1 KA-TP-4-1998

April 1998

On Polynomials Related to Powers and Derivatives of the Generating Function of Catalan’s Numbers

Wolfdieter L a n g^1

Institut für Theoretische Physik Universität Karlsruhe Kaiserstrasse 12, D-76128 Karlsruhe, Germany

Abstract

Arbitrary powers of the generating function c(x) of Catalan’s numbers are written as c^n(x) := −(^{1√}_x )^n S_{n−2}(^{1√}_x ) + (^{1√}_x )^{n−1} S_{n−1}(^{1√}_x ) c(x) , with Chebyshev’s polynomials of the second kind S_n(y) = U_n(y/2) which are also defined for real (or complex) n. This formula leads to four sets of identities involving Catalan numbers.

The nth derivative of this generating function c(x) is expressed as 1 n! d^nc(x) dx^n = ( a_{n−1}(x) + b_n(x) c(x) ) /(x(1 − 4x))^n, with certain polynomial systems {a_n} and {b_n} which are given explicitly. The coefficients of the {a_n} polynomials furnish a triangle of numbers A(n, k) which generalizes Catalan’s numbers. It is related to a convolution of the Catalan sequence with 2k-fold convolutions of the central binomial coefficient sequence. Also, an associated rectangular array Â(n, k) of numbers is defined. The triangle of numbers of the {b_n} coefficients is related to the (2k + 1)-fold convolution of the central binomial number sequence. This formula for the derivatives of c(x) implies identities involving Catalan’s numbers as well as central binomial coefficients.

AMS MSC numbers: 11B83, 11B37, 33C45

1E-mail: wolfdieter.lang@physik.uni-karlsruhe.de http://www-itp.physik.uni-karlsruhe.de/~wl