled with zeros. This works also if some generators should be
composite (for the exceptional n values, like 51 and 69).

E.g., n =20 with ¢(20) = 8. The generators with their orders modulo n as subscripts are 34 and
115. Column m = 3 is filled with the roots ((4; r — 1),r = 1, 2, ..., 4 (i.e., 1,4, —1, —i) and because

the other generator has order 2 one needs the same roots again: ((4; r — 5), for rows r = 5, ..., 8. The
column m = 11 is filled with the roots +1 and —1; in the first four rows 1 and in the remaining four
rows —1. Then the other values of the table follow as described above. FE.g., for column m = 19 one

finds the values from 19 = 32 11! (mod 20) by strong multiplicity X(3? 111) = X(3)? X(11) for each row r.
Compare this with Table 19 given by R. J. Mathar in a link to A093954 or [4] on p. 7: there rows r = 2
and 4 have to be exchanged, as well as rows » = 5 and 7, in order to obtain the proposed character table.
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Table: Non-cyclic Galois groups Gal(Q(¢(n))/Q) , n < 130

n | ¢(n) independent cycles generators group
4 39, D, 7o < 39, by > Cy x Cy
12 4 59, Ta, 115 < By, Tg > Cy x Cy
15| 8 24, Ty, 113, 14, < 24, 119 > Cy x Oy
16 8 34, D4, T2, 15 < 34, T9 > Cy x Cy
20 8 34, 119, 134, 199 < 34, 115 > Cy x Cy
21| 12 26, 56, 196 < 26, 139 > Cs3 x C3
24 8 52, T2, 119, 135, 172, 19, 23, < B, To, 139 > C3
28 12 36, Be, 11g < 36, 135 > Cs3 x C3
30 8 T4, 110, 174, 299 < Ty, 115 > Cy x Cy
32 16 38, 08, 74, 312, 15, < 38, 312 > Cs x Cy
33| 20 210, 510, 710, < 210, 232 > Cs x C32
35 24 212, 312, 194, 314 < 19g, 134 > Cy x C3 x Cy
36 12 96, (6, 11g < 95g, 199 > C3 x 022
39 24 212, T2, 174, 196 < 17g, by > Cy x C3 x Cy
40| 16 34, Ta, 115, 134, 174, 195, 295, 315, 21,, 39, < 34, 119, 295 > Cy x C3
42 12 56, 11¢, 19 < Bg, 139 > Cs x C3
44 20 310, 710, 1310, < 310, 439 > C5 x 022
45 24 212, T12, 11g, 294, 62 < 1lg, 174 > Cy x C3 x Cy
48 16 B4, To, 114, 134, 179, 194, 232, 319, 415, 474 < By, 7o, 179 > Cy x 022
[51]| 32 25, 516, T16, 474, 359, 50, < 516,35, > Cis x Cs
52 24 36, 712, 236, 3712 < 3¢, D4 > Cy x C3 x Cy
55 40 290, 320, 1910, 4119 < 1919, 234 > Cs x Cy x Oy
56| 24 36, b6, 11¢, 176, 236, 316, 376 < 36, 132, 295 > Cs3 x C3
57 36 218, 918, 1318 < 218, 379 > Cy x 022
60 16 T4, 119, 134, 174, 199, 234, 295, 312, 415, 599 < Ty, 119, 199 > Cy x 022
163|| 36 | 2, 56, 11¢, 136, 176, 196, 296, 31¢, 41¢, 476, 53¢, 40 < 2, b5 > C2 x C3
64 32 316, D16, 78, 3lo, 474, @2 < 316, 31 > Cig x Oy
|65| 48 212, 312, T12, 1119, 1719, 1919 < 219, 314 > Cz x O3
66 20 910, 710, 1710 < 9510, 439 > C5 x 022
68 32 316, D16, 19s, 474, 672, EQ < 316, 679 > Cig x Oy
|69| 44 299, Do, 799 < 222,®2> Ci1 X 022
70 24 312, 196, 2312, 314 < 19g, 144 > Cy x C3 x Cy
72 | 24 56, 76, 115, 135, 236, 415, 43 <56, 172,195 > | O3 x C3
75 40 290, 1119, 1320, 2919 < 11y9, 74 > Cs x Cy x (9
76 36 318, 1318, 2318 < 318, 379 > Cy x 022
|77| 60 230, 330, 1730 < 330, 439 > Cs x C3 X 022
78 24 T12, 1119, 176, 29¢ < Tq2, 539 > Cy x C3 x Cy
[80]| 32 34, Ta, 114, 134, 174, 194, 295, 31,, < 34, 74, 315 > C? % Cy
434, 474, 534, 614, Tla, T34, 799, 39,

Continued on the next page.




Table continued: Non-cyclic Galois groups Gal(Q(¢(n))/Q) , n < 130

n p(n) independent cycles generators group
84 24 56, 116,196, 476, 53¢, 616, 676 < 5g, 139, Ty > Cy x C3
85 64 316, 1116, 134, 2316, 2916, 435, 474, 53g, 674, 18, < 316, 134 > Cig x Cy
87 56 228, 514, 19287 2314 < 228, 592 > 07 X 04 X CQ
88 40 310, 910, 710, 1310, 1710, 1910, 2910, 3110, 7310, 8310 < 310, 239, 432 > C5 X Cg’
90 24 T12, 11g, 2312, 294 < T, 71y > Cy x C3 x Cy
\ﬂ‘ 72 212 36, 512, 1112, 176, 1912, 4112, 5912, 7112, < 212, 36 > C4 X Cg X 02
mG? 267 §127 @67 @67 Qﬁv @6
|92| 44 322, Do, 799 < D99, 479 > Ci1 X 022
93 60 1139, 1330, 4139 < 1139, 619 > Cs x O3 x C3
95 72 236, 1736, 2915, 4113 < 2913, 374 > Co x Cy x Cy
96 32 5s, T4, 11g, 133, 172, 19, 234, 3o, 41, < Bg, 172, 31y > Cs x C2
AT5, 795, 65, 95,
99 60 230, 930, 730 < 230, 899 > Cs x C3 x 022
100 40 320, 1110, 1320, 1919 < 11419, 434 > Cs x Cy x Oy
102 | 32 516, T16, 474, 53s, 101s, 355 < 516, 1015 > Crs x Cy
|104| 48 367 712, 1112, 2367 2967 3712, 4112, 4367 10167 ®6 < 712, 532, 792 > 04 X Cg X 022
105 48 212, 1167 1712, 1967 3167 3712, 5967 7312, 10167 ﬂﬁ < 212, 292, 419 > 04 X Cg X 022
108 36 918, 718, 1113 < 918, 1079 > Cy x 022
110 40 320, 720, 1910, 4119 < 399, 1099 > C5 x Cy x Cy
111 72 236 1336, 4118, 5318 < 4lyg, 434 > Cy x Oy x Oy
112 48 312, 512, 1112, 176, 236, 316, 3712, 736, 796, 1036 < 312, 412, 712 > C4 X Cg X 022
114 36 918, 1318, 2918 < 51g, 379 > Cy x 022
|115| 88 244, Ta4, 1199, 1999 < 1lgg, 474 > Ci1 x Cy x Cy
116 56 398, 3728, T14, 6714 < 398, 99 > C7 x Cy x Cy
117 72 212, 512, T12, 1919, 3119, 4115, 7142, 9819, < 219, 176 > Cy x Cg x Oy
176, 236, 29, 101¢, 107, 14, 38, 63
119 96 3487 11487 1924, 4712, 10167 1036 < 29167 1016 > 016 X Cg X CQ
120]| 32 74, 119, 134, 174, 19, 234, 295, 319, 415, <74, 115, 195, 295 > Cy x C3
434, 534, 592, 61a, Tlo, 734, 799, 834, 892,
101, 1095, 91,, 119,
[123]] 80 220, T40, 1140, 2310, 5910 < Ta0, 839 > Cs x C5 x Cy
124 60 330, 730, 1330 < 330, 619 > Cs x C3 x 022
126 36 56, 11¢, 136, 176, 196, 29, 31, < 5g, 136 > C2? x C2
Alg, 476, 536, 1036, 65
128 64 332, 532, 7167 314, 478, 1272, @2 < 332, 1279 > 032 X CQ
129 84 942, 1749, 1949 < Tg, 1114 > C; x C3 % 022
130 | 48 312, 712, 1112, 1712, 1912, 6712 < 319, 314 > CZ x O

The cyclic group of order m is denoted by C,,.

group is the cyclic group C, ) which sometimes may be factorized further.

For all other values n < 130 the Galois




Only independent cycles are counted, i.e., cycles which appear as sub-cycles of the given
ones have been omitted.

The notation, e.g., 712, 11g, 2312, 29¢, indicates that there are two 12-cycles starting with
numbers 7 and 23, and two 6-cycles starting with numbers 11 and 29, ending always in 1.

Direct products of identical cyclic groups are sometimes written in exponent form, e.g.,
C% stands for Co x Cs.

Boxed and colored n-numbers indicate where some non-cyclic Galois group appears for the
first time. Some of the cycle graphs are shown in Fig. 4 of [3].

Composite generators (for the exceptional cases n) are underlined and colored.



